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Introduction

Opportunity: Recent advances in signal processing have highlighted demands for
enhanced dealing with complex-valued data.
Challenges: The issues in processing such data include:

e Noncircularity: Real-world complex signals are often noncircular (rotation-
dependent pdf). This can be accounted for by widely linear modeling,
which caters for the full available second-order statistics.

e Streaming Data: Processing large data sets with block-based algorithms
can be computationally prohibitive. To this end, online algorithms have
proven effective and cater for non-stationary statistics.

e Qutliers: Mean square error (MSE) based algorithms are sensitive to out-
liers. Robust cost functions such as Maximum Complex Correntropy
Criterion (MCCC) have proven effective in the presence of outliers, and
cater for impulsive non-Gaussian environments.

The standard MCCC cost function assumes second-order circular (proper) esti-
mation error and we here introduce a new, more comprehensive, definition
of complex correntropy to address the above challenges.

—> The proposed Maximum Improper Complex Correntropy Criterion
(MICCQC) offers robust estimation for streaming noncircular data with non-
stationary statistics in impulsive non-Gaussian environments.

Background — Correntropy as a cost function

Filtering: Estimate the output, ¥ € R, from the input vector, £ € R, through
a linear model given by

y=w'x (1)
The MSE-based Wiener solution has the form
Wwiener = E {za”} " E {wy) (2)

Problem: If the input & contains outliers — the Wiener solution is unreliable.

Maximum Correntropy Criterion (MCC): The MCC counteracts the sensitivity
to outliers by interpreting the filtering problem as the estimation of the probability
of the event y = w! x. Using the Gaussian pdf, x(-), the optimum filter weights

are derived by maximizing the probability of estimation error, e = y — w! =,

L plexp | 10 (3)
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The MCC-Wiener-based estimation solution then becomes
1
wuce = E{k(e)zz’}  E{x(e)zy} (4)

which is straightforwardly calculated using an appropriate Parzen window.

max E{k(e)} =

The maximization of the MCC
attenuates the influence of
outliers, whereas the mini-
» mization of the MSE ampli-
fies the sensitivity to outliers.

Figure 1: Robustness to outliers of MCC (left
panel) vs. MSE (right panel).
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MICCC-based stochastic gradient adaptive filter

MICCC: A complex correntropy-based cost function suitable for noncircularly
distributed errors is introduced as an extension to the work in [1]. For an im-
proper complex random variable, e = [eq, ..., enx|! € C¥, the complex correntropy
Is estimated through an appropriate Parzen estimator, given by

N i ]
B 1 1 e, |? — R oer?
Eifioole)} = mo2y/1— |o|? N Z:lexp (1 —of?) )

where o = E{el'e}/E{e' e} is the circularity quotient of e.
Robust widely linear model: We consider a widely linear model of the form

j=h"z+g"z" =w"e, (6)
where & = [a:T,azH]T and w = [hT,gT}T are respectively the augmented
input and coefficient vectors, with x, h,g € C".

Define the estimation error, e = y—1, as the difference between the desired signal
y € C and the filter output § € C. The new cost function is then defined as the
MICCC between the random variables y and 3, and is given by

IMmiccc = E{kqpole)}. (7)
MICCC-based stochastic gradient algorithm: For an input signal
T = [azk_NH,...,azk]T c CV at time instant k, the improper correntropy
between the desired signal yr = |yr_n_11, ...,yk]T c CV and the filter output

Ui = [Jb—N+1, -] € CN is computed using (5), where ¢; = y; — wi x; .

he value of Juiccc at time intsant k, Ji, is maximised with respect to w,. using

gradient ascent [2], that is, based on w; ;| = w, +Mg@{,’1 . The computation of
Wy,

the derivative giﬁ can be simplified through the CR (or Wirtinger) derivative

—k

chain rule, as

&]k B 8Jk Oe | &]k oe* (8)
dw* e dw*  Oe* Ow*
With a?j* = —x and g;** = 0, equation (8) reduces to
8Jk - (9Jk - 8/{079(6)
dw*  de - e ()

To simplify the derivation of %, we assume an unbiased estimator with E{e} =
0, such that % = % = 0, to give
(& o)

e — Q*e)z} . (10)

The instantaneous approximation (N = 1) finally yields the weight update of
the proposed widely linear correntropy adaptive filter, in the form

Foo(er) (€ — 0"er)ay, (11)

Simulations and Applications

Fig. 2 illustrates that the outliers in non-Gaussian environments negatively im-
pact the performance of the MSE-based algorithms, while the correntropy-based
algorithms were unaffected. Owing to its inherent account of noncircularity, p,
the MICCC exhibited a significantly enhanced convergence rate and WSNR over
the proper MCCC and the second-order statistics-based CLMS and ACLMS. The
weight signal-to-noise ratio (WSNR), defined as

’LUH

—0 two t
WSNRy5 = 101log;, ( P —oF ) (12)
(wom - wk) (wom - wk)

was used to quantify both convergence and misadjustment.
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Figure 2: WSNR of MICCC, MCCC, CLMS and ACLMS under proper Gaussian
noise (left panel) and impulsive improper noise (right panel).

Synthetic data: 1000 realisations of proper Gaussian noise, x, were generated,
with the real and and imaginary parts of the noise, 7., characterized by the
respective pdfs 0.9N(0,1) and N(0,10). The optimum weights were given by

hope = [1 — 29, =3+ 49]" and gops = [2+ 0.5, —2 + 23" .

We have extended the definition of complex correntropy to account for
complex-valued data with noncircular distributions. This has served as a basis
for a new stochastic gradient algorithm with the cost function in the form of
the maximum improper correntropy criterion (MICCC). The analysis and
simulations have demonstrated that, with noncircularity accounted for by
MICCC, the proposed method offers faster convergence rates and greater
WSNR in both Gaussian and non-Gaussian environments.
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