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Graphical models and the curse of dimensionality
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Problem statement

Definitions

Random vector U Random vector V
Statistical mean py = Elu] py = Elv]
1< 1<
~ 2 ~ ad
Sample mean iy = 7 > iy = 7 > v
=1 =1
Statistical covariance matrix Cuv 2 E [wv]] — pyui
1 L
Sample covariance matrix Cuyy 2 T > (W —fiy) (vi— b))t
=1
Average conditional 2 /
C =Ez |C —| = C _,dFy(z
cross-covariance matrix vviz =Bz [Cuyiz—] ry, OVIZE=2ETZ (z)
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Problem statement

Problem under

Sources X c RN <Y6RN1/ > < Z € RM: >

Hypotheses

'H() : Hi Hypothesis test

H()I CXY|Z=O}
Hi: Cxyiz#0

(1)
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Tests for correlation

Unconditioned test

Ho: Cxy =0 } maxcy,, f(W|Cww) 7;1 N W |: X :| )
Hl 5 CXY 75 0 maXCXX f(X|CXx) maxcyy f(Y|ny) ’,Lfo ’ Y
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Tests for correlation

Unconditioned test

Ho: Cxy =0 } maxcy,, f(W|Cww) 7;1 N W |: X :| )
Hl 5 CXY 75 0 maXCXX f(X|CX)() maxcyy f(Y|ny) 7?0 ’ Y

Test for jointly Gaussian sources — Hadamard Ratio Test (HRT)

det 6
Thap (X,Y) £ Cww]

= = = e€|0,1, T =H 3
det[Cxx] det[ny] [ ] HAD T 0 ( )
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Tests for correlation

Unconditioned test

Ho: Cxy =0 } maxcy,, f(W|Cww) 7;1 N W |: X :| )
Hl 5 CXY 75 0 maXCXX f(X|CX)() maxcyy f(Y|ny) 7?0 ’ Y

Test for jointly Gaussian sources — Hadamard Ratio Test (HRT)

det[aww]
det [axx} det [ayy]

Thap (X,Y) £ €[0,1], Tuap T= Ho (3)
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Unconditioned test

Ho: Cxy =0 } maxcy,, f(W|Cww) [ a [ X ]
N > WL 2
7‘[1 5 CXY 75 0 maXCXX f(X|CX)() maxcyy f(Y|ny) 7?0 Y ( )

Test for jointly Gaussian sources — Hadamard Ratio Test (HRT)

det [aww]
det [ax_)d det [ayy]

Small correlation regime — 1st Order Taylor approximation

Trro (X, Y) £ ||6||% >0, Trro I= Ho (4)

C £ C{*CxyCyy/* (sample coherence matrix)

Thap (X,Y) £ €[0,1], Tuap T= Ho (3)
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Tests for correlation

RV Coefficient

Trv(X,Y) 2 — ||chﬂ% (5)
ICxx|lFlICyyIlF
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RV Coefficient

ICxx|lFlICyyIlF

Conditional RV Coefficient

(5)

A ||6XY\Z“%“
Trv(X,Y|Z) = (6)

ICxx1zllFICyyzllF
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RV Coefficient

ICxx|lFlICyyIlF

Conditional RV Coefficient
Jointly Gaussian sources

C 2 ~ ~ P
Trv(X,Y|Z) £ 5 | XY%“F (6) Cyviz £ Cyv — CuzC,,Czv  (7)
ICxx1zllFICyyzllF (Schur complement)

(5)
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U-Statistics test for conditional correlation

Covariance estimation using U-Statistics

U-Covariance Matrix

-1 L

~ 2 o . . u,—u; . A Vi—Vj

Cuov =+ E E ui,jV@Tj, W, s =2, V&= (8)
L(L-1) = o V2 V2
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U-Statistics test for conditional correlation

Covariance estimation using U-Statistics

U-Covariance Matrix

PN . u, —u; Vi —V,
Cov = L( Z Z WV, = % Vi = # (8)

=1 j=1i+1

L Data samples

@@@9@9
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U-Statistics test for conditional correlation

Covariance estimation using U-Statistics

U-Covariance Matrix

~ u; — u; vV, — Vi
o 2o W j o A Vi 7

Cyv = =1 § § w, v g Wi = y  Vij = (8)

=1 j=i+1

L Data samples
Incomplete U-Covariance Matrix
@ @ @ DLOAD) e

~/

uv = m Z ﬁi,i+LL/2J‘°’iT,i+LL/2J ©)
=1
LL-1) H

Unused pairs: AL = 5 5
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AL Lee, U-Statistics: Theory and Practice, Routledge, 2019
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Weighted U-Statistics

- //R;NZXNZ C(}‘;‘ZQ(ZI,ZZ):OdFZI»Z2 (Zla Z2)

AL Lee, U-Statistics: Theory and Practice, Routledge, 2019
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Weighted U-Statistics

- //R;NZXNZ C(}‘;‘ZQ(ZI,ZZ):OdFZI»Z2 (Zla Z2)
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Weighted U-Statistics

- //R;NZXNZ C(}‘;‘ZQ(ZI,ZZ):OdFZI»Z2 (Zla Z2)

UV|Z=0 //RNzXNz ZLZQ(Zl?z?)
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Weighted U-Statistics

- //RNszz C&‘;\Z(Zl,ZzﬁodFZl’Z? (1,22)

=Cpv 220

(21,22)
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Pr{Z=0}=0—0<|Z]| <e
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U-Statistics test for conditional correlation
Relaxation

Indicator function

Pr{Z=0}=0—0<|Z]|<e Iﬁ@)é{L 0<A<e (1)

0, otherwise
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U-Statistics test for conditional correlation
Relaxation

Indicator function

Pr{Z=0}=0—0<|Z| <e 2 [l 0<A<e
} 121 o) {0, otherwise (11)

Conditional covariance matrix estimator
L—-1 L o ®
A > et Zj:i—i—l ui,jViT,jIe(llzi — z;|)

I—1~~L
Dict 2jmitt Le(llzi — 25]])

Cuviz (12)
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U-Statistics test for conditional correlation
Relaxation

Indicator function

Pr{Z=0}=0—0<||Z||<e A 1, 0<A<e
{(Z=0) <12 < zew_{o’ DERsc

Conditional covariance matrix estimator
L—-1 L o ®
o a > et Zj:i—H ui,jVZj—’e(HZi — z;|)

Cuv|z I—1~—L
> i1 Ej:i—i—l Ic(||zi — z;]|)

Conditional RV Coefficient

trx v(z) - Gzl

(12)

(13)

ICxxzllFlICyyizllF
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U-Statistics test for conditional correlation

Order statistics

L-1

M=

Il — 1) 2 L, € {1M} (14)

—_

1

J’_

i=1 j=i
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U-Statistics test for conditional correlation

Order statistics

Selection of pairs from sorting

121,21
121,3]]

| (15)

Z1,
22,3

( 1Z-1.2ll )
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U-Statistics test for conditional correlation

Order statistics

Selection of pairs from sorting

Hi”” Z;(1),5(1)|| (min) |
1,3 .
Zl L sot, o 4 Zi1),5(0) | (15)
5 ” sort — .
22,3 o
: 2(1,) 5(Lp)
( Zz-1]l ) L ' |
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U-Statistics test for conditional correlation

Order statistics

Selection of pairs from sorting

212l ) " sy || (min) ]
o1, i(1),j() || (min) —
21,3 " (i(1),5(1) )
X o i) 0 ; 5
loncll  p |22 | o 2 00 20,18 6,50 (15)
22,3 : :
. 1Ziz,).(L) -
. il (L), 3(Ly))
1Zz—1,Ll L ' |
\ ) v
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Statistics test for conditional correlation

Ly
Cuviz = oL, Z(ui(l) — ;) (Vi) — Vi) " (16)
> =1

9 1
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U-Statistics test for conditional correlation

Ly
)T

o 1
Cuviz = 2L, Z(ui(l) —w;q) (Vi) — Vi)
=1

Efficient computation

Trv(X,Y|Z) = =

U2 [[ug) —w) - [wi,) —we,)]] — Ku 2070

Tr[XTXYTY] IKxKy|%

JIXIXXTX Y TYYTY] | (/IR IR

(17)
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Numerical results
Test setting

m Techniques:

m Weighted U-Statistics Method

(WUSM)

m Schur Complement Method (SCM)
m Confounder dimensions (IV,):

m 1

m 3

m 100
m Power: E [X?| =E [V?] =E [Z}
m RV Coefficient (Try):

m Try (X, Y) > 0.2

| TRV (X,Y|Z) ~ 0

B Mean: E[X]=E[Y]=E[Z,]=0
m Data models:

m Jointly Normal

m Gaussian Copula
m N° of samples (L):

m 50

m 5000

m N? of tests (M): 500

TSC-UPC
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ICASSP 2022



Numerical results

Estimation

MSE(Try) £ var(Try) + bias?(Try)
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Detection

Numerical results

¢ H
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Receiver Operation Characteristic (ROC)

TSC-UPC
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Future research

Potential lines of research

Design aspects

m Alternative criteria for sorting (different norms).
m Soft indicator functions and data-driven weighting.

Applications

m Integration of information theoretic methods?: correlation — dependence.

2J. Riba and F. de Cabrera, “Regularized Estimation of Information via High Dimensional Canonical
Correlation Analysis,” 2020, arXiv:2005.02977 [cs.IT]
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Thanks for your attention!

Development of a test for conditional correlation Cocara Toonicn &
based on weighted U-Statistics that:

m |s data-driven instead of model-driven. «chssp 2022
Stagafore

m Does not involve matrix inverses nor
determinants.

Escola Técnica Superior d’Enginyeria
de Telecomunicacié de Barcelona

m s robust to small-sample/high-dimensional
regimes.

m Presents similar capabilities along a wide range
of configurations, allowing for a good trade-off
between complexity and performance.
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