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Rounding Noise in Lifting Structure of 
Integer Wavelet Transform

(example in double type)
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Rounding Noise

• The lower the rounding noise, the 
higher the compression performanceEffect

• By introducing the ‘non-separable’ 
structureHow?
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Two Lifting Structure
(example in 2D for double type)

Separable Non-separable

Separable Non-separable

Rounding Operators 8 4
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x-dimension y-dimension x & y-dimension (simultaneously)

: rounding operator

Reduced!



Quadruple 1D IWT
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X0

1st 2nd 3rd 4th
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X
: rounding operator

: delay
: downsampling by 2

ଵ ଶ ଷ ସ: coefficients of filter bank
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Quadruple Separable 4D

7/21



Quadruple Separable 4D
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Quadruple Separable 4D
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Quadruple Separable 4D
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Possible combinations of the structures
x-dimension y-dimension z-dimension t-dimension

24 Possible 
Combinations

40320 Possible 
Combinations

Possible Combinations
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How to find the best 
structure from the 

structures?

By maintaining the original lifting structure, which is

and turn it into the non-separable structure
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Comparison of the structures
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Structure
Rounding 
Operators

Separable 4D (Existing I) 192

Non-separable 3D (Existing II) 96

Non-separable 2D (Proposed) 96

Separable 4D (Existing I):

Non-separable 1D and 3D for 4D (Existing II):

Non-separable 1D and 2D for 4D (Proposed):

4D DWT (9,7) Quadruple Lifting Structure:



Separable 4D (Existing I)
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ଵ ଶ ଷ ସ ଵ ଶ ଷ ସ ଵ ଶ ଷ ସ ଵ ଶ ଷ ସCascade 
of 1D
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rounding
operators



4D Wavelet composed of 1D and

Non-separable 3D (Existing II)
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4D Wavelet Composed of 1D and 

Non-separable 2D (Proposed)
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96 
rounding 
operators
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Input Data

MRI data
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Auto Regressive Model 
(AR)

Random signal
Size: 50 x 224 x 224 x 16

Size: 256 x 256 x 32 x 16
Size: 128 x 128 x 32 x16

Example ExampleExample



Evaluation: Average variance of rounding noise 
in each frequency band
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(a) 4D Random Signal (b) 4D AR Model

(c) 4D MRI

Evaluation: Rounding noise in each frequency 
band

19/21

T
h

e 
lo

w
e

r 
th

e
 b

e
tte

r

T
h

e 
lo

w
e

r 
th

e
 b

e
tte

r

T
h

e 
lo

w
e

r 
th

e
 b

e
tte

r

0.25
2.25
4.25
6.25
8.25

10.25
12.25
14.25
16.25
18.25

L
LL

L

L
LL

H

L
LH

L

L
LH

H

L
H

LL

L
H

LH

L
H

H
L

L
H

H
H

H
L

LL

H
L

LH

H
L

H
L

H
L

H
H

H
H

L
L

H
H

L
H

H
H

H
L

H
H

H
H

V
a

ria
nc

e
 o

f 
R

o
un

di
ng

 E
rr

or

Frequency band

Existing I Existing II Proposed

0.5
2.5
4.5
6.5
8.5

10.5
12.5
14.5
16.5
18.5

L
LL

L

L
LL

H

L
LH

L

L
LH

H

L
H

LL

L
H

LH

L
H

H
L

L
H

H
H

H
L

LL

H
L

LH

H
L

H
L

H
L

H
H

H
H

L
L

H
H

L
H

H
H

H
L

H
H

H
H

V
a

ria
nc

e
 o

f 
R

o
un

di
ng

 E
rr

or

Freequency band

Existing I Existing II Proposed

0.25

5.25

10.25

15.25

20.25

L
LL

L

L
LL

H

L
LH

L

L
LH

H

L
H

LL

L
H

LH

L
H

H
L

L
H

H
H

H
L

LL

H
L

LH

H
L

H
L

H
L

H
H

H
H

L
L

H
H

L
H

H
H

H
L

H
H

H
H

V
a

ria
nc

e
 o

f 
R

o
un

di
ng

 E
rr

or

Frequency band

Existing I Existing II Proposed



Test data: 4D AR Model

Evaluation: Coding performance in lossy mode
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Conclusion
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Between the Existing I and Proposed methods, 
Number of rounding operators: 50 [%]↓
Variance of rounding noise: 16.09 [%] ↓
Coding performance: 2.57[dB]↑

Structure Rounding Noise Coding Performance

Separable 4D (Existing I)

Non-separable 3D (Existing II)

Non-separable 2D (Proposed)



APPENDIX



How to derive the 
non-separable?

23



Derivation of the ‘non-separable’ structure: 
Basic properties for modification

Property I

Property II



Derivation of the ‘non-separable’ structure: 
Derivation process for 2D

‘Separable’ 2D

Rearranging

‘Non-separable’ 2D

Applying property I and II

Same process is applied to 3D and 4D 



How to find the best structure     
from the           structures?

Create six "Rules" 
to exclude Unnecessary structures

focus on only 7 candidates

find the Best structure 
which has the minimum rounding noise



The six “Rules”

Original Separable 4D

11

22

Excluded

33

44

55

Permitted

66

Same rounding noise

Not (9,7) quadruple 
wavelet

Large rounding noise

Reasons



7 Possible Structures

The rounding noise is experimentally investigatedThe rounding noise is experimentally investigated

1

2

3

4

5

6

7

Original

Proposed



Autoregressive model

AR model is created to make spectrum random input to 
become the same as image spectrum

frequency frequency

AR Model

=0.9

W(z) : 
White 
noise

AR Model Spectrum = Image Spectrum
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Tested data: MRI [R-D Curve]
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JPEG
• Discrete Cosine Transform (DCT)

JPEG2000
• Discrete Wavelet Transform (DWT)

Why Wavelet?
International Standard of Image Compression

All basis 
have the 

same length

Long in low 
frequency,

Short in high 
frequency

[M. Vetterli and C. Herley, “Wavelet and Filter Banks: Theory and Design”, IEEE Trans. On Signal Processing, Vol. 40, No. 9, 1992]

Data can be 
compressed

- long 
gradation

- small 
edges



Existing 4D Data Compression Methods

• fMRI Image 
• Method: Motion Compensation [V. Sanchez et al, 2009]

• fMRI Image 
• Method: JPEG 2000 [H. G. Lalgudi et al, 2005]

• 4D Remote Sensing
• Method: JPEG 2000 [J. M. Gomez et al, 2010]

• 4D Geometry
• Method: Lifting Wavelet Transform [Y. Wang et al, 2006]

JPEG 2000 Integer 
WT

Separable 
Structure

EXISTING



Proposal

Quadruple (9,7)

2D
Separable JPEG 2000

Non-separable ICIP ’09

3D
Separable JPEG 2000

Non-separable APSIPA ’13

4D
Separable JPEG 2000

Non-separable ICASSP ‘17

• [ICIP '09] M. Iwahashi, H. Kiya, "Non Separable 2D Factorization of Separable 2D DWT for Lossless Image 
Coding," IEEE Proc. International Conference on Image Processing (ICIP), pp.17-20, Nov. 2009.

• [APSIPA ‘13] M. Iwahashi, T. Orachon, H. Kiya, “Non Separable 3D Lifting Structure Compatible with Separable 
Quadruple Lifting DWT”, Asia-Pacific Signal and Information Processing Association 2013 Annual Summit and 
Conference (APSIPA  ASC), OS.26, IVM.11, no.4, pp.1-4, Oct. 2013.



Implementation of Integer Wavelet 
Transform in JPEG 2000 with 

Lifting Structure

• Perfect reconstruction 
• Signal is recovered without lossAdvantage

• Rounding noise existed in the 
lifting structure Problem

• Lossless => Double (5,3)
• Lossy => Quadruple (9,7)Type



Data trends: The increased of 
data dimensions

1D
• Text
• Sound

2D
• Still Image

3D
• Video
• Medical Image
• Light Field Image
• Hyperspectral Image

4D
• Medical Image
• 3D stereo video
• Hyperspectral 

image

x-dimension (spatial)
y-dimension (spatial)
z-dimension (spatial)
t-dimension (temporal)

LENA still image
MRI Image

fMRI image

Large File Size

Compression 
is necessary


