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CRLB
<latexit sha1_base64="ZAp8xHGedXikFVjtS8cj/MR+w00=">AAAB+3icbVBNS8NAEN34WetX1aOXxSJ4CkkF7UUoFsSDhyr2A9pQNptNu3SzCbsTtYT+Ba969yZe/TFe/SUmbQ7a+mDg8d4MM/PcSHANlvVlLC2vrK6tFzaKm1vbO7ulvf2WDmNFWZOGIlQdl2gmuGRN4CBYJ1KMBK5gbXdUz/z2A1Oah/IexhFzAjKQ3OeUQCbV724u+6WyZVpT4EVi56SMcjT6pe+eF9I4YBKoIFp3bSsCJyEKOBVsUuzFmkWEjsiAdVMqScC0k0xvneDjVPGwH6q0JOCp+nsiIYHW48BNOwMCQz3vZeJ/XjcGv+okXEYxMElni/xYYAhx9jj2uGIUxDglhCqe3orpkChCIY2n2AP2BI/cg+HFmVmlQRqKPR/BImlVTPvUtG4r5dpVHk8BHaIjdIJsdI5q6Bo1UBNRNETP6AW9GhPjzXg3PmatS0Y+c4D+wPj8AWVplBM=</latexit>

FRI-FD
<latexit sha1_base64="yUp6I+/krv6yoO+w9NRBh5oqDMA=">AAAB/XicbVDJSgNBEO2JW4xb1KOXxiB4cZiJoLkIASXoLYpZIBlCT09P0qZnobtGDUPwF7zq3Zt49Vu8+iV2loMmPih4vFdFVT03FlyBZX0ZmYXFpeWV7GpubX1jcyu/vVNXUSIpq9FIRLLpEsUED1kNOAjWjCUjgStYw+2fj/zGPZOKR+EtDGLmBKQbcp9TAlqqV26ujioXnXzBMq0x8Dyxp6SApqh28t9tL6JJwEKggijVsq0YnJRI4FSwYa6dKBYT2idd1tI0JAFTTjq+dogPtOJhP5K6QsBj9fdESgKlBoGrOwMCPTXrjcT/vFYCfslJeRgnwEI6WeQnAkOER69jj0tGQQw0IVRyfSumPSIJBR1Qrg3sER64B72zE7NEAx2KPRvBPKkXTfvYtK6LhXJlGk8W7aF9dIhsdIrK6BJVUQ1RdIee0Qt6NZ6MN+Pd+Ji0ZozpzC76A+PzB2p6lJw=</latexit>
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MSE(T )
<latexit sha1_base64="coiFT6JsJhtdwpAjVuRryz06XyM=">AAAB/3icbVDLSsNAFJ3UV62vqks3wVaom5BU0G6EgihuhIp9QRvKZDJph04ezNyoJXThL7jVvTtx66e49Uuctllo64ELh3Pu5d57nIgzCab5pWWWlldW17LruY3Nre2d/O5eU4axILRBQh6KtoMl5SygDWDAaTsSFPsOpy1neDHxW/dUSBYGdRhF1PZxP2AeIxiU1L65uywV68XjXr5gGuYU+iKxUlJAKWq9/HfXDUns0wAIx1J2LDMCO8ECGOF0nOvGkkaYDHGfdhQNsE+lnUzvHetHSnF1LxSqAtCn6u+JBPtSjnxHdfoYBnLem4j/eZ0YvIqdsCCKgQZktsiLuQ6hPnled5mgBPhIEUwEU7fqZIAFJqAiynWBPsIDc2FwfmpUiK9CseYjWCTNsmGdGOZtuVC9SuPJogN0iErIQmeoiq5RDTUQQRw9oxf0qj1pb9q79jFrzWjpzD76A+3zBxMslOo=</latexit>

VAR(T )
<latexit sha1_base64="ObuzS93boFoSWTKdyY2ugTzNxhc=">AAAB/3icbVBNS8NAEN34WetX1aOXYCvUS0gqaC9CRRCPVfoFbSibzaZdupuE3YlaSg/+Ba969yZe/Sle/SVu2xy09cHA470ZZuZ5MWcKbPvLWFpeWV1bz2xkN7e2d3Zze/sNFSWS0DqJeCRbHlaUs5DWgQGnrVhSLDxOm97gauI376lULAprMIypK3AvZAEjGLTUalzeFQu1wkk3l7ctewpzkTgpyaMU1W7uu+NHJBE0BMKxUm3HjsEdYQmMcDrOdhJFY0wGuEfbmoZYUOWOpveOzWOt+GYQSV0hmFP198QIC6WGwtOdAkNfzXsT8T+vnUBQdkcsjBOgIZktChJuQmROnjd9JikBPtQEE8n0rSbpY4kJ6IiyHaCP8MB86F+cWWUidCjOfASLpFGynFPLvi3lK9dpPBl0iI5QETnoHFXQDaqiOiKIo2f0gl6NJ+PNeDc+Zq1LRjpzgP7A+PwBGZCU7g==</latexit>

BIAS2(T )
<latexit sha1_base64="elCOogbFeOUCdtF7G1x3JBs3RCI=">AAACBHicbZA7SwNBFIVn4yvGV9TSZjErxCbsRtA0QlQQ7SLmBckaZiezyZDZhzN31bCk9S/Yam8ntv4PW3+Jk2QLjR4Y+DjnXuZynJAzCab5qaXm5hcWl9LLmZXVtfWN7OZWXQaRILRGAh6IpoMl5cynNWDAaTMUFHsOpw1ncDbOG3dUSBb4VRiG1PZwz2cuIxiUZZ9enlwbN0Ujb1SN/U42ZxbMifS/YCWQQ4kqnexXuxuQyKM+EI6lbFlmCHaMBTDC6SjTjiQNMRngHm0p9LFHpR1Pjh7pe8rp6m4g1PNBn7g/N2LsSTn0HDXpYejL2Wxs/pe1InBLdsz8MALqk+lHbsR1CPRxA3qXCUqADxVgIpi6VSd9LDAB1VOmDfQB7lkX+seHhRLxVCnWbAV/oV4sWAcF86qYK58n9aTRDtpFeWShI1RGF6iCaoigW/SEntGL9qi9am/a+3Q0pSU72+iXtI9viKyWLg==</latexit>

VAR(↵�1)
<latexit sha1_base64="PPJE/tV6yK5n1vHxIwmKU2FP5Jo=">AAACC3icbZDLSsNAFIYn9VbrLdalm2Ar1IUlqaDdCBVBXFaxF2hDmEynzdDJhZkTbQl9BF/Bre7diVsfwq1P4rTNQqs/DHz8/znM4XcjziSY5qeWWVpeWV3Lruc2Nre2d/TdfFOGsSC0QUIeiraLJeUsoA1gwGk7EhT7Lqctd3g5zVv3VEgWBncwjqjt40HA+oxgUJaj55sXt6ViF/PIw05ybE2KR45eMMvmTMZfsFIooFR1R//q9kIS+zQAwrGUHcuMwE6wAEY4neS6saQRJkM8oB2FAfaptJPZ7RPjUDk9ox8K9QIwZu7PjQT7Uo59V036GDy5mE3N/7JODP2qnbAgioEGZP5RP+YGhMa0CKPHBCXAxwowEUzdahAPC0xA1ZXrAh3BA+uBd35arhJflWItVvAXmpWydVI2byqF2lVaTxbtowNUQhY6QzV0jeqogQgaoSf0jF60R+1Ve9Pe56MZLd3ZQ7+kfXwDHwqZRg==</latexit>

VAR(↵0)
<latexit sha1_base64="uqcps/jYHprYu94D2hLOB2aNT30=">AAACCnicbZDLSsNAFIYn9VbrLdWlm2Ar1E1IKmg3QkUQl1XsBdpSJpNJM3RyYebEWkLfwFdwq3t34taXcOuTOL0stPWHgY//P4c5/E7MmQTL+tIyK6tr6xvZzdzW9s7unp7fb8goEYTWScQj0XKwpJyFtA4MOG3FguLA4bTpDK4mefOBCsmi8B5GMe0GuB8yjxEMyurp+cblXanYwTz2cS+1xsWTnl6wTGsqYxnsORTQXLWe/t1xI5IENATCsZRt24qhm2IBjHA6znUSSWNMBrhP2wpDHFDZTaenj41j5biGFwn1QjCm7u+NFAdSjgJHTQYYfLmYTcz/snYCXqWbsjBOgIZk9pGXcAMiY9KD4TJBCfCRAkwEU7caxMcCE1Bt5TpAH2HIXPAvzswKCVQp9mIFy9Aom/apad2WC9XreT1ZdIiOUAnZ6BxV0Q2qoToiaIie0Qt61Z60N+1d+5iNZrT5zgH6I+3zB6wImQ4=</latexit>

VAR(↵1)
<latexit sha1_base64="N0cl7rqPEOtNiEJzBCL8oQblQbU=">AAACCnicbZDLSsNAFIYn9VbrLdWlm2Ar1E1IKmg3QkUQl1XsBdpSJpNJM3RyYebEWkLfwFdwq3t34taXcOuTOL0stPWHgY//P4c5/E7MmQTL+tIyK6tr6xvZzdzW9s7unp7fb8goEYTWScQj0XKwpJyFtA4MOG3FguLA4bTpDK4mefOBCsmi8B5GMe0GuB8yjxEMyurp+cblXanYwTz2cS+1x8WTnl6wTGsqYxnsORTQXLWe/t1xI5IENATCsZRt24qhm2IBjHA6znUSSWNMBrhP2wpDHFDZTaenj41j5biGFwn1QjCm7u+NFAdSjgJHTQYYfLmYTcz/snYCXqWbsjBOgIZk9pGXcAMiY9KD4TJBCfCRAkwEU7caxMcCE1Bt5TpAH2HIXPAvzswKCVQp9mIFy9Aom/apad2WC9XreT1ZdIiOUAnZ6BxV0Q2qoToiaIie0Qt61Z60N+1d+5iNZrT5zgH6I+3zB62fmQ8=</latexit>
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VAR(��1)
<latexit sha1_base64="9Ltc7YKOaxehePHEVCReKlngU4Q=">AAACC3icbVDLTgJBEJzFF+Jr0aOXjWCCB8kuHuRigjExHtHIIwFCZocGJsw+MtMrkg2f4Cd41Q/wZrz6EZ79EYfHQcFKOqlUVac75YaCK7TtLyOxsrq2vpHcTG1t7+zumen9qgoiyaDCAhHIuksVCO5DBTkKqIcSqOcKqLmDq4lfewCpeODf4yiElkd7Pu9yRlFLbTNdvbzLZZsuIG3Hp844e9I2M3bensJaJs6cZMgc5bb53ewELPLARyaoUg3HDrEVU4mcCRinmpGCkLIB7UFDU596oFrx9PWxdayVjtUNpB4fran6eyOmnlIjz9VJj2JfLXoT8T+vEWG32Iq5H0YIPpsd6kbCwsCa9GB1uASGYqQJZZLrXy3Wp5Iy1G2lmgiPOOQd7F84Z/ki83QrzmIHy6RayOu4fVvIlK7n/STJITkiOeKQc1IiN6RMKoSRIXkmL+TVeDLejHfjYxZNGPOdA/IHxucP64iZBg==</latexit>

VAR(�0)
<latexit sha1_base64="P65TI6b7zugCmqJj5k1F8F+hVLU=">AAACCnicbVDLTgJBEJzFF+Jr1aOXjWCCF7KLB7mYYEyMRzTySICQ2aGBCbOPzPSiZMMf+Ale9QO8Ga/+hGd/xAH2oGAlnVSqqtOdckPBFdr2l5FaWV1b30hvZra2d3b3zP2DmgoiyaDKAhHIhksVCO5DFTkKaIQSqOcKqLvDq6lfH4FUPPDvcRxC26N9n/c4o6iljmnWLu/yuZYLSDuxPcmddsysXbBnsJaJk5AsSVDpmN+tbsAiD3xkgirVdOwQ2zGVyJmASaYVKQgpG9I+NDX1qQeqHc8+n1gnWulavUDq8dGaqb83YuopNfZcnfQoDtSiNxX/85oR9krtmPthhOCz+aFeJCwMrGkNVpdLYCjGmlAmuf7VYgMqKUNdVqaF8IgPvIuDC+esUGKebsVZ7GCZ1IoFHbdvi9nyddJPmhyRY5InDjknZXJDKqRKGBmRZ/JCXo0n4814Nz7m0ZSR7BySPzA+fwB40pjO</latexit>

VAR(�1)
<latexit sha1_base64="k6VUWZpLhnCgpt50VYkE9J8iu9o=">AAACCnicbVDLTgJBEJzFF+Jr1aOXjWCCF7KLB7mYYEyMRzTySICQ2aGBCbOPzPSiZMMf+Ale9QO8Ga/+hGd/xAH2oGAlnVSqqtOdckPBFdr2l5FaWV1b30hvZra2d3b3zP2DmgoiyaDKAhHIhksVCO5DFTkKaIQSqOcKqLvDq6lfH4FUPPDvcRxC26N9n/c4o6iljmnWLu/yuZYLSDuxM8mddsysXbBnsJaJk5AsSVDpmN+tbsAiD3xkgirVdOwQ2zGVyJmASaYVKQgpG9I+NDX1qQeqHc8+n1gnWulavUDq8dGaqb83YuopNfZcnfQoDtSiNxX/85oR9krtmPthhOCz+aFeJCwMrGkNVpdLYCjGmlAmuf7VYgMqKUNdVqaF8IgPvIuDC+esUGKebsVZ7GCZ1IoFHbdvi9nyddJPmhyRY5InDjknZXJDKqRKGBmRZ/JCXo0n4814Nz7m0ZSR7BySPzA+fwB6apjP</latexit>
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6. Simulations
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7. Application to Real Images

(a) K = 3, N = 31
<latexit sha1_base64="BNcTOpkdp2G4VmfKIcBq4UIutjg=">AAACCXicbZBbSwJBGIZn7WR22uqymyENDEJ2FUoIQQgiCMIgD6CLzI6jDs4emPnWEvEX9Be6rfvuott+Rbf9kkbdi7JeGHh43+9jPl43FFyBZX0aiaXlldW15HpqY3Nre8fc3aupIJKUVWkgAtlwiWKC+6wKHARrhJIRzxWs7g4upnl9yKTigX8Ho5A5Hun5vMspAW21TTNLjnHmulQ4aZ3flAp2pm2mrZw1E/4LdgxpFKvSNr9anYBGHvOBCqJU07ZCcMZEAqeCTVKtSLGQ0AHpsaZGn3hMOePZ5RN8pJ0O7gZSPx/wzP25MSaeUiPP1ZMegb5azKbmf1kzgm7RGXM/jID5dP5RNxIYAjytAXe4ZBTESAOhkutbMe0TSSjoslItYA9wzzvQL53mitTTpdiLFfyFWj5nF3LWbT5dvozrSaIDdIiyyEZnqIyuUAVVEUVD9ISe0YvxaLwab8b7fDRhxDv76JeMj296VZcg</latexit>

(b) K = 7, N = 31
<latexit sha1_base64="7/cKsXBvejaL60FoSzjFLuZqAzg=">AAACCXicbZDbSkJBFIZn28nstKvLboY0MAjZWyGFEIQggiAM8gBukdnjqIOzD8ysbYn4BL1Ct3XfXXTbU3TbkzQeLkr7YeDj/9diFr8bCq7Asr6M2Mrq2vpGfDOxtb2zu2fuH1RVEEnKKjQQgay7RDHBfVYBDoLVQ8mI5wpWc/uXk7w2YFLxwL+HYciaHun6vMMpAW21TDPtnuLUTTF/5lzcFnN2qmUmrYw1FV4Gew5JNFe5ZX477YBGHvOBCqJUw7ZCaI6IBE4FGyecSLGQ0D7psoZGn3hMNUfTy8f4RDtt3Amkfj7gqft7Y0Q8pYaeqyc9Aj21mE3M/7JGBJ1Cc8T9MALm09lHnUhgCPCkBtzmklEQQw2ESq5vxbRHJKGgy0o4wB7hgbehVzzPFKinS7EXK1iGajZj5zLWXTZZuprXE0dH6BilkY3yqISuURlVEEUD9Ixe0KvxZLwZ78bHbDRmzHcO0R8Znz+CZ5cl</latexit>

(c) K = 100, N = 340
<latexit sha1_base64="ShBAWWw9JkJccu4OHrHmXVraVwg=">AAACDHicbZDbSkJBFIZn28nsZHnZzZAGBiGzNUoIQQgiCMIgD6Ais8dRB2cfmFm7EvEVeoVu67676LZ36LYnaTxclPbDwMf/r8UsfieQQgMhX1ZkaXlldS26HtvY3Nreie/uVbQfKsbLzJe+qjlUcyk8XgYBktcCxanrSF51+hfjvHrPlRa+dweDgDdd2vVERzAKxmrFE2l2hFPXBZuQ48b5TSF3QlKteJJkyER4EewZJNFMpVb8u9H2WehyD5ikWtdtEkBzSBUIJvko1gg1Dyjr0y6vG/Soy3VzODl+hA+N08YdX5nnAZ64vzeG1NV64Dpm0qXQ0/PZ2Pwvq4fQyTeHwgtC4B6bftQJJQYfj5vAbaE4AzkwQJkS5lbMelRRBqavWAP4IzyINvQKp5k8c00p9nwFi1DJZuxchtxmk8XLWT1RtI8OUBrZ6AwV0RUqoTJiaICe0Qt6tZ6sN+vd+piORqzZTgL9kfX5A9yQl9E=</latexit>

(d) K = 25, N = 345
<latexit sha1_base64="aBWl0qsCk2fEGXgIyw/GnJOIN1E=">AAACC3icbZDbSkJBFIZndzQ7mV12M6SBQcjemiWEIAQRBGGQB1CR2bNHHZx9YGbtUsRH6BW6rfvuotseotuepPFwUdoPAx//vxaz+O1AcAWm+WUsLa+srq1HNqKbW9s7u7G9eEX5oaSsTH3hy5pNFBPcY2XgIFgtkIy4tmBVu3c5zqsPTCrue/cwCFjTJR2PtzkloK1WLJ5yjnHyppDJnTQubgvZ01yyFUuYaXMivAjWDBJoplIr9t1wfBq6zAMqiFJ1ywygOSQSOBVsFG2EigWE9kiH1TV6xGWqOZzcPsJH2nFw25f6eYAn7u+NIXGVGri2nnQJdNV8Njb/y+ohtPPNIfeCEJhHpx+1Q4HBx+MisMMloyAGGgiVXN+KaZdIQkHXFW0A68Mjd6BbOEvnqatLseYrWIRKJm1l0+ZdJlG8mtUTQQfoEKWQhc5REV2jEiojivroGb2gV+PJeDPejY/p6JIx29lHf2R8/gB7Rpej</latexit>
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• For a closed contour C : {x(t), y(t)}, define
s(t) , x(t) + jy(t), such that:

s(t) =
X

k2Z
ck ejkt, 0  t < 2⇡, ck 2 C.

<latexit sha1_base64="ViszwqehWbaiQy2BRlSAshCD538="></latexit><latexit sha1_base64="ViszwqehWbaiQy2BRlSAshCD538="></latexit><latexit sha1_base64="ViszwqehWbaiQy2BRlSAshCD538="></latexit><latexit sha1_base64="ViszwqehWbaiQy2BRlSAshCD538="></latexit>

• Estimation of T : Block Annihilation

– Construct the convolution matricesX
and Y from {x̃(nT )} and {ỹ(nT )}.

– Find the filter h such that

h⇤ = arg min
h

����


X

Y

�
h

����
2

2

, subject to khk22 = 1


X
Y

�

|{z}
U

h = 0

which gives T = min{|\z| : H(z) =
0}

B. Estimation of Fourier Descriptors:
The weights ↵k, �k are estimated us-
ing least squares inE↵ = x̃ andE� =
ỹ where E is a van der Monde matrix
of complex exponentials:

2

6664

e�jKT · · · e�jT 1 ejT · · · ejKT

e�j2KT · · · e�j2T 1 ej2T · · · ej2KT

...
. . .

...
...

...
. . .

...
e�jNKT · · · e�jNT 1 ejNT · · · ejNKT

3

7775

<latexit sha1_base64="oco+MiT3oqFfCBMCek19NADf04s="></latexit><latexit sha1_base64="oco+MiT3oqFfCBMCek19NADf04s="></latexit><latexit sha1_base64="oco+MiT3oqFfCBMCek19NADf04s="></latexit><latexit sha1_base64="oco+MiT3oqFfCBMCek19NADf04s="></latexit>

(a)
<latexit sha1_base64="6sNdxKkH259eLhjDmyILCkeuM1E=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCTu+KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPby0antE=</latexit><latexit sha1_base64="6sNdxKkH259eLhjDmyILCkeuM1E=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCTu+KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPby0antE=</latexit><latexit sha1_base64="6sNdxKkH259eLhjDmyILCkeuM1E=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCTu+KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPby0antE=</latexit><latexit sha1_base64="6sNdxKkH259eLhjDmyILCkeuM1E=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCTu+KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPby0antE=</latexit>

(b)
<latexit sha1_base64="uAkGhHoz4Dk2G0YF3AvqB8GF8Ic=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXin94Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3y7OntI=</latexit><latexit sha1_base64="uAkGhHoz4Dk2G0YF3AvqB8GF8Ic=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXin94Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3y7OntI=</latexit><latexit sha1_base64="uAkGhHoz4Dk2G0YF3AvqB8GF8Ic=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXin94Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3y7OntI=</latexit><latexit sha1_base64="uAkGhHoz4Dk2G0YF3AvqB8GF8Ic=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXin94Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3y7OntI=</latexit>

(c)
<latexit sha1_base64="XfT2h05Sh471KQTHeeFDTwiodcQ=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCT++KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPbzCCntM=</latexit><latexit sha1_base64="XfT2h05Sh471KQTHeeFDTwiodcQ=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCT++KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPbzCCntM=</latexit><latexit sha1_base64="XfT2h05Sh471KQTHeeFDTwiodcQ=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCT++KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPbzCCntM=</latexit><latexit sha1_base64="XfT2h05Sh471KQTHeeFDTwiodcQ=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHXCT++KZafizGD/Je6ClGGB1l3Jgl4Q8zTEiLhkWnddJyEvY4oElzgp9FKNCeP3bIBdQyMWovayWdaJfWyUwO7HykxE9kz9eZGxUOtx6JvNkNFQL3tT8T+vqzmTGDRcLxuiHCEt5aB+3ctElKSEEZ/H6KfSptie1mIHQiEnOTaEcSXMJzYfMsU4mfIKPcJHehABDRu1yhkPTWfuckN/SadacZ2Ke1ktN+uL9vJwCEdwAi7UoAkX0II2cBjAEzzDi/VqvVnv1sd8NWctbg7gF6zPbzCCntM=</latexit>

(d)
<latexit sha1_base64="qKN6F9l0+4eNp5G8H5SS/nExNlk=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHUSnN4Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3zI2ntQ=</latexit><latexit sha1_base64="qKN6F9l0+4eNp5G8H5SS/nExNlk=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHUSnN4Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3zI2ntQ=</latexit><latexit sha1_base64="qKN6F9l0+4eNp5G8H5SS/nExNlk=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHUSnN4Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3zI2ntQ=</latexit><latexit sha1_base64="qKN6F9l0+4eNp5G8H5SS/nExNlk=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHUSnN4Vy07FmcH+S9wFKcMCrbuSBb0g5mmIEXHJtO66TkJexhQJLnFS6KUaE8bv2QC7hkYsRO1ls6wT+9gogd2PlZmI7Jn68yJjodbj0DebIaOhXvam4n9eV3MmMWi4XjZEOUJaykH9upeJKEkJIz6P0U+lTbE9rcUOhEJOcmwI40qYT2w+ZIpxMuUVeoSP9CACGjZqlTMems7c5Yb+kk614joV97JabtYX7eXhEI7gBFyoQRMuoAVt4DCAJ3iGF+vVerPerY/5as5a3BzAL1if3zI2ntQ=</latexit>

(e)
<latexit sha1_base64="WuqQx0Wf9SbZF+oA7igKfun3/Ig=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHWCp3fFslNxZrD/EndByrBA665kQS+IeRpiRFwyrbuuk5CXMUWCS5wUeqnGhPF7NsCuoRELUXvZLOvEPjZKYPdjZSYie6b+vMhYqPU49M1myGiol72p+J/X1ZxJDBqulw1RjpCWclC/7mUiSlLCiM9j9FNpU2xPa7EDoZCTHBvCuBLmE5sPmWKcTHmFHuEjPYiAho1a5YyHpjN3uaG/pFOtuE7FvayWm/VFe3k4hCM4ARdq0IQLaEEbOAzgCZ7hxXq13qx362O+mrMWNwfwC9bnNzPqntU=</latexit><latexit sha1_base64="WuqQx0Wf9SbZF+oA7igKfun3/Ig=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHWCp3fFslNxZrD/EndByrBA665kQS+IeRpiRFwyrbuuk5CXMUWCS5wUeqnGhPF7NsCuoRELUXvZLOvEPjZKYPdjZSYie6b+vMhYqPU49M1myGiol72p+J/X1ZxJDBqulw1RjpCWclC/7mUiSlLCiM9j9FNpU2xPa7EDoZCTHBvCuBLmE5sPmWKcTHmFHuEjPYiAho1a5YyHpjN3uaG/pFOtuE7FvayWm/VFe3k4hCM4ARdq0IQLaEEbOAzgCZ7hxXq13qx362O+mrMWNwfwC9bnNzPqntU=</latexit><latexit sha1_base64="WuqQx0Wf9SbZF+oA7igKfun3/Ig=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHWCp3fFslNxZrD/EndByrBA665kQS+IeRpiRFwyrbuuk5CXMUWCS5wUeqnGhPF7NsCuoRELUXvZLOvEPjZKYPdjZSYie6b+vMhYqPU49M1myGiol72p+J/X1ZxJDBqulw1RjpCWclC/7mUiSlLCiM9j9FNpU2xPa7EDoZCTHBvCuBLmE5sPmWKcTHmFHuEjPYiAho1a5YyHpjN3uaG/pFOtuE7FvayWm/VFe3k4hCM4ARdq0IQLaEEbOAzgCZ7hxXq13qx362O+mrMWNwfwC9bnNzPqntU=</latexit><latexit sha1_base64="WuqQx0Wf9SbZF+oA7igKfun3/Ig=">AAACGXicbVDLSgNBEOyNrxhfiR69LAZBL2E3CMklEPDiMaKJQrLI7GwnGZx9MNMbDUs+wase/Bpv4tWTf+PkcdBoQUNR1Q3V5SdSaHKcLyu3srq2vpHfLGxt7+zuFUv7HR2nimObxzJWtz7TKEWEbRIk8TZRyEJf4o1/fz71b0aotIijaxon6IVsEIm+4IyMdHWCp3fFslNxZrD/EndByrBA665kQS+IeRpiRFwyrbuuk5CXMUWCS5wUeqnGhPF7NsCuoRELUXvZLOvEPjZKYPdjZSYie6b+vMhYqPU49M1myGiol72p+J/X1ZxJDBqulw1RjpCWclC/7mUiSlLCiM9j9FNpU2xPa7EDoZCTHBvCuBLmE5sPmWKcTHmFHuEjPYiAho1a5YyHpjN3uaG/pFOtuE7FvayWm/VFe3k4hCM4ARdq0IQLaEEbOAzgCZ7hxXq13qx362O+mrMWNwfwC9bnNzPqntU=</latexit>

(f)
<latexit sha1_base64="UdqXu3/Aw9slliVmx0BKXt8XbLw=">AAACGXicbVDLSgNBEOz1GeMr0aOXxSDES9gVIbkIAS8eIxoTSBaZne1Nhsw+mOlVw5JP8KoHv8abePXk3ziJOWi0oKGo6obq8lMpNDnOp7W0vLK6tl7YKG5ube/slsp7NzrJFMc2T2Siuj7TKEWMbRIksZsqZJEvseOPzqd+5w6VFkl8TeMUvYgNYhEKzshIV9Xw+LZUcWrODPZf4s5JBeZo3ZYt6AcJzyKMiUumdc91UvJypkhwiZNiP9OYMj5iA+wZGrMItZfPsk7sI6MEdpgoMzHZM/XnRc4irceRbzYjRkO96E3F/7ye5kxicOZ6+RDlHdJCDgobXi7iNCOM+XeMMJM2Jfa0FjsQCjnJsSGMK2E+sfmQKcbJlFfsEz7QvQhoeFavnfLIdOYuNvSX3JzUXKfmXp5Umo15ewU4gEOoggt1aMIFtKANHAbwCE/wbL1Yr9ab9f69umTNb/bhF6yPLzWentY=</latexit><latexit sha1_base64="UdqXu3/Aw9slliVmx0BKXt8XbLw=">AAACGXicbVDLSgNBEOz1GeMr0aOXxSDES9gVIbkIAS8eIxoTSBaZne1Nhsw+mOlVw5JP8KoHv8abePXk3ziJOWi0oKGo6obq8lMpNDnOp7W0vLK6tl7YKG5ube/slsp7NzrJFMc2T2Siuj7TKEWMbRIksZsqZJEvseOPzqd+5w6VFkl8TeMUvYgNYhEKzshIV9Xw+LZUcWrODPZf4s5JBeZo3ZYt6AcJzyKMiUumdc91UvJypkhwiZNiP9OYMj5iA+wZGrMItZfPsk7sI6MEdpgoMzHZM/XnRc4irceRbzYjRkO96E3F/7ye5kxicOZ6+RDlHdJCDgobXi7iNCOM+XeMMJM2Jfa0FjsQCjnJsSGMK2E+sfmQKcbJlFfsEz7QvQhoeFavnfLIdOYuNvSX3JzUXKfmXp5Umo15ewU4gEOoggt1aMIFtKANHAbwCE/wbL1Yr9ab9f69umTNb/bhF6yPLzWentY=</latexit><latexit sha1_base64="UdqXu3/Aw9slliVmx0BKXt8XbLw=">AAACGXicbVDLSgNBEOz1GeMr0aOXxSDES9gVIbkIAS8eIxoTSBaZne1Nhsw+mOlVw5JP8KoHv8abePXk3ziJOWi0oKGo6obq8lMpNDnOp7W0vLK6tl7YKG5ube/slsp7NzrJFMc2T2Siuj7TKEWMbRIksZsqZJEvseOPzqd+5w6VFkl8TeMUvYgNYhEKzshIV9Xw+LZUcWrODPZf4s5JBeZo3ZYt6AcJzyKMiUumdc91UvJypkhwiZNiP9OYMj5iA+wZGrMItZfPsk7sI6MEdpgoMzHZM/XnRc4irceRbzYjRkO96E3F/7ye5kxicOZ6+RDlHdJCDgobXi7iNCOM+XeMMJM2Jfa0FjsQCjnJsSGMK2E+sfmQKcbJlFfsEz7QvQhoeFavnfLIdOYuNvSX3JzUXKfmXp5Umo15ewU4gEOoggt1aMIFtKANHAbwCE/wbL1Yr9ab9f69umTNb/bhF6yPLzWentY=</latexit><latexit sha1_base64="UdqXu3/Aw9slliVmx0BKXt8XbLw=">AAACGXicbVDLSgNBEOz1GeMr0aOXxSDES9gVIbkIAS8eIxoTSBaZne1Nhsw+mOlVw5JP8KoHv8abePXk3ziJOWi0oKGo6obq8lMpNDnOp7W0vLK6tl7YKG5ube/slsp7NzrJFMc2T2Siuj7TKEWMbRIksZsqZJEvseOPzqd+5w6VFkl8TeMUvYgNYhEKzshIV9Xw+LZUcWrODPZf4s5JBeZo3ZYt6AcJzyKMiUumdc91UvJypkhwiZNiP9OYMj5iA+wZGrMItZfPsk7sI6MEdpgoMzHZM/XnRc4irceRbzYjRkO96E3F/7ye5kxicOZ6+RDlHdJCDgobXi7iNCOM+XeMMJM2Jfa0FjsQCjnJsSGMK2E+sfmQKcbJlFfsEz7QvQhoeFavnfLIdOYuNvSX3JzUXKfmXp5Umo15ewU4gEOoggt1aMIFtKANHAbwCE/wbL1Yr9ab9f69umTNb/bhF6yPLzWentY=</latexit>

Figure 2: Reconstruction of shapes using the FRI-
FD and direct methods. Model orders areK = 2 for
(a) and (b), and K = 3 for (c)-(f). Reconstruction
was performed using 60% of the measurements.
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Figure 3: Outlining of (a)-(b) tumours in brain MR

images and (c)-(d) di↵erent shapes reconstructed

after Canny edge detection with model order K
and from N samples.
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• Estimation of Fourier Descriptors: FRI-FD

– The weights ↵k, �k are estimated us-
ing least squares in E↵ = x̃ and E� =
ỹ where E is a van der Monde matrix
of complex exponentials:
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SNR (dB)
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• Problem: Given the noisy measurements
{x̃(tn), ỹ(tn)}Nn=1, estimate {ck}Kk=�K .
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• Estimation of Fourier Descriptors:

– The weights ↵k, �k are estimated as the
using least squares solutions to E↵ =
x̃ and E� = ỹ, where E is a Vander-
monde matrix of complex exponentials
given as:
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• A finite-rate-of-innovation (FRI) model for
closed contours using Fourier descriptors.

• Noise-robust estimation of Fourier descrip-
tors (FDs) from partial measurements.

• Reconstruction of higher-order curves with
O(N logN) complexity.
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• Uniform samples of the coordinate functions:

x(nT ) =
KX

k=�K

↵ke
jknT , y(nT ) =

KX

k=�K

�ke
jknT

with ↵k = ↵�k and �k = ���k such that
↵k + j�k = ck.
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• Non-uniform samples are modelled as sam-
pling jitter: tn = nT + ⌫n, where

⌫n
i.i.ds U

⇥
�T

2 ,
T
2

⇤
.

• The corresponding uniform samples have
random amplitude modulated weights:

xu(nT ) = x(tn) =
KX

k=�K

↵ke
j⌫nejknT .

• Curve specific information is in the interval
[�KT, KT ].

• Convolution with an M�tap lowpass filter
with cut-o↵ frequency close to KT results in

(xu ⇤ g)(nT ) ⇡
KX

k=�K

G(kT )↵ke
jknT .

• Design the denoising filter {g(n)}Mn=1 such
that G(kT ) ⇡ 1.

• The lowpass filter built on a Tukey window
with parameter 0.99 and M = b 2N

3 c is used.
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with cut-o↵ frequency close to KT results in
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that G(kT ) ⇡ 1, �K  k  K.

• The lowpass filter built on a Tukey window
with parameter 0.99 and M = b 2N

3 c is used.
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Figure 1: (a) Mean-square error (MSE); (b) Vari-
ance; and (c) Bias2 in the estimation of T . (d-i)
Variances in the estimation of FDs for a contour
with T = 0.01, ↵0 = 2, ↵�1 = ↵1 = 8, �0 =
3, ��1 = ��1 = 7. Results are obtained by averag-
ing over 5000 independent Monte Carlo realizations.
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The FRI-FD method reliably reconstructs curves from
partial measurements as long as the measurements
are taken from the regions with high curvature. This
aspect needs further investigation.
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• Estimation of T : Block Annihilation

– Construct the convolution matrices X
and Y from {x̃(nT )} and {ỹ(nT )}.

– Find the filter h such that

h⇤ = arg min
h

����


X

Y

�
h

����
2

2

, s. t. khk22 = 1.

– Roots of the polynomial with the coef-
ficients h are the estimates of {kT}K�K .

• B. Estimation of Fourier Descriptors:
The weights ↵k, �k are estimated using least
squares in E↵ = x̃ and E� = ỹ where E is
a van der Monde matrix of complex expo-
nentials:
2
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(l) M = 0.6N , direct method

Fig. 3: Reconstruction of contours of order (a)-(f) K = 2 and (g)-(l) K = 3 at SNR = 20 dB. First row shows the results for reconstruction
using full set of measurements, whereas second and third rows show reconstruction using partial set of measurements. For both FRI-FD and
direct methods, reconstructed contours from 50 noise realizations are plotted.

(a) K = 3 (b) K = 7

Fig. 4: Segmentation of tumours in T1 contrast enhanced brain
MRI images with N = 31 measurements. Lower model orders
give smooth approximations of the tumour boundary. Approxima-
tion near regions having high curvature gets better with increasing
model order.

5. CONCLUSIONS

We propose a method to estimate the Fourier Descriptors of a shape
from partial or incomplete measurements by modelling the x and
y coordinate functions as a sum of weighted complex exponentials
and exploiting its property of having a finite rate of innovation.

This generalizes the ellipse fitting model in [10] to a larger class
of smooth shapes. Fourier Descriptors has a wide range of ap-
plications - we show its use in shape reconstruction. We use the
annihilating filter for common support sequences to estimate the
sampling interval which uses both the x and y coordinates. Fourier
Descriptors are then estimated by a least squares fit. We show that
the mean-squared-error in the estimates for the sampling interval
and the Fourier Descriptors achieves the Cramer-Rao lower bound
for reasonably smaller values of SNR showing the robustness of the
algorithm to noise. We also show the applications of this method to
segmenting tumours in brain MRI. The overall time complexity of
this method to estimate Fourier Descriptors from N ordered partial
measurements is of the order O(NlogN).
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Fig. 3: [Colour online] The reconstruction of contours of order (a)-(f) K = 2 and (g)-(l) K = 3 at SNR = 20 dB. The first row shows
the reconstructions obtained using the full set of measurements, whereas the second and third rows show reconstruction using partial set of
measurements. For both FRI-FD and direct methods, the reconstructed contours from 50 noise realizations are overlaid.

(a) K = 100,N = 340 (b) K = 68,N = 505 (c) K = 25,N = 345

Fig. 4: [Colour online] Illustration of FRI-FD to outline (in red)
closed contours of different shapes. More complex contours can be
approximated by using a larger model order.

cases, N = 126 noisy samples at SNR of 20 dB are generated with
T = 0.05. The second and third rows correspond to reconstruction
using partial samples that are taken from two different regions of
the contours. It is observed that if the partial samples are not taken
from regions with a high curvature, the proposed method fails to re-
liably reconstruct the contour as the model order must be high for
such regions and correspondingly, more samples must be acquired
(see Fig. 3(i)). The second and fourth columns show the results for
reconstruction performed using the direct method, i.e., by Fourier
inversion of FDs that are obtained using the full or partial set of mea-
surements. The direct method is able to give a reliable reconstruc-
tion only if the FDs are obtained using the full set of measurements.
Modifications to the direct method have been made to accommodate
for missing samples, but the performance is reliable only if the per-

centage of missing samples is less than 20% and requires a priori
estimation of N [25]. Figure 1 in Section 1 shows reconstruction re-
sults on real images (brain MRI and melanoma) obtained from data
sets in [9–11], which contain ordered points that are handpicked on
the boundaries of tumours. In the case of unavailability of the bound-
ary and ordering information, we employ Canny’s algorithm [26] to
detect the edge contours and approximate solutions to the Travel-
ling Salesman Problem for ordering the samples. Reconstruction
results on some of the real images using a full set of measurements
are shown in Fig. 4.

5. CONCLUSIONS

We proposed the FRI signal model for characterizing smooth closed
contours with Fourier descriptors as parameters. This generalizes
the ellipse fitting model in [13] to a larger class of smooth contours.
Since the contours are modelled as FRI signals, it facilitates com-
putation of Fourier descriptors of a shape from partial or incomplete
measurements of the coordinate functions. Application of the block
annihilating filter, which uses both the x and y coordinates that have
a common set of frequencies (or common support), provides robust
estimation of the sampling interval. Fourier descriptors are then es-
timated by a least-squares fit. We have shown that the variances of
the estimates meet the corresponding Cramér-Rao lower bounds at
SNRs above 20 dB. We also demonstrate applications of the pro-
posed FRI-FD method to reliably reconstruct the shape contours on
some real images.
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• Design the denoising filter {g(n)}Mn=1 such that
G(kT ) ⇡ 1.

– A Tukey window with parameter 0.99 and
M =

⌅
2N
3

⇧
is used as the lowpass filter.
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