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Graph Signal Processing
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Linear Systems in the Classical Domain

A Discrete-Time Linear System

An arbitrary linear system

yrns “
ÿ

k

hrn, ks xrks

Ó Ó Ó

Output System Input
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A linear time-invariant system
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hrn-ks xrks
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Hpzq “
ÿ

k

hrks z-k

Xpzq Ñ Y pzq ðñ z-kXpzq Ñ z-kY pzq

Y pejωq “ HpejωqXpejωq

Y pej ωiq does NOT depend on Xpej ωkq

for ωi ‰ ωj
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Linear Systems on Graphs Definitions

Linear Filters: Polynomial

A linear system H on a graph with operator S “ V ΛV -1

H “ V xH V -1 ùñ xH “ V -1HV

Definition (Polynomial filters4,5)

H is polynomial ðñ H “ HpSq “
N -1
ÿ

k“0

hk S
k.

S S
N N

N
h I

0
h  I

1 h I
2

x
S

h  I
L

S-chain

y
4 Shuman et al, "The emerging field of signal processing on graphs: ...," IEEE S. P. Magazine, vol. 30, no. 3 2013
5 Sandryhaila & Moura, "Discrete Signal Processing on Graphs," IEEE Trans. S. P. vol. 61, no. 7, 2013
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Linear Systems on Graphs Definitions

Linear Filters: Alias-Free & Shift-Invariant

Given the graph operator S with S “ V ΛV -1 and a linear filter H

y “H x ðñ py “ xH px

pyi should depend on only pxi, not pxj for i ‰ j

pyi
?
“ phi pxi ðñ xH is a diagonal matrix.

Definition (Alias-free filters)

H is alias-free ðñ xH “ V -1HV is diagonal.

Definition (Shift-invariant filters5)

H is shift-invariant ðñ SH “HS.
5 Sandryhaila & Moura, "Discrete Signal Processing on Graphs," IEEE Trans. S. P. vol. 61, no. 7, 2013
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Linear Systems on Graphs Operator with repeated eigenvalues

Interconnections when S is diagonalizable

ř

k hk S
k

xH is diagonal SH “HS

Polynomial

Alias-Free Shift-Invariant

? ?

?

Shift-Invariant

Alias-Free

Polynomial

Theorem
When S is diagonalizable

(i). If H is polynomial, H is alias-free.
(ii). If H is alias-free, H is shift-invariant.

5 Sandryhaila & Moura, "Discrete Signal Processing on Graphs," IEEE Trans. S. P. vol. 61, no. 7, 2013
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Linear Systems on Graphs Operators with distinct eigenvalues

Interconnections when S has distinct eigenvalues

ř

k hk S
k

xH is diagonal SH “HS

Polynomial

Alias-Free Shift-Invariant

? ?

?

Theorem

When S has distinct eigenvalues, the following are equivalent
(i). H is polynomial.
(ii). H is alias-free.
(iii). H is shift-invariant.
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5 Sandryhaila & Moura, "Discrete Signal Processing on Graphs," IEEE Trans. S. P. vol. 61, no. 7, 2013
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Linear Systems on Graphs Graph Laplacian v.s. Adjacency Matrix

Polynomials in the Adjacency and the Graph Laplacian

Let H “ HpLq, is H “ GpAq for some other Gp¨q?

No! (In general)

Theorem (Equivalence for polynomials)

For a regular graph with degree d,

HpLq “
ÿ

k

hk L
k ùñ GpAq “

ÿ

k

gk A
k s.t. HpLq “ GpAq

g “ Th, Ti,j “

#

0 j ă i

p-1qi-1
`

j-1
i-1

˘

d j-i j ě i
,

T -1 “ T .
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