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o results only available for number of data n — oo [Van Gestel et al. 2002]
@ no prediction so far when dimension of datap ~ n
@ when n,p — oo, completely different behavior of kernels
= SVM for BigData not understood
In this work:
@ new random matrix approach to linearize kernels
@ asymptotic analysis of LS-SVM for n,p — oo
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Least Squares Support Vector Machines (1)

When C1,Ca are linearly separable.
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Least Squares Support Vector Machines (2)

When no linear separability:
= Kernel method
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Least Squares Support Vector Machines (2)

When no linear separability:
= Kernel method
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Least Squares Support Vector Machines (3)

o Training: Solution given by w = Z?Zl a;p(x;), where
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for some translation invariant kernel function f: Ry — R4, y = [y1,.- ., yn}T and
a=al,...,an)T.
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Least Squares Support Vector Machines (3)

o Training: Solution given by w = Z?Zl a;p(x;), where

1,178
o :S(In—ﬂsi )y:S(y—bln)
ne (1)
b o I;I;Sy
1181,

-1
with S = (K + %In) resolvent of kernel matrix:

_ " I = x,02\ "
K = {(P(Xi)T‘P(Xj)}i,j:l = {f (pf)} 2)

i,j=1
for some translation invariant kernel function f: Ry — R4, y = [y1,.- ., yn}T and
a=al,...,an)T.
o bing: Decision for new x
9(x) = a'k(x) +b (3)
— <12 n

where k(x) = {f (||xj x|| /p) }j:1 € R™.
= In practice, sign(g(x)) to predict the class.

Advantage

Explicit form, as opposed to SVM =- easier to analyze. J
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Asymptotic Regime: Growth Rate Assumptions
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Asymptotic Regime: Growth Rate Assumptions

o Large dimension: n,p — oo and — Co
@ Gaussian mixture model: for a € {1 2}:
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@ Non-trivial regime: to ensure P(x; — Cp | x; € Cq) # 0 nor 1
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Kernel linearization (1)
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Kernel linearization (2)

Recall: kernel matrix

x; — x;||2
Kw__f<|| i = %4 )
p

For x; € Cq and x; € Cy: %”xi — %2 =7+ O(n"1/2), thus for K; ;

Kij=f(r+0m™ ) = @)+ /DL J+ @]

or in matrix form

K=f(m1la1) + (O] + (0L ]+. ..
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Kernel linearization (2)

Recall: kernel matrix

x; — x;||2
Kw__f<|| i = %4 )
p

For x; € Cq and x; € Cy: 1—17||xi —xj||2 =7+ O0(n"1/2), thus for K;

Kij=f(r+0m™ ) = @)+ /DL J+ @]

or in matrix form

K= f(nLaly + f/(0) ]+ 0]+
Non trivial RMT calculus: A;; — 04 |[A|| =0

Consequence

Asymptotic statistics of K, thus of

g(x) = a"k(x) +b

Z. Liao, R. Couillet (CentraleSupélec) A Large Dimensional Analysis of LS-SVM ICASSP’17, New Orleans, USA 13 /21



Asymptotic Behavior of the Decision Function

Theorem

Under previous assumptions, for x € Cq, a € {1,2}
n(g(x) = Ga) 5 0

where Gq ~ N (Eq, Varg)

v
Z. Liao, R. Couillet (CentraleSupélec) A Large Dimensional Analysis of LS-SVM ICASSP’17, New Orleans, USA 14 /21




Asymptotic Behavior of the Decision Function

Theorem
Under previous assumptions, for x € Cq, a € {1,2}
d
n(g(x) — Ga) =0
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2 (7 ' (r 2f"(r
D=2 e+ E o - 0P+ 2D e (05— 01)?)
p p p
" 2
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Vi= = (ks #1)" Ca (13 — 1)
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Simulations on Gaussian data

9(xX)xec,
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0.49 0.5

Figure: Gaussian approximation of g(x),

n =256,p=2>512,¢c1 =1/4,c0 =3/4, v =1,
Gaussian kernel with 02 = 1, x € N'(u,, C,) with
py =[0a-1;3;0p_4], C1 =1, and

{Co}iy =471+ 5.
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Simulations on Gaussian data
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Simulations on MNIST data
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Figure: Gaussian approximation of g(x), n = 256,p = 784, ¢c1 = c2 =1/2, v =1,
Gaussian kernel with 0 = 1, MNIST data (numbers 1 and 7) without and with 0dB
noise.
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Discussion

Theorem

n(g(x) — Gq) 40 and Gq ~ N (Eq, Varg) with

Some consequences: E — co—c1 —2c3-c1c27®, a=1
@ imbalanced training data: ‘T c2—c1+2c1-c1c279, a=2
c2 —C1 7é 0 _ 2.2 2 a a a
= Decision boundary c2 — ¢ Varq = 87y7cie; (Vi + V3 + V)
instead of 0!
and
2f'(7) f"(7)
D= - 2 — pall” + —5= (tr (C2 — C1))?
p p
2/"(r)
+ 2 tr ((Cz — 01)2)
17" 2
Ve = M (tr (Ca — C1))? tr C2
p
2(f'(1))? T
Vi = p—2 (o = p1)" Ca (ng — 1)
W 2(f'(M)? [trC1C,  trCsCy
V3 = 5 =+
np c1 c2
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Kernel comparison!

1 T T T
= Gaussian kernel with o2 = 1
08} . Recall: kernel matrix
ool 1 i — x5
— Kij=f
) p
-~ f(r)
0.4 -
Table: Performance of different
0.2 n kernels
Kernel | Success rate
| | | |
% 1 2 3 4 5 _— 91.4%
x

LGaussian mixture data with Mo = I:Oa,l; 2;0p,aj| , C1 =1Ipand {C2}; ; = A""j'(l + %).
Ntest = N = 256, p = 512, v = 1.
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Thank you!

Thank you!
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