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Uniform Sampling of Bandlimited Signals
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The Integrate-and-Fire Time-Encoding Machine (IF-TEM)

A.A. Lazar, “Time encoding with an integrate-and-fire neuron with a refractory period,” Neurocomput., 2004. 
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Advantages

Disadvantages

SQRhiUVicaVed UamRliPg deXiceU.

DigiVal RTQceUUiPg Qf cQPViPWQWU-dQmaiP UigPal iU PQV RQUUible.

IVeTaViXe TecQPUVTWcViQP VechPiSWeU.
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NQnWnifQTm UamRling URaTUe meaUWTemenVU.

EXenV-dTiXen UamRling nQ TedWndanc[.
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Zero-Crossing Instants
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Level-Crossing Instants
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b

<latexit sha1_base64="+ZvtSyR2acf8+tV6MJfYOf4d1Ck="></latexit>

b

<latexit sha1_base64="5+C7cNxLG8B06yElJo/Kxur0p+4="></latexit>

ZERO-CROSSING 
DETECTOR

f(t)

<latexit sha1_base64="RuFNRpOk8nVx1ja8eb4QhZ+lopQ="></latexit>

{tn}n2Z

<latexit sha1_base64="r8zH4KXE7jkR8GkBPp4LwDguvwM="></latexit>

+

<latexit sha1_base64="Q2UsM32ODA+HrImxV9r0Gf2bTy0="></latexit>

�

<latexit sha1_base64="iIaGRXHiVLIaFC454feDAgCQhJA="></latexit>

b

<latexit sha1_base64="+ZvtSyR2acf8+tV6MJfYOf4d1Ck="></latexit>

b ⌘ s(t)

<latexit sha1_base64="qdp2YUCaqwYroY/q3vLNxscpAC4="></latexit>

s(t)

<latexit sha1_base64="d90dnYfMc0aikG8lq2J/e6tHQ4E="></latexit>

D. Gontier and M. Vetterli, “Sampling based on timing: Time encoding machines on shift-invariant subspaces,” Appl. Comput. Harmon. Anal., 2014. 
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Theorem 1: Alternating Projections [Wiley, ’78]

Initialization

Space of 
Bandlimited Functions 

Set of functions that are 
consistent with the measurements

P
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R. G. Wiley, “Recovery of bandlimited signals from unequally spaced samples,” IEEE Trans. Comm., 1978.

LeV f 2 (L2 \ B⌦)(R) aPd leV P Vhe RTQjecViQP QReTaVQT fTQO L2(R) VQ (L2 \ B⌦)(R). TheP, f caP be
TecQXeTed fTQO iVU PQPWPifQTO UaORleU {tn}n2Z YiVh UWR

n2Z
|tn+1 � tn| <

⇡

⌦
b[ Vhe iVeTaViXe algQTiVhO:

f`+1 = PVf + (I � PV)f`,

YheTe Vf =
X

n2Z
f(tn) [tn,tn+1[(t).
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Theorem 2: Operator Formulation [Lazar, ’04]

Generalizations to 
Shift-Invariant Spaces 

[Gontier, ’14] 
Extension to Multichannel 

Bandlimited Sampling 
[Adam, ’19] 

A.A. Lazar, “Time encoding with an integrate-and-fire neuron with a refractory period,” Neurocomput., 2004. 

D. Gontier and M. Vetterli, “Sampling based on timing: Time encoding machines on shift-invariant subspaces,” Appl. Comput. Harmon. Anal., 2014. 

K. Adam et al., Sampling and reconstruction of bandlimited signals with multi-channel time encoding,” arXiv, 2019.

LeV f 2 (L2\B⌦)(R) aPd UWRRQUe UWR
n2Z

|tn+1�tn| <
⇡

⌦
. TheP, Vhe KPRWV f VQ Vhe IF-TEM caP be ReTfecVN[

TecQXeTed aU f(t) = NKO
`!1

f`(t), YheTe

f`+1 = f` +A(f � f`).

The QReTaVQT A OaRU f QPVQ (L2 \B⌦)(R) aU Af =
X

n2Z

Z tn+1

tn

f(t)dt
�

UKP(⌦t)
⇡t

.
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How to reconstruct from nonuniform samples? How to guarantee dense sampling?
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Bandlimited Signals: Alternating Projections
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Bounds on sampling density:

R.J. Duffin and A.C. Schaeffer, “A class of nonharmonic Fourier series,” IEEE Trans. Amer. Math. Soc., 1952. 

A. Aldroubi and K. Gröchenig, “Nonuniform sampling and reconstruction in shift-invariant spaces,” SIAM Review, 2001. 
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Is reconstruction possible?
Yes. We shoY parameter recover[ is possible using frequenc[-domain anal[sis.

If [es, under Yhat conditions?
We give the sufƂcient conditions under Yhich perfect reconstruction from C-TEM and IF-TEM
measurements is possible.
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We consider time-encoding of Ƃnite-rate-of-innovation (FRI) signals.

In particular, we consider periodic sum of weighted and time-shifted pulses, and their time
encoding using the C-TEM and IF-TEM.
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Sum of Weighted and Time-Shifted Pulses
ConUideT a T0-ReTiodic FRI Uignal, x 2 L2([0, T0[):

x(t) =
X

p2Z

LX

`=1

a`h(t� ⌧` � pT0)
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The pWlUe h iU knoYn a pTioTi.

The paTameVeTU {a`, ⌧`}L`=1 compleVel[ Upecif[ x x haU a ƂniVe TaVe of innoXaVion.

The TaVe of innoXaVion of x iU 2L

T0
 x mWUV be TecoXeTable WUing 2L+ 1 meaUWTemenVU.

<latexit sha1_base64="kAKju2X9UOxuvLi6F2K5PbMuZlY="></latexit>



Prior Art: Time-Encoding of Impulse Streams

12

TIME 
ENCODING 
MACHINE

g
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Consider a stream of Dirac impulses: x(t) =
LX

`=1

a`�(t� ⌧`)

Perfect reconstruction is guaranteed when:

1. The sampling kernel g is a Ƃrst-order eZponential spline.
2. The sampling kernel must satisf[:

|supp(g)| < min
`=1,··· ,L

|⌧`+1 � ⌧`|.

Reconstruction is sequential, i.e., each a`�(t� ⌧`) is reconstructed using signal moments:

sm =
2X

n=1

cIm,ny(tn) = a`e
↵m⌧` , m = 0, 1.

This method can be eZtended to multi-channel bursts of Dirac impulses and to signals of the t[pe

x(t) =
LX

`=1

a`h(t� ⌧`) with h following some conditions.
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R. Alexandru and P. L. Dragotti, “Reconstructing classes of non-bandlimited signals from time-encoded information,” arXiv, 2019. 

Consider a stream of Dirac impulses: x(t) =
LX

`=1

a`�(t� ⌧`)

Perfect reconstruction is guaranteed when:

1. The sampling kernel g is a Ƃrst-order eZponential spline.
2. The sampling kernel must satisf[:

|supp(g)| < min
`=1,··· ,L

|⌧`+1 � ⌧`|.

Reconstruction is sequential, i.e., each a`�(t� ⌧`) is reconstructed using signal moments:

sm =
2X

n=1

cIm,ny(tn) = a`e
↵m⌧` , m = 0, 1.

This method can be eZtended to multi-channel bursts of Dirac impulses and to signals of the t[pe

x(t) =
LX

`=1

a`h(t� ⌧`) with h following some conditions.
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Sum of Weighted 
Complex Exponentials 

(SWCE)

The annihilaVing ƂlVer {�}L`=0 haU Vhe Z-VranUform:

�(z) =
LY

`=1

(1� e�j!0⌧`)

The ƂlVer annihilaVeU r̂:
R� = 0
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M. Vetterli et al., “Sampling signals with finite rate of innovation,” IEEE Trans. Signal Process., 2002. 

Since x is T0-periodic, it has a Fourier-series representation:

x(t) =
X

k2Z
x̂[k]ejk!0t, !0 =

2⇡

T0

where x̂[k] =
1

T0
ĥ(k!0)

LX

`=1

a`e
�jk!0⌧`

| {z }
r̂[k]

.

2L+ 1 contiguous samples of x̂[k] are sufficient for parameter estimation [Vetterli, ’02].
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The Ƃltered signal y is T0-periodic:

y(t) = (x ⇤ g)(t) =
Z 1

�1
x(⌫)g(t� ⌫)d⌫,

=
X

k2Z
x̂[k]

Z 1

�1
g(t� ⌫) ejk!0⌫d⌫,

=
X

k2Z
x̂[k] ĝ(k!0) e

jk!0t.

Let the sampling kernel g satisf[ aliaU-cancellaViQn cQndiViQnU [Tur, o11; Mulleti, o17]

ĝ(k!0) =

(
1, k 2 K,

0, k /2 K,

where K = {�K, · · · ,�1, 0, 1, · · · ,K}, for some K 2 N.

The Ƃltered signal is a trigonometric pol[nomial y(t) =
X

k2K
x̂[k]ejk!0t.
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Kernel-Based Sampling of FRI Signals using TEMs
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A Finite Sum

R. Tur et al., “Innovation rate sampling of pulse streams with applications to ultrasound imaging,” IEEE Trans. Signal Process., 2011. 

S. Mulleti and C. S. Seelamantula, “Paley-Wiener characterization of kernels for finite-rate-of-innovation sampling,” IEEE Trans. Signal Process., 2017. 
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MACHINE

y(t)
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The filtered signal y is T0-periodic:

y(t) = (x ⇤ g)(t) =
Z 1

�1
x(⌫)g(t� ⌫)d⌫,

=
X

k2Z
x̂[k]

Z 1

�1
g(t� ⌫) ejk!0⌫d⌫,

=
X

k2Z
x̂[k] ĝ(k!0) e

jk!0t.

Let the sampling kernel g satisfy alias-cancellation conditions [Tur, ’11]

ĝ(k!0) =

(
1, k 2 K,

0, k /2 K,

where K = {�K, · · · ,�1, 0, 1, · · · ,K}, for some K 2 N.

The filtered signal is a trigonometric polynomial y(t) =
X

k2K
x̂[k]ejk!0t.
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ZERO-CROSSING 
DETECTOR

g

<latexit sha1_base64="VTmVAkYOjj9O7B2Vz5C6Ztphp4E="></latexit>

x(t)

<latexit sha1_base64="1pjsSws9wzFgUhe8/AumejXRQYg="></latexit>

y(t)

<latexit sha1_base64="UynymSKSw2KWOrmVce9Zw5M4MII="></latexit>

s(t)

<latexit sha1_base64="NrO0uXruAiQLUQheayvsKREuqC4="></latexit>

+

<latexit sha1_base64="Q2UsM32ODA+HrImxV9r0Gf2bTy0="></latexit>

+

<latexit sha1_base64="Q2UsM32ODA+HrImxV9r0Gf2bTy0="></latexit>

�

<latexit sha1_base64="iIaGRXHiVLIaFC454feDAgCQhJA="></latexit>

TCT

<latexit sha1_base64="qLHBrs+icLrmW502tTtqwMj/nsg="></latexit>

{tn|y(tn) = s(tn)}n2Z

<latexit sha1_base64="bgtDOL51oUvSecjC62FHEUl6gbE="></latexit>

y(tn) =
X

k2K
x̂[k] ejk!0tn

<latexit sha1_base64="neQ+sTTA69x93GTVZ+FjgaeUVXE="></latexit>

Linear System 
of Equations 2

66666666664

x̂[�K]
...

x̂[�1]
x̂[0]
x̂[1]
...

x̂[K]

3

77777777775

| {z }
x

<latexit sha1_base64="U4/fDdrJwJzF5Uwg3dmI+ciK2PY="></latexit>

2

6664

e�jK!0t1 · · · e�j!0t1 1 ej!0t1 · · · ejK!0t1

e�jK!0t2 · · · e�j!0t2 1 ej!0t2 · · · ejK!0t2

...
...

...
...

...
e�jK!0tN · · · e�j!0tN 1 ej!0tN · · · ejK!0tN

3

7775

| {z }
F

<latexit sha1_base64="dqNlfqshyMnlfRHTklVu22GEXo0="></latexit>

2

6664

y(t1)
y(t2)
...

y(tN )

3

7775

| {z }
y

=

<latexit sha1_base64="2uB1bMNEfp15g0YZ5u8/Pye6Zk4="></latexit>
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Recovery from C-TEM Measurements

t

<latexit sha1_base64="a8iBvVtn+5mtdjpxaPmGMeiAd6o="></latexit>

y(t)

<latexit sha1_base64="AIns4kPdyZYB2zGB4W9owsGkeYs="></latexit>

s(t) = A coU(2⇡fst)

<latexit sha1_base64="y3RzHXYA5fMRYtTc2o6iX4UEQOc="></latexit>

0

<latexit sha1_base64="/Jt1Cld5eb1Ais6earSYmLmreo8="></latexit>

T0

<latexit sha1_base64="NBdogIE1Bs5NSK2eif3ng8R321w="></latexit>

t

<latexit sha1_base64="lCGf7OQLjD8N6kYEFk33x/gFovU="></latexit>

FQT TecQXeT[ Qf RaTameVeTU {a`, ⌧`}L`=1 WUiPg Vhe aPPihilaViPg ƂlVeT, |K| � 2L+1, hePceN � 2L+1.

The UiPWUQidal TefeTePce cTQUUeU Vhe UigPal aV leaUV QPce iP eXeT[ ReTiQdYhePeXeT |A| � UWR
t2[0,T0[

|y(t)|.

HePce, VQ TecQTd N � 2L+ 1 UamRleU iP a T0-lePgVh iPVeTXal, fs �
2L+ 1

T0
.

<latexit sha1_base64="5rrtzlEZTkXO3Lo/QHQIqNFyi4g="></latexit>
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Recovery from C-TEM Measurements

Proposition 1: Recovery from Crossing-Time-Encoding Machine

The UeV Qf ViOe iPUVaPVU {tn}Nn=1 ⇢ TCT QbVaiPed WUiPg Vhe C-TEM iU a UWfƂciePV TeRTeUePVaViQP Qf
Vhe T0-ReTiQdic UigPaN x YiVh N � 2L + 1, YheP Vhe TefeTePce UigPaN s(t) = A cQU(2⇡fst) UaViUƂeU
|A| > UWR

t2[0,T0[
|y(t)| aPd fs �

2L+ 1

T0
.

<latexit sha1_base64="M3Gqz3XX4iD7cI/AdWkp+HEGwx0="></latexit>

s(t)
<latexit sha1_base64="SkXGMyTKAWO2nsH9OgXjdUgtmwc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsLXQhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzwkRwg5737RTW1jc2t4rbpZ3dvf2D8uFR28SppqxFYxHrTkgME1yxFnIUrJNoRmQo2GM4vs38xyemDY/VA04SFkgyVDzilGAmmSqe98sVr+bN4a4SPycVyNHsl796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6Rdr/kXtfr9ZaVxk8dRhBM4hSr4cAUNuIMmtIDCCJ7hFd4c6bw4787HorXg5DPH8AfO5w97dI3e</latexit>

y(t)
<latexit sha1_base64="91GELvzX3+ZjKrm8RCfHFBwN75o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXisYGuhDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHXR0litAOiXikegHWlDNJO4YZTnuxolgEnD4G09vcf3yiSrNIPpg0pr7AY8lCRrDJpbRuzofVmttw50CrxCtIDQq0h9WvwSgiiaDSEI617ntubPwMK8MIp7PKINE0xmSKx7RvqcSCaj+b3zpDZ1YZoTBStqRBc/X3RIaF1qkIbKfAZqKXvVz8z+snJrz2MybjxFBJFovChCMTofxxNGKKEsNTSzBRzN6KyAQrTIyNp2JD8JZfXiXdZsO7aDTvL2utmyKOMpzAKdTBgytowR20oQMEJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AhJ6N5A==</latexit>

y(tn)

<latexit sha1_base64="+QWGsVe6jnPS79hjvTdV0Tkuz9c=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQL2VXKnosevFYwX5Au5Rsmm1js8mSzArL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBNMbmd+54lpw5V8gDRmfkRGkoecErBSO63CQJ4PyhW35s6BV4mXkwrK0RyUv/pDRZOISaCCGNPz3Bj8jGjgVLBpqZ8YFhM6ISPWs1SSiBk/m187xWdWGeJQaVsS8Fz9PZGRyJg0CmxnRGBslr2Z+J/XSyC89jMu4wSYpItFYSIwKDx7HQ+5ZhREagmhmttbMR0TTSjYgEo2BG/55VXSvqh59drlfb3SuMnjKKITdIqqyENXqIHuUBO1EEWP6Bm9ojdHOS/Ou/OxaC04+cwx+gPn8wcJ5o7J</latexit>

x(t)
<latexit sha1_base64="0/c74ZxaxbQ/fx+9aT5avb8EXX0=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFYwX5Au5Rsmm1Dk+ySzIpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38ziPThkfqAaYx8yUZKR5ySiCTnqpwPihX3Jo7B14lXk4qKEdzUP7qDyOaSKaACmJMz3Nj8FOigVPBZqV+YlhM6ISMWM9SRSQzfjq/dYbPrDLEYaRtKcBz9fdESqQxUxnYTklgbJa9TPzP6yUQXvspV3ECTNHFojARGCKcPY6HXDMKYmoJoZrbWzEdE00o2HhKNgRv+eVV0q7XvIta/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFY/SMXtGbI50X5935WLQWnHzmGP2B8/kDgxeN4w==</latexit>

x̄(t)
<latexit sha1_base64="sK8R5MPI2hKMYA8kQLM1vYyJBtQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeugEVKdPkzKedoslt+LOQJaJl5ESZKh3i1+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP51dPCEnVumRfqRtKSQz9fdESkNjxmFgO0OKQ7PoTcX/vHaC/Us/FSpOkCs2X9RPJMGITN8nPaE5Qzm2hDIt7K2EDammDG1IBRuCt/jyMmlWK95ZpXp7XqpdZXHk4QiOoQweXEANbqAODWCg4Ble4c0xzovz7nzMW3NONnMIf+B8/gBIlZCo</latexit>

Filtering and time-encoding Original signal and reconstruction

TIME (s) TIME (s)
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SPIKE-TRIGGERED RESET

�

<latexit sha1_base64="r6Ky8RKMqu2lprkJA38gu6hfXWY="></latexit>

v

<latexit sha1_base64="OfCelVGrJ/+78N+pjK0qP9RC+ts="></latexit>

1



Z
· dt

<latexit sha1_base64="Stel+y52PjozWMYZiDgXYQ+o9ts="></latexit>

g

<latexit sha1_base64="VTmVAkYOjj9O7B2Vz5C6Ztphp4E="></latexit>

+

<latexit sha1_base64="Q2UsM32ODA+HrImxV9r0Gf2bTy0="></latexit>

x(t)

<latexit sha1_base64="1pjsSws9wzFgUhe8/AumejXRQYg="></latexit>

y(t)

<latexit sha1_base64="UynymSKSw2KWOrmVce9Zw5M4MII="></latexit>

v(t)

<latexit sha1_base64="+gsYv0P2x+j4bFl0T+FX0YT27PI="></latexit>

TIF

<latexit sha1_base64="ymdSFwvUYMZRlUxY7hslTCWDvSg="></latexit>

b

<latexit sha1_base64="FnmohTD1aOepw/zdnGAXR3iEQy8="></latexit>

Z tn+1

tn

y(t)dt =
Z tn+1

ttn

X

k2K\{0}

x̂[k]ejk!0tdt+
Z tn+1

ttn

x̂[0]dt

=
X

k2K\{0}

x̂[k]

jk!0
(ejk!0tn+1 � ejk!0tn) + x̂[0](tn+1 � tn)

<latexit sha1_base64="vXzX2ZVg/SA41bmiP2oLK14goZw="></latexit>

2

6664

e�jK!0t2 � e�jK!0t1 · · · t2 � t1 · · · ejK!0t2 � ejK!0t1

e�jK!0t3 � e�jK!0t2 · · · t3 � t2 · · · ejK!0t3 � ejK!0t2

...
...

...
e�jK!0tN � e�jK!0tN�1 · · · tN � tN�1 · · · ejK!0tN � ejK!0tN�1

3

7775

| {z }
Q

<latexit sha1_base64="w1fx5E6EZBJC7tt9OtNXNk6ZdWQ="></latexit>

2

66666664

� x̂[�K]
jK!0

...
x̂[0]

...
x̂[K]
jK!0

3

77777775

<latexit sha1_base64="PwEh6r6Eisq3Mm/FHlHlABKWUJI="></latexit>

2

66664

R t2
t1

y(t)dtR t3
t2

y(t)dt
...R tN

tN�1
y(t)dt

3

77775
=

<latexit sha1_base64="cT72K1J2kchhBkGRD2kjLa6TU6I="></latexit>
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The Integrate-and-Fire Time-Encoding Machine (IF-TEM)

A.A. Lazar, “Time encoding with an integrate-and-fire neuron with a refractory period,” Neurocomput., 2004. 

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

SPIKE-TRIGGERED RESETb

<latexit sha1_base64="8MCoTzNyHEnEsOCIAU85bZ7+Ojo="></latexit>

�

<latexit sha1_base64="r6Ky8RKMqu2lprkJA38gu6hfXWY="></latexit>

v

<latexit sha1_base64="OfCelVGrJ/+78N+pjK0qP9RC+ts="></latexit>

z

<latexit sha1_base64="prYJRg0mW8oPt6fAeWLGoFkGD90="></latexit>

f(t)

<latexit sha1_base64="RuFNRpOk8nVx1ja8eb4QhZ+lopQ="></latexit>

v(t)

<latexit sha1_base64="yQHZqg1evqvT0tMJoIyJ5+mzUNA="></latexit>

{tn}n2Z

<latexit sha1_base64="r8zH4KXE7jkR8GkBPp4LwDguvwM="></latexit>

t

<latexit sha1_base64="moSNLlqvK7nSEowL3/rxVsoj/HM="></latexit>

t

<latexit sha1_base64="moSNLlqvK7nSEowL3/rxVsoj/HM="></latexit>

1



Z
· dt

<latexit sha1_base64="Stel+y52PjozWMYZiDgXYQ+o9ts="></latexit>

The QWVRWV Qf Vhe Vime-ePcQdiPg machiPe iU a UeV Qf UVTicVl[ iPcTeaUiPg Vime-iPUVaPVU VhaV fQllQY:

SVabiliV[: �

b+ UWR
t2R

|f(t)| < tn+1 � tn <
�

b� UWR
t2R

|f(t)| ,

V-TTaPUfQTm:
Z tn+1

tn

f(t)dt = �b(tn+1 � tn) + �.

The UigPal mWUV be TecQPUVTWcVed fTQm Vhe UeSWePce Qf UamRleU {tn}n2Z.

<latexit sha1_base64="OKRbFV3weAk/m0gEhujfx/Sb2pg="></latexit>
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Recovery from IF-TEM Measurements

t

<latexit sha1_base64="a8iBvVtn+5mtdjpxaPmGMeiAd6o="></latexit>

y(t)

<latexit sha1_base64="AIns4kPdyZYB2zGB4W9owsGkeYs="></latexit>

v(t)

<latexit sha1_base64="g0axW3JwrEVrsst7CuPWosVpt5U="></latexit>

0

<latexit sha1_base64="/Jt1Cld5eb1Ais6earSYmLmreo8="></latexit>

T0

<latexit sha1_base64="NBdogIE1Bs5NSK2eif3ng8R321w="></latexit>

t

<latexit sha1_base64="lCGf7OQLjD8N6kYEFk33x/gFovU="></latexit>

FQT TecQXeT[ Qf RaTaOeVeTU {a`, ⌧`}L`=1 WUiPg Vhe aPPihiNaViPg ƂNVeT, |K| � 2L+1, i.e.,N�1 � 2L+1.

AfVeT Vhe ƂTUV VTiggeT t1, Vhe PeZV N � 1 VTiggeTU OWUV QccWT iP Vhe iPVeTXaN [0, T0[ aPd WUiPg Vhe
WRReT bQWPd QP Vhe diffeTePce:

t1 + (N � 1)
�

b� UWR
[0,T0[

|y(t)| < T0.

The OaZiOWO XaNWe Qf t1  �

b� UWR
[0,T0[

|y(t)| .

HePce, Vhe RaTaOeVeTU OWUV UaViUf[ �

b� UWR
[0,T0[

|y(t)| <
T0

N
.

<latexit sha1_base64="YVuiF+Cb0nEGHoXlNuuw6uGONVQ="></latexit>
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y(t)
<latexit sha1_base64="91GELvzX3+ZjKrm8RCfHFBwN75o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXisYGuhDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHXR0litAOiXikegHWlDNJO4YZTnuxolgEnD4G09vcf3yiSrNIPpg0pr7AY8lCRrDJpbRuzofVmttw50CrxCtIDQq0h9WvwSgiiaDSEI617ntubPwMK8MIp7PKINE0xmSKx7RvqcSCaj+b3zpDZ1YZoTBStqRBc/X3RIaF1qkIbKfAZqKXvVz8z+snJrz2MybjxFBJFovChCMTofxxNGKKEsNTSzBRzN6KyAQrTIyNp2JD8JZfXiXdZsO7aDTvL2utmyKOMpzAKdTBgytowR20oQMEJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AhJ6N5A==</latexit>

v(t)

<latexit sha1_base64="LduqSCptremEBzM5abg0HcXYL7o=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2VXKnosevFYwX5Au5Rsmm1Dk+ySzBbK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LBDbjut1PY2Nza3inulvb2Dw6PyscnbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcp/5nSnThkfqCWYx8yUZKR5ySiCTplW4HJQrbs1dAK8TLycVlKM5KH/1hxFNJFNABTGm57kx+CnRwKlg81I/MSwmdEJGrGepIpIZP13cOscXVhniMNK2FOCF+nsiJdKYmQxspyQwNqteJv7n9RIIb/2UqzgBpuhyUZgIDBHOHsdDrhkFMbOEUM3trZiOiSYUbDwlG4K3+vI6aV/VvHrt+rFeadzlcRTRGTpHVeShG9RAD6iJWoiiMXpGr+jNkc6L8+58LFsLTj5ziv7A+fwBgVON5Q==</latexit>

tn

<latexit sha1_base64="txBIm3onkdz7u+mkmoVIpCx1W0o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9WrVy/tapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2SkjeE=</latexit>

Filtering and time-encoding Original signal and reconstruction

x(t)
<latexit sha1_base64="0/c74ZxaxbQ/fx+9aT5avb8EXX0=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFYwX5Au5Rsmm1Dk+ySzIpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38ziPThkfqAaYx8yUZKR5ySiCTnqpwPihX3Jo7B14lXk4qKEdzUP7qDyOaSKaACmJMz3Nj8FOigVPBZqV+YlhM6ISMWM9SRSQzfjq/dYbPrDLEYaRtKcBz9fdESqQxUxnYTklgbJa9TPzP6yUQXvspV3ECTNHFojARGCKcPY6HXDMKYmoJoZrbWzEdE00o2HhKNgRv+eVV0q7XvIta/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFY/SMXtGbI50X5935WLQWnHzmGP2B8/kDgxeN4w==</latexit>

x̄(t)
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TIME (s) TIME (s)

Recovery from IF-TEM Measurements

Proposition 2: Recovery from Integrate-and-Fire Time-Encoding Machine

The UeV Qf VKOe KPUVaPVU {tn}Nn=1 ⇢ TIF QbVaKPed WUKPg Vhe IF-TEM KU a UWfƂcKePV TeRTeUePVaVKQP Qf Vhe
T0-ReTKQdKc UKgPaN x YheP, Vhe OaVTKZQ haU fWNN cQNWOP TaPM aPd Vhe RaTaOeVeTU Qf Vhe TEM UaVKUf[ Vhe
cQPdKVKQP �

(b� UWR
[0,T0[

|y(t)|) <
T0

N
YKVh N � 2(L+ 1).

<latexit sha1_base64="wb9/66ioBs/XgSMvnhS5oSf/u28="></latexit>



Extension to Aperiodic Signals

22

Periodized Sampling Kernel

g(t)
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x(t) =
X

p2Z

LX

`=1

a`h(t� ⌧` � pT0)
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x̃(t) =
LX

`=1

a`h(t� ⌧`)
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y(t)
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R. Tur et al., “Innovation rate sampling of pulse streams with applications to ultrasound imaging,” IEEE Trans. Signal Process., 2011. 

ConXolWVion of a ReTiodic Uignal x YiVh a keTnel g iU eSWiXalenV Vo conXolWVion of one ReTiod of
Vhe Uignal x YiVh a ReTiodi\ed XeTUion of Vhe keTnel g.

FWTVheT, if Vhe RWlUe h haU ƂniVe UWRRoTV, ReTiodi\aVion TedWceU Vo a ƂniVe TeRlicaVion.
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The aPal[UiU Qf UaORliPg aPd TecQPUVTWcViQP Qf aReTiQdic-FRI UigPalU iU eSWiXalePV VQ VhQUe Qf
ReTiQdic UigPalU afVeT VheUe OQdiƂcaViQPU VQ Vhe UaORliPg keTPel.
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g̃(t) =
X

p2Z
g(t� pT0)
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0
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T0
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t

<latexit sha1_base64="lCGf7OQLjD8N6kYEFk33x/gFovU="></latexit>
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We considered time-encoding of Ƃnite-rate-of-innovation (FRI) signals.

In particular, we considered time-encoding of periodic sum of weighted and time-shifted pulses,
using the C-TEM and IF-TEM.
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Is reconstruction possible?
Yes, using frequenc[-domain anal[sis.

If [es, under Yhat conditions?
We proXided sufƂcient conditions achieXe perfect reconstruction from C-TEM and IF-TEM mea-
surements is possible.

We also demonstrated hoY to handle aperiodic FRI signals.
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