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Autonomous Networks and Graph Signals Asynchronous Updates

Asynchronous Power Iterations
A = Graph Operator xk = Signal on the Graph

xk � A xk-1

xkris � ai xk-1 @ i

�
¸

jPN piq
ai,j xk-1rjs @ i

xkris �

#
ai xk-1, i P T ,
xk-1ris, i R T .

Recurrent NN
(Hopfield Model)

xkris � θ pai xk-1q

lim
kÑ8

xk � ?

Synchronous case:

λ � 1, |λ|   1

Corollary

Synchronous ùñ Asynchronous
1 Hopfield, "Neural networks and physical systems with emergent collective computational abilities," PNAS, 1982
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The Form of the Asynchronous Updates

xkris �

#
ai xk-1, i P T ,
xk-1ris, i R T .

𝑥𝑥𝑖𝑖1𝑥𝑥𝑖𝑖2

𝑥𝑥𝑖𝑖3 𝑥𝑥𝑖𝑖4

𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖1𝑥𝑥𝑖𝑖2

𝑥𝑥𝑖𝑖3 𝑥𝑥𝑖𝑖4

𝑥𝑥𝑖𝑖

𝛼𝛼

𝛼𝛼
𝛼𝛼

𝛼𝛼

T = random subset
Ö

Content
×

Size = t

Equally likely

among
�
N

t




Pp T q �

�
N

t


�1

1 ¤ t ¤ N

δT �
N � t

N � 1

0 ¤ δT ¤ 1
Ö ×

Sync. Fully Async.

Amount of Asynchronicity
1 Teke & Vaidyanathan, "Random Asynchronous Updates on Graphs," IEEE TSP, submitted
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Autonomous Networks and Graph Signals Convergence Results

Expectation of Fourier Coefficients
x0

Ñ x1 Ñ � � � Ñ xk Ñ � � �
Ó Ó Ó Ó

Update on Random Subsets

A � V ΛV �

pxk, j � v�j xk

Theorem
At the kth iteration,

Erpxk, js � �
1�

t

N
pλj � 1q


k px0, j
t � N ùñ pxk, j � λkj px0, j����1� t

N
pλj � 1q

����   1®̄
lim
kÑ8

Erpxk,js � 0

λj � 1 ùñ Erpxk,js � px0,j
Not |λj | � 1

t = 1
t = 2
t = N

Im(λ)

Re(λ)

1-2N 1-N -1 1
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Autonomous Networks and Graph Signals Convergence Results

Convergence in Mean-Squared

A � V ΛV � � rU V 1s

����������

λ1
. . .

λN -M
1

. . .
1

����������
rU V 1s

�

rk � xk � V 1 V
�
1 xk �

N -M̧

j�1

pxk, j vj
Theorem
At the kth iteration,

E
�
}rk}

2
2

�
¤ Γk }r0}

2
2

where

Γ � max
1¤j¤N -M

1�
t

N

�
|λj |

2 � 1� δT pρ� 1q |λj �1|2



ρ �
��U� diagpU U�qU

��
2
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Autonomous Networks and Graph Signals Convergence Results

Convergence Region of Eigenvalues
Corollary

If all non-unit eigenvalues (λ � 1) satisfy the following:����λ� α

α� 1

����   1

α� 1
Then, lim

kÑ8
E
�
}rk}

2
2

�
� 0.

α � δT pρ� 1q

ρ �
��U� diagpU U�qU

��
2
¤ 1

0 ¤ δT �
N � t

N � 1
¤ 1

/Ó Ó,
Synchronous Single

1 Percha et al.,"Transition from local to global phase synchrony in small world NN and its possible impl. for epilepsy," Phys.Rev.E, 2005
2 Uhlhaas & Singer, "Neural synchrony in brain disorders: ... ," Neuron, 2006
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Autonomous Networks and Graph Signals Asynchronicity and Smoothness

Interpretations in terms of Smoothness (A � V ΛV �)

Definition (Smoothness Set)

A graph signal x P Sε
õpx � V �x satisfies

|pxj | |λj � 1| ¤ ε @ j

TV pvq � |λ� 1| [1]

yi �

#
pAxqi, i P T ,
xi, i R T ,

Theorem

If x P Sε, then

}py � px}8 ¤ ε |T | }V }max}V }8

ε � 0

ε " 0

ùñ

ùñ

y � x

Inconclusive

rk � xk � V 1 V
�
1 xk

lim
kÑ8

rk � 0 ùñ lim
kÑ8

xk P S0

1 Sandryhaila & Moura, "Discrete Signal Processing on Graphs," IEEE Trans. S. P. vol. 61, no. 7, 2013
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Autonomous Networks and Graph Signals Distributed Computation of the Graph Eigenvectors

Polynomial Filtering

λ � 1
|λpAq|   1

A
Asynchronous

lim
kÑ8

xk P nullpA� Iq

Hpλjq � 1
|Hpλiq|   1

HpAq �
Ļ

k�0

hkA
k

Asynchronous

lim
kÑ8

xk P nullpA� λj Iq

Solutions are not unique!

What is the minimum possible degree?

How to construct? (Optimality)

Rate of convergence

Trade-offs
�
Complexity v.s. Rate

�
(Spectral Information v.s. Rate)

1 Teke & Vaidyanathan, "Random Asynchronous Updates on Graphs," IEEE TSP, submitted
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Ļ

k�0

hkA
k

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
Asynchronous

lim
kÑ8

xk P nullpA� λj Iq

Solutions are not unique!

What is the minimum possible degree?

How to construct? (Optimality)

Rate of convergence

Trade-offs
�
Complexity v.s. Rate

�
(Spectral Information v.s. Rate)

1 Teke & Vaidyanathan, "Random Asynchronous Updates on Graphs," IEEE TSP, submitted 13 / 15



Conclusion

Outline

1 Graph Signal Processing

2 Autonomous Networks and Graph Signals
Asynchronous Updates
Convergence Results
Asynchronicity and Smoothness
Distributed Computation of the Graph Eigenvectors

3 Conclusion

14 / 15



Conclusion

Conclusions & Future Work

Asynchronous power iteration

Random update model

Convergence behavior

Eigenspace geometry

Amount of asynchronicity

Tighter bounds

Understanding of the eigenspaces

Thank you!

15 / 15



Conclusion

Conclusions & Future Work

Asynchronous power iteration

Random update model

Convergence behavior

Eigenspace geometry

Amount of asynchronicity

Tighter bounds

Understanding of the eigenspaces

Thank you!

15 / 15



Conclusion

Conclusions & Future Work

Asynchronous power iteration

Random update model

Convergence behavior

Eigenspace geometry

Amount of asynchronicity

Tighter bounds

Understanding of the eigenspaces

Thank you!

15 / 15



Conclusion

Conclusions & Future Work

Asynchronous power iteration

Random update model

Convergence behavior

Eigenspace geometry

Amount of asynchronicity

Tighter bounds

Understanding of the eigenspaces

Thank you!
15 / 15


	Graph Signal Processing
	Autonomous Networks and Graph Signals
	Asynchronous Updates
	Convergence Results
	Asynchronicity and Smoothness
	Distributed Computation of the Graph Eigenvectors

	Conclusion

