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Introduction

What is sinusoidal frequency estimation? [1]-[3]

Determine the frequency of a sinusoidal signal

Consider a sinusoid s(t) = Acos(ot +0), the frequency Is o In
radian or o/(2rn) In Hz

The problem of sinusoidal frequency estimation is to
estimate o given a noisy version of s(t) and the major

difficulty is that the frequency is nonlinear in the signal

Once the frequency is known, the amplitude and phase
parameters are easily obtained as they can be
transformed as linear parameters

Similar terminologies include spectral analysis, spectral line
estimation, harmonic retrieval
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Application Areas

» Wireless communications
e.g., frequency shift keying (FSK) signal demodulation:
S(t) = cos(m,t) or  s(t) =cos(w,t)?
» Audio and speech signal processing

" e.g., Speech and music analysis using harmonic model:

X(t) = a(t) % Cy COS(Mmgt + ¢y)
m=1

where wy Is the fundamental frequency or pitch
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> Source localization

» Position of a target can be obtained via direction-of-
arrival (DOA) estimation from signals received at an
antenna array

* DOA estimation model can be converted to the problem
of frequency estimation
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» Biomedical engineering

e.g., huclear magnetic resonance (NMR) or magnetic
resonance spectroscopy (MRS) signal analysis

M . .
yt)= 3 Ameﬁbme(—kmﬂﬂbm)t + wW(t)

m=1

> Power electronics

e.g., reliable frequency measurement in a power system
IS important for effective power control, load restoration
and generator protection, and smart grid [4]

> Instrumentation and measurement

e.g., IEEE Standard for Digitalizing Waveform Recorder
(IEEE Std. 1057-1994) [5]
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Common 1D Signal Models

» Complex tone model:
M . .
X, = 3 Apeltmeltntion)t g " n—01,...,N-1

m=1

where {A,}, {o,}, {} and {o,} are constants while q,
IS a zero-mean white noise

Simplest case:  x, = Aele"® 4 g

Using nonlinear least squares (NLS), optimum frequency
estimation is achieved from:
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> Real tone model:

M
X, = > Ay, cos(o,n+ o)+ dpn, n=01--,N-1

m=1

Simplest case: x, = Acos(on + ¢) + q,

Using NLS, optimum frequency estimation is achieved
from:

N N -1 - -
(A, ®,¢)=arg min > (xn — Acos(mn + <|>))2
A0, n=0

As the cost functions are multi-modal, global solution is
not guaranteed
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Kev Ideas in Algorithm Development

» Linear prediction (LP) property of sinusoids

M
= M (damped) complex sinusoid: s, = =3 a;S,_;
i=1

where {a} are LP parameters characterized by
frequencies
e.g., for s, = A9
s, =el®.s, 4, a=-e
- - 2M -
= M (damped) real sinusoid: s, = - as,_; with a, = ay_;

i=1
and a,y =1
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e.g., for s, = Acos(wn + ¢)
S, = 2C0S(®) - Sp,_1 — S0, & =-2C0S(w), a, =1
Two advantages of LP:

* Nonlinear frequency parameters are transformed into
linear {a;} which simplifies the estimation process

= Amplitude and phase parameters do not appear In the
LP signal model which means that less parameters are
needed for estimation
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» Least squares (LS) or weighted least squares (WLS)

e.d., given x; = A+q; and X, = A+0Q,

LS estimate for A is:

) 2 _
A=argmin 3 (x — A)*
A =1

. - L x — A
—argmini[x - A x,—A] 1T |l="aTXe
A Xo — A 2

Two advantages of LS:

* Low computational complexity
= No prior noise information is needed
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If the noise characteristics are known, I.e., E{qf},

E{q,0,} and E{q%} are available, an optimum estimate Iis
the WLS solution:

] | - - X — A
A:argmjn{[xl—A x2—A]-W-{ 1 ~}}
A Xo — A

where
- -1
w_| (@} E{ng}

E{q9,}  E{a}

The main advantage of WLS iIs high estimation accuracy
while the increase in computational complexity is small
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» Constrained optimization

p=argminp' Y'Yp subject to p'EZp=1
p

IS equal to unconstrained optimization:

where Y is data matrix and p'Y'Y p is a LS cost
function

For the former, it can be solved by the method of
Lagrange multipliers:

L3 =p Y Yp+A[L-pT=p)
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oL(p.A)
op
= YTYp=2Ep

0

= Pp IS generalized eigenvector corresponding to the
smallest generalized eigenvalue of the pair (YTY,Z)

The main advantage of using constraints is to achieve
unbiased frequency estimation
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Proposed Algorithms

1. Single real-tone estimation via LP, LS and constraint [6]

» Recall signal model is:

Xn =Sp + 05, n=12,---,N

» Recall s, = Acos(on + ¢) obeys

Sh =P Sp-1 — Sp-2, p =2cos(w)

» Construct LP error function:

€ = Xpn —PXpo1 + Xpo2
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» The LS or modified covariance (MC) estimate is simply:

N
N (Z xn—l(xn + xn—Q)\
= arg m1 {Z e%} n=5

n=3

and

which i1s known to be a biased estimator
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» The Dbiasedness can be examined from the expected
value of the LS cost function:

N N
- {Z ei} N (Sn — PSn—1+ Sn—2)2 + (N —=2)(2+ /52)02
3

n=3 n

because its noise component is also a function of p:

» Unbiased frequency estimation is attained by minimizing
N

Y e, subjectto (N —2)2+ 50" =1

T
E N 2
p = arg min ’”‘:3.”

o 2—|—/52

n=3

or
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» Direct minimization on the unconstrained optimization
formulation will lead to a cubic equation so we use the
transformation:

p = 2cos(w)
to convert it as:
Zf::ﬂ e,

2 + 4 cos?(w)

with
enl — I'n - 2 COS(@)xn_l + :Enl_z

» Differentiating with respect to @ and setting the resultant
expression to zero:

N
Z en ((Xn + Xn—z) COS(('b) + Xn—l) =0
n=3

= 2 Ay C0S%(®) — By cos(®) — Ay =0
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where
N

AN = 2 (Xn +Xn—2)xn—1
n=3
and
2 2 2> 2 N
BN :XN _XN—l_XZ +X1 +22 Xan_2

n=3
2 2
1| By +4/By + 8A
=® =cos | ™ VB N

4 Ay

» The frequency estimate iIs similar to the Pisarenko
harmonic decomposition (PHD) method:

2 2
_ 1l +Ah +8r
&PHD _ 05 1[ 2 Jz 1 ]

4r,
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which is obtained by finding the eigenvector
corresponding to the smallest eigenvalue of:

_r2 £ rO_
where
_—1 ! k=012
K N —k nZ::]_ nonTk

Ay =2(N —2)| 1, + 217 XX2aXnaXn
2(N —2)

and
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2 2 2 2
By =2(N —2)| 1 + 2“2~ IN-LTAN
2(N -2)

— two estimators are identical at N — o

» On-line implementation:

Ay = Anag t XN—Z(XN—B + XN—l)
and

2 2 2
By = Byo1 + XN_3 — 2XN_2 + XN_1 T 2XN_3XN_1

—> 8 additions, 7 multiplications, 1 division, 1 root operation
and 1 cos™ operation per sampling interval
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» Variance analysis

var(®) = E{(& - 0)*}
N cos? (2w) + €os? (w)
SNR?(N —2)(2 + cos(2w))? sin® ()
1
SNR(N —2)?%sin?(o)
3+ 4cos(2m) —cos(4m)

_I_

_I_

4SNR?(N —2)%(2 +cos(2w))? sin® (o)

for N >> 1
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Further approximation at high SNR:

1
SNR(N —2)?sin? (o)

var(®) ~

Nevertheless, var(®) is frequency dependent and the

frequency estimator Is suboptimal as its performance
cannot attain the Cramer-Rao lower bound (CRLB) at

N >>1:

12
SNR-N(N?-1)

CRLB(w) ~
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2. Single real-tone estimation via LP, WLS and constraint [7]
» Recall the LP error function:
en =Xp —PXp_1 + X2, P =2C0S(w)

> An alternate form is

~

€h = aO(Xn + Xn—2)+ a1Xn—1’ 51/50 — _5

» In vector form of e=[ey,en_1,---, €3] :

e=Xa=Sa+Qa
where

~ 3 17
a=[ay,a]
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XN XN 9

X_1+XN_ XN—2
X =| "N AN=3 AN

- X3t X Xy
SN TSN—2 SN On T 0N -2
SN-1 TSN-3 SN-2
. , Q=
| S3t+ 9§ Sy | 03 + 0

» The WLS cost function is then:

where

H. C. So
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€= [en_g,EN_2r 82]T
gn = 89(n + On_1) + 40n_»
Taking expected value yields:
T _(ox\T =, =xT.= _ T
E{e We}=(Sa) WSa+a'ya, v =E{Q WQ}
As a result, unbiased WLS estimate is

a=argmina’ X' WX3a subject to a'ya=1
a

where
. 2(D0 + D2) 2D1 D N_I—_j
- 2D, Dy | :
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» By the method of Lagrange multipliers:
L@EA) =3 XTWXa+1[1-3"y3)

oL(a, 1)

~™ = 0= XTWXa=\ya
oa

—> a is generalized eigenvector corresponding to the
smallest generalized eigenvalue of the pair (XTWX,y)
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» Since W iIs unknown, the constrained WLS solution is
determined using an iterative procedure:

(1) Find Initial estimate of a from generalized eigenvalue
decomposition of (XT WX,y) with W =1

(ii) Use a to construct W and vy

(i) Determine an updated estimate from generalized
eigenvalue decomposition of (XT WX,y)

(iv) Repeat (i)-(iii) until a stopping criterion is reached

(v) The frequency estimate is computed as:

. 1 a1
(W = COS ——
2&0
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3. Single complex-tone estimation via LP and WLS [8]

» Recall s, = Ae!(®"® gbeys
S, =p-Sp_q, p=e
» Construct a LP error function:
e, = X, — PXp_1

> In matrix form:

e=X;-pX,
where
.
e:[eN—lieN—Z"”’el]
T T
Xy =[Xnos Xne2s s %]y Xo = [Xn_2 XN_3s o0y %ol
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» The WLS cost function is
J(p) =e"We = (X; —pX,)" W(X; —pX,)

X, WX,

= p="2_
X, WX,

» The optimum weighting matrix is

14+p2 -p 0O 0 0
—p* 1+ -p
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> W can be simplified by putting p =¢l®:

Wi, Nmin(m];]n) — mnej(?,b_,,,n)w7

I<m<N-1, 1<n<N-1

The frequency estimate is now simplified as

H
=2 XZH\le - Ax,"wx, )
X, WX,

as XZHWX2 IS real and positive
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» Since W iIs unknown, the WLS solution is determined
using an iterative procedure:

(1) Find an initial frequency estimate, e.g., i.e.,
o=(X,"X, )

(i) Use o to construct W

(i) Determine an updated frequency estimate using

o=X,"wWx, )

(iv) Repeat (i)-(ii1) until a stopping criterion is reached
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Common 2D Signal Models

» Complex 2D single-tone model:

Pmn =7y exp{g(pm+vn)} + gun

where ~ is the unknown complex amplitude, p € (-7, n)
and v € (—m, m) are the unknown 2D frequencies while ¢, ,

IS a zero-mean white Gaussian nhoise with unknown
variance o>, m=1,2,--- M, n=1,2,--- N

» Complex 2D damped single-tone model:
Fmmn = f)/amﬁn CXp {.] (/’Lm + Vn’)} + m n

where the additional unknown parameters are « and g,
which are the associated damping factors for p and v
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» Complex 2D damped multiple-tone model:
K
P = Y Wi B exp {G(mm + vin) } + g
k=1

where {v;} are the unknown complex amplitude, {u;} and

{v,} are the unknown 2D frequencies and the number of
tones, K, Is assumed known

» Real 2D single-tone model:
P = 7Y cos(pm + @) cos(vn 4+ 0) + ¢pn

where ~v>0, pe (0,7), wve(0,nr) and the additional
unknown parameters are ¢ € [0,27) and 6 € [0,27) which
are the associated phases for ¢ and v
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» Real 2D damped single-tone model:
= ya™ 3" cos(um + @) cos(vn + 0) + ¢

» Real 2D damped multiple-tone model:

Z Yea. By cos(prm + @) cos(ven + k) + Gmn
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Kev Ideas in Algorithm Development

» Utilizing principal singular vectors of {r,,,}

Frequency estimation is performed using principal
singular vectors of {r,,} whose sizes are )/ x1 and

N x 1, instead of raw data with size of \/ x N

Expressing the 2D data as R where [R|,,, =, and let its
singular vector decomposition (SVD) be

R = UAVH

where A = diag(Ay,...,Ay), U=|u;--- uyland V =[vy --- vyl.
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In case of a complex single-tone, we use u; and v, to find
frequencies

» Applying generalized weighted linear predictor (GWLP)

Recall the GWLP approach [8] which utilizes WLS and
sinusoidal LP property for 1D frequency estimation
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Proposed Algorithms

» Complex 2D single-tone model [9]-:

Recall signal model is:
P = Yexp{jlpm +vn)} + qun
Let its matrix representation be:
R=S+Q

where S and Q are the signal and noise components,
respectively

First, S can be factorized as:
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el tv)  pj(pt2v) eJ(+Nv)
e 2utv)  oj(2u+2v) eJ(2utNv) -
S = | . = vgh
eJ(Mp+v) oj(Mp+2v) el (Mp+Nv)
where
g = [ej,u €j2u . ejM,u,]T
h — [ejr/ €j2u o ejNy}T

Thus g and h satisfy the LP property:
[g]m — ej/'L[g]nL_lj m = 2’ 3’ . o e 7]\4
], = e*[h],_1, n=2,3,---,N

where | |, represents the mth element in the vector

However, it is not straightforward to estimate g and h
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On the other hand, noting the rank-1 property of S and
assuming that M > N, its SVD is

where
A =diag(Ar, ..., ), A >0, A=---=Ay=0
U = [u, uy]
V=1v, V]
It can be shown that
)_\1 — \/W"ﬂ

u; = ge_j%/v M
Vi = he_jSOh/\/N

with unknown ¢, and g;,
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That is, we can utilize u, to find x and v, to find v

In practice, the best rank-1 estimate of S is obtained
from SVD of R:

~

— H
S = )\1111\/'1

Let |
X1 = Hul]l [111}2 ne [111]M—1}T
xo = [[wl [wl - [wlu]”

According to LP property, we have:

X104 =~ X9
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The WLS solution for a Is:

H
. s H - _ X1 Wala)x,
a = arg m&m(xla — %2)" Wa(a)(x16 — xp) = x{'W(a)x,

The optimum weighting matrix is obtained from:

W,/ (a)=FE {(Axla — Axy)(Axja — AXQ)H}

= AE {AwAu/'} A"
where
1 a O 0]
A_| 0 L @ 0
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Making use of the first-order approximation [10]:
All1 ~ :\flﬂnﬁval, Un = [112 s uN]

We get: ) o
E {AulAuf{} ~ A\ %0?U, Ul

Utilizing Au, =0 and U, UY =1 - ua,;ul, Wy (a) is simplified
as:
Wi(a) = (AU, ULAH) T = (AAH)!

Changing the variable from « to p yields closed-form
computation for W, (u):

~ M min(m,n) — mn

M

[WM (N)]m,n el
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We finally have:
i= 2 (x; Wa(p)x,)

We follow the GWLP procedure to find p:

(i) Obtain an initial frequency estimate using W (u)
with (W (1)} = 0 for m #n

(i) Use i = p to construct W, (u)
(i) Compute an updated [
(iv) Repeat Steps (i)-(iii) until a stopping criterion is

reached
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In a similar manner, v is estimated from v, and its
conceptual solution is:

where

It is noteworthy that p and v are Independently
estimated from the left and right principal singular
vectors
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At sufficiently high SNRs, it is proved that:

E{p} =~ p

o’ §
ONKAW ()% SNRNM (M?—1)

var(ft) ~

with SNR = |y|?/o?, which is CRLB. Similarly, we have:
F{v} ~v

6
" SNRMN (N2 —1)

var(1)
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» Complex 2D damped single-tone model [9]:
Fmmn = f)/amﬁn CXp {.] (/’Lm + Vn’)} + m n

In a similar manner, S can be factorized as:

I Ckej(/”H'V) ej(/H‘QV) e ﬁNej(p,—FNu)
S o2el 2ntr) a262€j(2u—|—21/) L a'Z/BNej@p,—l—Ny)
_aMej(Mu+v) aMﬁzej(Mquzu) o aMﬁNej(M,,HNV)_
where | | |
g = |ae’! (aeJM)Q . (aeju)M]T

h=[5e” (3 o (B!
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Now g and h satisfy the LP property:

[g]m — a[g]m—l, a = O{GXp{ju}’ m = 2’ 37 . u e ’M

lh],, =0blh],—1, b=pFexp{yjv}, n=2,3,--- N
The conceptual WLS solution for « is:

W
a = arg min(x,a — XQ)HWM(G)(de _xy) = x)' Wy (a)x:

a X{{WM(CL)Xl
We follow the GWLP procedure and finally:

a = |a
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» Real 2D damped single-tone model [9]:
P = Yo" B" cos(um + @) cos(vn + 0) + ¢
Now S can be factorized as:

S = ygh'
where

g = |acos(p+¢) a?cos2u+ @) -+ M cos(Mp + cb)}T

h = [Beos(v+6) Bcos(2 +9) - B cos(Nv +6)]”
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The LP property in g and h can be observed as:
[g]’m — al[g]ﬂl—l —|_ QQ[g]m—Q; m = 37 49 e 9 M
[h]’n — bl[h]n—l T bQ[h]n—Za n=34--,N

where
a; = 2acos( )
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Utilizing the LP property, we have:

Xarxx
where
X = Toeplitz([[ul]g s - [ul]M—l}T; [[111]2 [111]1])
X = [[111]3 L IFREEE [ul]M}T
a=[a a)”

Following the GWLP development, a is estimated as:

a=(XTWy(a)X)'XTW,,(a)x
where
Wy(a) = (AAH)~!
A = Toeplitz( [—CLQ le(M_g)}T, [—02 —ay 1 01><(M—3)D
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After algorithm convergence, the damping factor and
frequency are estimated as

a = +/—as

a
(i = cos™! ( ,1\)
200

Similarly, 5 and v are estimated independently from the
right principal singular vector:
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» Complex 2D damped multiple-tone model [11]:

K
P = Y Wi B exp {G(mm + vin) } + g
k=1

Now S can be factorized as:

S = GT'H?!
where

G = [gl g2 - gK}

I‘:diag(fhary%u' 77K)
H=[h h - hg]

1T .
gr = [ak ai "‘aﬁ/[_ ,ap = apexp{jur}

hy = [by 67 b)), by = Brexp{im}
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On the other hand, the SVD of S is:

where

Comparing GTH! and U,A,V# yields
U, =GQ¢

where Qg is unknown. That is, each column of U, is a
sum of K multiple tones with damping factors {«;} and

frequencies {u;}
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» Real 2D damped multiple-tone model:
Z Yoy, B cos(ppm + o) cos(vpmn + 05) + gomon

Now S can be factorized as:

S = GI'H!
where
G = [gl g2 - gK]

I' = diag(’}/la V2, a,YK)
H = [hl hy --- hK]
T
g, = [a/k cos(pr + Pr) ai cos(2uy + dp) - - - Oz% cos( M puy. + cbk)}

h; = [Bk cos(vy, + 0)) B7cos(2uy +6;) -+ B3 cos(Nuyy, + Hk)} g
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