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Spectral Leakage

Suppose we take N equispaced samples of a bandlimited signal.
w/T .
xc(t) :/ X(F)eFLdF, t e R
-W/T
x[n] = x(nT), n=0,1,...,N—1
If W= % we are sampling at the Nyquist rate. We expect N
degrees of freedom in x.

fo< W< % we are sampling faster than the Nyquist rate. We
expect ~ 2NW degrees of freedom in x.

What basis yields a sparse representation for x?
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Spectral Leakage

x[n] = cos (%n) )

Signal
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Spectral Leakage

x[n] = cos(271r650‘5n) , n=0,1,...,99

Signal DFT Coefficients
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Motivation

The relationship between a discrete signal x € ¢2(Z) and its
discrete time Fourier transform (DTFT) X € Lo([—3, 3]) is given by

e}

X(F)=Y_ x[nje >,

n=—0oo

x[n] = / 2 X(F)e?m ™ df .

-1/2

For a given positive integer N and bandlimit 0 < W < % the only
signal which is both bandlimited to f € [-W, W] and timelimited
tone€{0,1,...,N — 1} is the zero signal.

Can we find timelimited signals whose energy is maximally
concentrated in the frequency interval [—-W, W]?
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Definition

For any length N signal, x € CV,

f—WW |%(f)|? df _ x*Bywx

1/2 |~ - *
S Ix(FPaF X

where By v is an N x N matrix with entries

sin(2rW(m — n))

if m=%£n
By w[m, n] = w(m — n) 7 )
2W ifm=n
The Slepian basis vectors 55\(/],)W’ sg\:,l’)w, cee sgvl\f;vl) are defined as
the eigenvectors of By v/, where the respective eigenvalues

/\S\(l))w,)\(,\})w, . .,)\nga/l) are sorted in decreasing order [1].
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Slepian Basis Vector Plots

1

Signal Length: N = 128, Bandlimit: W = 3
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Eigenvalue Behavior

Slightly less than 2NW eigenvalues are close to 1, and slightly less
than N — 2NW eigenvalues are close to 0. For a fixed € > 0,
roughly O(log N) eigenvalues are between € and 1 — e.

DPSS Eigenvalues: N =128, W = %
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Slepian Transform

x[n] =cos (%£bn), n=0,1,...,99, W= 1L

Signal Slepian Basis Coeflicients
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Slepian Transform

X[n]=C05(271T65d5n), n=0,1,...,99, W:%0

Signal Slepian Basis Coeflicients
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Goals

@ A fast method to compress N dimensional data into
K ~ 2NW dimensional data, and still be able to recover the
original data if it lies in the span of the first K Slepian basis
vectors.

@ A fast method to project a vector in CN onto the span of the
first K = 2NW Slepian basis vectors.

@ A fast method to apply the rank K ~ 2NW pseudoinverse of
Bn.w to a vector in CN.
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Prolate Matrix vs. Partial Fourier Matrix

Let Fy,w be an N x 2NW' matrix whose columns are the lowest
2NW' frequency DFT vectors of length N.

Theorem 1

Forany N € N, W € (0,3), and € € (0, 3), there exist N x R,
matrices L1, Ly and an N x N matrix Efr such that

BN,W = FN7WF7V,W =+ Lng —+ EF

where

4 15
RL < <2 log(8N) + 6) log <> and |[Eg| <e.
T €

Due to the length limitations, we have included the proof in
Section 2 of “The Fast Slepian Transform”. A preprint available at
https://arxiv.org/abs/1611.04950.
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Number of Eigenvalues in Transition Region

Slepian [1] showed that for a fixed W and e,

1
e <Ay <1~ IogNIog < - 1)
Zhu and Wakin [2] showed that for any N, W, and e,

= log(N —1) + 5 35

€(1—¢)

Using the previous theorem, and the Courant-Fischer-Weyl
min-max principle, we can improve this bound.

#{E:eg)\%)wglfe}g

Theorem 2

Forany N € N, W € (0,3), and € € (0, 3),

H{L e <Ay <1—e} < <82 log(8N) + 12> log <15> .
) T €
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Fast Projection

Define S = (st sWhw - s’ |-

Theorem 3

Forany N € N, W € (0,1), and € € (0, 3), pick K such that

ASVKWD > ¢ and )\(Kl),v < 1 — €. Then, there exist N x Ry matrices
Ul, U and an N x N matrix Es such that

S[K]STK] =Byw +UU5 +Es
where

1
Ry < <82 log(8N) + 12) log <5> and |[Es| <e.
s €

Idea: By,w and S[kS[; have the same eigenvectors, and most of
the eigenvalues are almost the same.
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Fast Projection

Define
Ti={l<K:l-e<Ay), <1},

Igz{€<K:e<A%?W<1—e},
I3:{€2K:6<A%?W<1—e},

Ti={>K:0< A, <e,
and accordingly partition

Sww = [s(;;}w SSVNW”}

[S1 S2 S Si]

Aw,w = diag(A\)y, ..., Ay = blockdiag(Ay, Az, As, As).
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Fast Projection

So, BN,W = 51/\15>{ + 52/\253 + S3/\3S§ + 54/\452,
and S[K]SE(K] = 81571+ 8,55,

Then, if we define
Ul = [Sz(l — /\2)1/2 S3A§/2i| ’

U = [Sa(1 - A)2 —S50Y?],
Es = Si(I — A)S: — SaheS;,

we have

S[K]SFK] = BNgw-i- U1U§ + Eg |

Toeplitz Low Rank  Small

So, By,w + U1Us5 is an approximation for S[K]SFK] which can be
applied to a vector in O(N log N log %) operations.
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Fast Compression

Theorem 4

Forany N € N, W € (0,1), and € € (0, 3), pick K such that

/\svlfv_vl) > € and )‘gvK\)/v < 1—¢. Then, there exist N x K’ matrices
T1, T> where

K" < [2NW] + (713 log(8N) + 18) log (165>

such that | T1T5 — Sy)Syll < 2¢, and Ty and T3 can be
applied to a vector in O(N log N log %) operations.

Idea: Combine Theorem 1 and Theorem 3 to get
S[K]SFK] = FN,WFT\I,W + L1L§ + U1U§ + EfF + Es.

Then, set T1 = [FN,W Ly Ul] and T = [FN,W L, Uz]
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Fast Pseudoinverse

Let B;V w be the rank-K truncated pseudoinverse of By .

Theorem 5

Forany N € N, W € (0,1), and € € (0, 3), pick K such that

ASVK;VD > e and )‘S\IKl)/V < 1 — €. Then, there exist N x R\, matrices
Vi,V and an N x N matrix Eg such that

Bl w=Bnw+ ViV5+Eg

where

1
Ry < (82 log(8N) + 12) log (5> and || Eg|| < 3e.
T €

Idea: BL w and By w have the same eigenvectors, and most of
the eigenvalues are almost the same.
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Fast Pseudoinverse

So, BN,W = 51/\15; + 52/\253 + S3/\3S§ + 54/\452,
and B}, , = S1A['S} + S2A; 'S

Then, if we set

V= |:52(/\2_1 — /\2)1/2 53/\:13/2} )

Vo= [Sz(/\?l — /\2)1/2 —53/\:1,)/2} )
Eg = Sl(Afl — /\1)5? — 54/\452,

we have

Bl =Bnw+ V1V3 + Eg |.
’ N—— N——" ~~

Toeplitz Low Rank  Small

So, By,w + V1 V5 is an approximation for B;rv w Which can be
applied to a vector in O(N log N log %) operations.
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Simulations

Slepian Projection: Average Time (W = 1)
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% —exact projection
—fast projection ¢ = 1073
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10 ¢ - = fast projection € = 1079 ||
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Simulations

. Lo . o
Slepian Projection: Average Time (W = )
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% —exact projection
—fast projection ¢ = 1073
wil fast projection € = 1079
- = fast projection € = 1079 ||
- - -fast projection € = 10712 ]
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Conclusions

@ The Slepian basis is a good choice of basis for working with
samples of a bandlimited signal.

@ We now have fast (approximate) algorithms for working with
the Slepian basis, whose complexity scales comparably to the
FFT.
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