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How to estimate the Direction-of-Arrival (DOA) (6) based
on the array received data that consist of multiple
frequencies when the array spacing Is not uniform or
frequency spacing Is not uniform?

Signhal Model

Recelved signal from the sensors (V,,,-- Number of
sensors, N;-- Number of snapshots, N¢-- Number of

frequencies)

Y= X+ N € CNmNXNy

X = cula(l,w)x,(1)]-|a(Np, w)x,,(Np)]
w

= Z CowA(w) * X
w

> a(f,w) = [1..e 2w Wm-D]" = [1 .. 2/ ®m=D]js the
array manifold (z = e™72™), w = f,d cos(0)/c is the DOA
that we need to estimate, d Is the separation between
sensor, c Is the propagation speed, f, Is the fundamental

frequency
> x,,(f) Is the source amplitude, N Is the additive noise, * IS

the reshaped Khatri-Rao product

Atomic Norm Minimization (ANM) for multiple
frequencies

Atomic set for multiple frequencies
A={Aw)*X, |we[-1/2,1/2],||X,||r = 1}.
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ANM problem for the noise-free case

m‘%ﬂ | X4 st V=4,

ANM problem for the noisy case

IL}J;EIL | X4 st ||V—X|lns < 1.

Equivalent SDP for ULA and UF Case

l’[lﬁ%ﬂ | X4 st YV=4.
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NUA and NUF Case
NUA Sensor Index Set MCH{0,1,..., Ny —1}

NUF Frequency IndexSet ~ F C {1,...,Npg}
Define Spatial-frequency index set and its cardinality
U={m- flme M, [ e F}. N, = U

Key Observation: Every exponent in the array
manifold vector involves a product of frequency index
and sensor position index

Dual and Primal SDP for NUA and NUF Case
max (9, V)r s.t. [ E}? Q- ~ 0,

Dual <" . ny |
Z Prn{i’:,j} :iﬁg,Qr: [RL{QJ)“'RJ.{QNI}]*
U —U; =k
min_[Tr(T(u)) + Tr(W)]
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Primal T(u) Y ~
s.it. | = =0, Y, =Ri(Y,), feEF,
S vH w | & I 1(Yy), f

T : Nx1 - N, XN,
IVD and DOA Extraction

If Toep(u) Is an PSD matrix, then T(u) Is an irregular
Toeplitz matrix and it has the following irregular
Vandermonde decomposition

T =W(~,2)DW(v,2)", |z| = 1,
W = W(~,z) = [z ...27% ]|
— w(ﬁfﬂ El) s W{:#T? EN;}]'

Goal: Estimate z
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T(u) = UsAsUg + UyAnUy

D(z) = w(v,2)" UnUyw(7,2) = w(v,2)" Gw(v, 2)
k -
Z :arglﬂ;jn D(z), k=1,...,.K
z|l=1

Null Spectrum, NI= 3
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Rank Minimization and Atomic I, Minimization

K
Atomic 1, Norm || Y'|| 4,0 := inf {K Y = chzk:{f, CL > U}
k=1

Atomic [, Norm Is equal to the optimal value of the following
rank minimization problem {ﬂi“ rank(Toep(u))

Toep(u) Y _
Y " W | &

Example: More Sources than Sensors for ULA
*Ny = 4 ULA, Np = 5 uniform frequency ({100, ..., 500} Hz)

ANM, K = 14 ANM, K = 1§
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Numerical Example: RMSE vs SNR
__RMSE (°) vs. SNR (dB), __ RMSE (°) vs. SNR (dB),

N, = 16 ULA,
*d = A100/2
.Nl =1

* Frequency: (a) Np = 2,
{100, 200} Hz, (b)-(d)

Nz = 4. {100,..., 400} Hz
for (b); and {100, 200,
300, 500} Hz for (c);
{200, 300, 400, 500} Hz

for (d). | 5
* ANMP (PrOpF)Sed); ANM D ( 105 0 5 10 15 20 25 30 35 4}:}-51:1::--‘5 0 5 10 15 20 25 30 35 ;
ANM proposed in [1]) SNR(dB) SNR(dB)
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