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•Linear discriminant analysis (LDA) classifier: originally proposed by R. A. Fisher.

•Applied in several fields: taxonomic problems, detection, face and speech recognition, cancer genomics..

•Optimal under the assumption that data follow a Gaussian mixture model with a common covariance matrix.

• In the case of different covariance matrices among classes, Quadratic Discriminant Analysis (QDA) becomes the optimal classifier.

•Unknown statistics: mean vectors, population covariance matrix.

•Widely adopted approach: empirical estimates.

•Empirical estimates: inaccurate in high dimensional settings, where the sample size is of the same order as the number of samples.

•Proposed solution: improved LDA classifier based on spiked model suited for high dimensional settings.

LDA and R-LDA Classifiers

• x1, · · · ,xn in R
p×1 belonging to two classes C0 and C1

xi ∈ Ci ⇔ xi ∼ N (µi,Σ)

⋄µi: mean of class i

⋄Σ: covariance matrix common to both classes.

• LDA classifier:

WLDA(x) =
(

x− x0+x1
2

)T
Σ̂
−1

(x0 − x1)− log π1
π0
,

⋄ xi = 1
ni

∑

ℓ∈Ti xℓ

⋄ Σ̂ =
(n0−1)Σ̂0+(n1−1)Σ̂1

n−2 , with Σ̂i = 1
ni−1

∑

ℓ∈Ti(xℓ − xi)(xℓ −
xi)

T , i = 0, 1

•R-LDA classifier:

WR−LDA(x) =
(

x− x0+x1
2

)T
H(x0 − x1)− log π1

π0
,

H =
(

Ip + γΣ̂
)−1

, γ > 0.

How to set the regularization parameter γ?
•Classical approach: grid search

•Recent approach: set the regularization parameter to the
value that minimizes the asymptotic classification error.

Tow major drawbacks of the latter approach:

•The estimation of the optimal regularization parameter is
computationally expensive (grid search)

• It does not take advantage from available prior information
on the structure of the covariance matrix

Improved LDA Classifier

•Assumption: spiked model

Σ = σ2Ip + σ2
r
∑

j=1

λjuju
T
j ,

⋄ σ2 > 0

⋄ λ1 ≥ · · · ≥ λr > 0

⋄ u1, · · · ,ur are orthonormal

• Several real applications
⋄Detection
⋄ EEG signals (EEG: electroencephalogram)

⋄ Financial econometrics

•Observation:

Σ−1 =
1

σ2



Ip −
r
∑

j=1

λj
1 + λj

uju
T
j





• Proposed estimator:

Ĉ−1 =
1

σ2



Ip +

r
∑

j=1

wjvjv
T
j





⋄ v1, · · · ,vr: eigenvectors associated with the largest eigenvalues of
Σ̂

⋄
{

wj
}r
j=1: some design parameters to be optimized

•Discriminant score:

W Imp−LDA =
(

x− x0+x1
2

)T
Ĉ−1(x0 − x1)− log π1

π0
,

•Misclassification rate associated with class i:

ǫ
Imp−LDA
i = Φ







(−1)i+1G(µi,x0,x1, Ĉ) + (−1)i log π1
π0

√

D(µi,x0,x1, Ĉ,Σ)







⋄G(µi,x0,x1, Ĉ) =
(

µi − x0+x1
2

)

Ĉ−1(x0 − x1)

⋄D(µi,x0,x1, Ĉ,Σ) = (x0 − x1)
T Ĉ−1ΣĈ−1(x0 − x1)

• Total classification error rate:

ǫImp−LDA = π0ǫ
Imp−LDA
0 + π1ǫ

Imp−LDA
1 .

• The parameters wj are optimized so that they minimize the total
classification error rate:

w⋆ = argmin
w

E

[

ǫImp−LDA
]

where w = [w1, · · · , wr]
T .

• Finding the optimal w could not be achieved in practice since the
misclassification rate involves unknown quantities. To get around
this problem, we invoke results from random matrix theory that ap-
proximate the total misclassification error rate.

Asymptotic Analysis

Asymptotic regime :n, p → ∞ with fixed ration c = p/n

ǫImp−LDA − ǭImp−LDA a.s.−−→ 0

• ǭImp−LDA = π0Φ

(

−α(G(w)−η)
√

D(w)+ω

)

+ π1Φ

(

−α(G(w)+η)
√

D(w)+ω

)

⋄ α = ‖µ‖
2σ

, η = σ2

‖µ‖2 [
c
π0
− c

π1
+ 2 log π1

π0
], ω = σ2

‖µ‖2 [
p
n0
+ p

n1
]

⋄ G(w) = 1 +
∑r

j=1 ajbjwj

⋄D(w) = 1 +
∑r

j=1 [λjbj + 2ajbj(λj + 1)wj] +
∑r

j=1

[

ajbj(1 + λjaj)w
2
j

]

⋄ µ = µ0 − µ1, aj =
1−c/λ2j
1+c/λj

, bj =
µ
Tvjv

T
j µ

‖µ‖2 , j = 1, · · · , r

Optimal Parameters

•Optimal parameters : w⋆
j = u⋆

β
γj
αj

− βj, j = 1, · · · , r

⋄ αj = λja
2
jbj + ajbj, βj =

λj+1
λjaj+1

, γj = ajbj, j = 1, ..., r,,

⋄ β =
√

∑r
j=1 γ

2
j/αj

⋄ u⋆ is the unique positive solution of the following equation: h(u) =
0,

h(u) = π0(βb− d0u)e
−α2

2
(βu+d0)

2

u2+b + π1(βb− d1u)e
−α2

2
(βu+d1)

2

u2+b ,

⋄ b = 1 + ω +
∑r

j=1

[

λjbj − (λjajbj+ajbj)
2

λja2jbj+ajbj

]

⋄ d0 = 1− η −∑r
j=1

λjajbj+ajbj
λjaj+1

⋄ d1 = 1 + η −∑r
j=1

λjajbj+ajbj
λjaj+1

• The determination of the design parameters wj involve find-
ing the unique positive zero u⋆ of function.

• This can be numerically obtained using, for instance, a bi-
section algorithm with a few number of iterations since tight
upper and lower bounds of u⋆ can be easily obtained.

• In the case of equiprobable classes, u⋆ can be computed in
closed form expression.

• The optimal design parameters depend on unobservable quantities
λj and bj

• Consistent estimators for these quantities need to be retrieved.

•Under asymptotic regime assumption (n, p → ∞ with fixed ration
c = p/n)

|λj − λ̂j| a.s.−−→ 0, and |bj − b̂j| a.s.−−→ 0,

⋄ λ̂j =
sj/σ

2+1−c+
√
(sj/σ2+1−c)2−4sj/σ2

2 ,

⋄ b̂j = 1+c/λ̂j

1−c/λ̂2
j

µ̂
Tvjv

T
j µ̂

‖µ̂‖2 , j = 1, · · · , r
⋄ µ̂ = x0 − x1

⋄ sj: j-th largest eigenvalue of the pooled covariance matrix

Numerical Results

Synthetic data

• σ2 = 1 and r = 3

• u1 = [1, 0, · · · , 0]T , u2 = [0, 1, 0, · · · , 0]T , u3 = [0, 0, 1, 0 · · · , 0]T
• λ1 = 4, λ2 = 3, λ3 = 2

•µ0 =
1√
p[a, a, · · · , a]T and µ1 = −µ0 where a is a finite constant (

a = 1 and a = 2.5 in our simulation)
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a = 2.5

Real data

• ”USPS” dataset (standard dataset for handwritten digit recognition)
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Digits 3 and 8
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• Improved LDA classifier for spiked models.

• Lower complexity than R-LDA classifier.

• Better classification performance for both synthetic and real
data.

•Apply the same approach to the quadratic discriminant
analysis (QDA) classifier.

•More involved spiked models may be considered in which
the population covariance matrix is low-rank perturbation
of a diagonal matrix.


