Overview of Signals and Systems

Chapter Intended Learning Outcomes:
(1) Get basic concepts of signals and systems

(i) Realize that signhals and systems arise in our daily life
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What is Signal?

* Anything that conveys information, e.g.,
= Speech
» Electrocardiogram (ECG)
= Radar pulse
= DNA sequence
» Stock price
» Code division multiple access (CDMA) signal
" [mage
* Video
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Radar
transceiver %
system

Given the signal propagation speed, denoted by ¢, the time
delay 7 Is related to IR as:

Fig.1.4: Radar ranging

T =— (1.1)

Hence radar pulse contains the object range information.
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= Can be a function of one, two or three independent
variables, e.g., speech is 1-D signal, function of time;
Image Is 2-D, function of space; wind is 3-D, function of
latitude, longitude and elevation.

» 3 types of signals that are functions of time:

» Continuous-time (analog) x(t): defined on a continuous
range of time ¢, amplitude can be any value.

» Discrete-time x(nT) (sampled): defined only at discrete
Instants of time t=---—-1T.0,7,27T,---, amplitude can be
any value.

= Digital (quantized) zg(n7): both time and amplitude are
discrete, 1.e., itis definedonly att=---—-17.,0,7,2T,--- and
amplitude is confined to a finite set of numbers.
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z(nT)atn=0Iis close to 2 and x¢(0) = 2.
z(nT) e (3,4)atn=1and zo(T) =3 .

Using 4-bit representation, z(0) = 0010 and z(7') = 0011, and
In general, the value of zg(nT) is restricted to be an integer

between —8 and 7 according to the two’s complement
representation.

In this course, we focus on continuous-time and discrete-
time signals. Discrete-time signal iIs also commonly
represented by z|n] with n=-.-—-1,0,1,--- being the time
index (You can just consider normalizing 7' in x(nT) to be 1).

The digital signal can be considered as discrete-time if the
quantizer has very high resolution.
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What is System?

» Mathematical model or abstraction of a physical process
that relates input to output:

> system >
Input output

Fig.1.6: System with input and output

* |t operates on an input to produce an output, e.g.:

» Grading system: inputs are coursework and examination
marks, output is grade.
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= Sgquaring system: input is 5, then the output is 25.
= Amplifier: input is cos(wt), then output is 10 cos(wt).

» Communication system: input to mobile phone is voice,
output from mobile phone is CDMA signal.

* Noise reduction system: input IS a noisy speech, output
IS a noise-reduced speech.

» Feature extraction system: input is cos(wt), output is w.

* An analog system deals with continuous-time input and
output while a discrete-time system deals discrete-time
Input and output.

* A system can be realized Iin hardware or software via an
algorithm.
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What will You Learn?

» Sighal representation and characterization, which includes
generating signals, classifying signal types and properties,
performing operations on signals.

» System classification and analysis, which includes analysis
of system stability and causality, understanding the
Importance of impulse response Iin linear time-invariant
(LTI) systems.

» Transform tools Include Fourier series and Fourier
transform as well as their applications in signal and LTI
system analysis, e.g.: a periodic continuous-time signal
x(t) can be represented as sum of complex exponentials:

x(t) = i ape’™ t € (—o0,00) (1.2)

k=—o00
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Why Important?

» Sighals and systems arise in our daily life, studying it will
lay a good foundation for you in other relevant/higher-
level courses and to solve real-world problems:

= Generate signals which meet certain specifications, e.g.,
synthesized speech and music.

= Design systems which produce desired outputs, e.g., a
system which suppresses noise in the measured data

= New signal representation for efficient data processing,
e.g., David Donoho proposed sparse representation
and obtained the Shaw Prize 2013.
https://www.youtube.com/watch?v=5wv4grOMglU

How to Study?

Make sure you have a clear concept and then practice.
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https://www.youtube.com/watch?v=5wv4grOMgIU

Signhals in Time Domain

Chapter Intended Learning Outcomes:
(1) Classify different types of signals
(i)  Perform basic operations on signals

(i) Recognize basic continuous-time and discrete-time
sighals and understand their properties

(iv) Generate and visualize discrete-time signals using
MATLAB

H. C. So Page 1 Semester B 2016-2017



Classification of Signhals

There are many ways of classifying signals. Common
examples are provided as follows.

Continuous-Time versus Discrete-Time

z(t): take a value at every instant of time ¢.
z|n|: defined only at particular instants of time n.

[
o

NI
0 \ -101 2 -
Fig. 2.1: Continuous-time versus discrete-time signals
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Real versus Complex

Real-valued signal means that z(¢) or x|n] is real for all ¢ or n.

Complex-valued signal means that z(¢) or z|n] can be
decomposed as:

o(t) = W{z(t)} + j3{x(t)} or z[n] = W{z[n]} + j3{z[n]}  (2.1)

where R{} and {} represent the real and imaginary parts,
respectively, while the latter is nonzero, and j =+/—1.

Note that for a complex number z, we can also use
magnitude |x| and phase Z(z) for its representation:

2| = (R{z})” + (S{z})’ (2.2)

/() = tan™! @E D (2.3)

H. C. So Page 3 Semester B 2016-2017
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The magnitude can also be computed as:

x| = V-t (2.4)
where
r* =R{x} — jS{z} (2.5)

IS the complex conjugate of x.

Furthermore, we see that complex signals include real
signhals.

Example 2.1
Determine if the following signals are real or complex.
() z(t) = 1+ 2t + 3t°

(b) =(t) = jt

(a)lt is real-valued signal as x(t) is real for all ¢.
(b)It is complex as z(t) has nonzero imaginary component.
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Periodic versus Aperiodic

z(t) is said to be periodic if there exists T' > 0 such that
r(t)=z(t+T) (2.6)

for all t. The smallest T for which (2.6) holds is called the
fundamental period.

x|n| i1s said to be periodic if there exists a positive integer N
such that

x|n] = x[n + N| (2.7)

for all n. The smallest N for which (2.7) holds is called the
fundamental period.

If a sighal is not periodic, then it is aperiodic.

H. C. So Page 5 Semester B 2016-2017



Example 2.2

Determine if the following signals are periodic or not. If it Is
periodic, compute the fundamental period.

(@) z(t) =1+ 2t + 3t°

(b) z(t) = cos(107t)

& - e s
(d) z[n] = cos (%Tn)

() zln] = cos (%”)

(a) A quadratic function should not be periodic.

(b) As cosine function has a period of 27, we can write:
x(t) = cos(107t) = cos(10mt 4 27m) = x(t + 27 /(107)) = x(t + 1/5)
Hence it is periodic with 7" = 1/5.
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(¢) z(t) = x(t+T) is not fulfilled for all ¢ and it is aperiodic.

(d) Again, we can write:

2] = cos (2%”) ~ cos (2”7” | 27?) ~ cos (2”(”; 3)) —afn+3

Hence it is periodic with N = 3.

(e)It is aperiodic because we cannot find an integer N to
fulfil (2.3).

Even versus Odd

A signal is called an even function if
r.(t) = 2 (~t) or x.[n] = z.[-n] (2.8)
A signal is called an odd function if
To(t) = —wo(—t) or @o[n] = —xo|—n) (2.9)
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Any signal can be represented by a sum of even and odd
sighals:

x(t) = x(t) + xo(t) or x[n| = xen]+ x,n] (2.10)
where
rt) = Se(t) +2(—0)] and x,ft) = 2 [alt) — 2(~] (2.11)
or | |
re[n] = 5 [x[n] +z[=n]] and wo[n] = S[z[n] —2[-n] (2.12)
Example 2.3

Determine if the following signals are even or odd.
(&) z(t) = cos(Qnt)

(b) z(t) = sin(Qrt)

(¢) z(t) =sin(Qnt + 0)

(d) z[n] =1+ 2n — 3n?

H. C. So Page 8 Semester B 2016-2017



(a) It is even because cos(rt) = cos(—Qmt).
(b) It is odd because sin(rt) = —bm( Qrt).

(c) It is neither odd nor even because:
sin(Qrt + 0) = sin(0) cos(Qnt) + cos (@) sin(Qt)

which Is a linear combination of even and odd functions.

(d) It is neither odd nor even. Applying (2.12) yields:

1

Te[n| = % [(1+2n—3n") 4+ (1 +2(—n) — 3(—n))] = 5 2—6n°] =1-3n"

(1+2n—3n%) — (1+2(—n) — 3(—n)’)] = % [4n] = 2n

N)I*—L

Toln] =

which are the even and odd components. Note that the
same result can be easily obtained by inspection.
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Energy versus Power

Energy of x(t) or z[n] is defined as:

EZE—/OO z(t)Pdt  or i z[n] (2.13)

o0

If the signal energy is infinite, it iIs meaningful to use power
of x(t) or z|n| as the measure, which is defined as:

[T/

P, = lim — ’ I
T o fT/2|:c(t)|dt o NEPOOQN—kl

Z z[n]|? (2.14)

Signal power is the time average of signal energy.

Note that for real signal, |z(t)]> = z*(t), while |z(¢)|* = z(t)z*(t)

for complex signal.

H. C. So Page 10 Semester B 2016-2017



A signal is energy signal if 0 < E, < oo, Indicating its P, = 0.

A signal is power signal if 0 < P, < oo, indicating Its F, = oc.

Example 2.4

Determine if the following signals are energy or power
sighals and then compute their energies or powers.
| =2, te€|0,10]
(@) z(t) = { 0, otherwise
(b) z(t) = Acos(wt + 0)
(c) z[n] = 10e/*"

(a) z°(t) = 4 only for ¢ € [0,10] and is zero otherwise. Thus it is
an energy signal. Using (2.13), we get:

00 10
Ex:/ \:c(t)\th:/ 4dt = 40
—00 0
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(b) From Example 2.2, we know that x(t) is periodic with
T =27 /w. We can just use one period in (2.14):

[T/ T
P, — lim — / o(t) Pt = / 2(t)dt

T'—00 T

~T/2 0
T 2 27 Jw
A 1
— % o A% cos*(wt + 0)dt = 2—;} 5 11+ cos(2wt + 20)|dt
w A? 2w A?

— . . :—<
w2 w2 ©F

Hence it is a periodic signal with power A2/2.

() |z[n]]> = 10e’*" - 10e~7*" = 100. Summing |z[n]|* from n = — to
n = oo IS Infinity and thus it Is a power signal with P,:

1 . 100 = 1
NE&2N+JPE:‘x NE&ZN%JPE: W0 =100
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Basic Signal Operations
Three basic operators on signals are described as follows.

Time Shift

Shift the signal to left or right:
r(t) — x(t —ty) or x[n] — x[n — ny (2.15)

If {, or n, IS positive, then it corresponds to time delay while
It IS a time advance for negative ¢, or ny

x[n—nyg]

"'ﬂﬂﬂmlh atll” -"ﬂlmmHL "

T
| n T |
Fig. 2.2: lllustration of time shift
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Time Reversal

Flip the signal around the vertical axis:

o(t) — 2(—t) or z[n] —> z[—n] (2.16)
e A
L T,

n n
Fig. 2.3: lllustration of time reversal

H. C. So Page 14 Semester B 2016-2017



Time Scaling

Linearly stretch or compress the signal:
x(t) — x(ct) (2.17)

where ¢ < 1 means stretch and ¢ > 1 means compression. We
do not discuss z|n| as it is not defined for all time instants.

4+ x(7) 4+ X(1/2)

AN T

.
-

I I
4 x(21)

."ﬁ'
—N ~

>
T

Fig. 2.4: Hlustration of time scaling
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Basic Continuous-Time Signals

Typical examples of continuous-time signals are described
as follows.

Unit Impulse

The unit impulse §(¢) has the following characteristics:

6(t)=0, t#0 (2.18)
and

/ 5(t)dt =1 (2.19)

(2.18) and (2.19) indicate that ¢(¢) has a very large value or
iImpulse at ¢t = 0. That is, §(¢) is not well defined at ¢ = 0.

H. C. So Page 16 Semester B 2016-2017



Fig. 2.5: Graphical representation of §(¢)
From (2.18), multiplying a continuous-time signal x(¢) by an
Impulse 6(t — t;) gives:
x(t)o(t — tg) = x(to)o(t — to) (2.20)

That is, we only need to care about the value of z(t) at the
Impulse location, namely, t = t,.

H. C. So Page 17 Semester B 2016-2017



We may consider 46(t) as the building block of any
continuous-time signal, described by the sifting property:

x(t) = /OO x(7)0(t — 7)dT (2.21)

o0

That is, imagining x(t) as a sum of infinite impulse functions
and each with amplitude z(7).

Unit Step

The unit step function u(¢) has the form of:

1, +>0

u(t) = {o, . (2.22)

As there is a sudden change from O to 1 at ¢ =0, u(0)is not
well defined.

H. C. So Page 18 Semester B 2016-2017



A u(t)
1

-
0 l
Fig. 2.6: Graphical representation of wu(t)

u(t) can be expressed in terms of (¢

u(t):/ u(r) t—TdT—/ §(t — 7)d (2.23)
Conversely, we can use u(t) to represent §(¢):
 du(t)
o(t) = p (2.24)

H. C. So Page 19 Semester B 2016-2017



Sinusoid

It IS a sine wave of the form:
x(t) = Acos(wt + ¢) (2.25)

which is characterized by three parameters, amplitude A > 0,
radian frequency w and phase ¢ € [0, 2x).

x(1)=Acos(wr +¢)

Fig. 2.7: Sinusoid
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Rate of oscillation increases with w.

Apart from w, f = w/(27), the frequency in Hz can be used.

Fundamental period 7; is determined as:
z(t) = x(t+Ty) = Acos(w(t +Tp) + ¢) = Acos(wt + 21 + ¢)

o1
Ty =2 = Ty = & = = (2.26)
w f

For the complex-valued case, it has the form of:

x(t) = AelWH9) (2.27)
Using the Euler formula:
el? = cos(@) + 7 sin(¢) (2.28)
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It is seen that the real part of (2.27) is (2.25), while the
Imaginary part is Asin(wt + ¢) which is also a sinusoid.

A complex sinusoid is also periodic with radian frequency w.

According to (2.28), we can obtain:

Jo —Jjo
cos(¢p) = c +2€ (2.29)
and
6 _ o—id
sin(¢) = > (2.30)

Note that the general form of (2.25) or (2.27) is:

L L
x(t) = Z Ajcos(wit + @) or x(t) = Z Ajedt@itto)  (2.31)
=1 =1

which is a sum of L tones.
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Exponential

For the real-valued case, it has the form:
x(t) = Ae™ (2.32)

where A and a are real numbers.

Fig. 2.8: Real exponential with A > 0

With complex A and a, (2.32) also represents complex case.
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Basic Discrete-Time Signals

Typical examples of discrete-time signals are described as
follows.

Unit Impulse (or Sample)

5[n] = { Ln=0 (2.33)

0, n#0

which is similar to 4(¢) but é|n| is simpler because it is well
defined for all n while §(¢) is not defined at ¢ = 0.

Unit Step

I, n >0
uln| = {0) < 0 (2.34)
which is similar to u(t) but u[n] is well defined for all »n while
u(t) iIs not defined ¢ = 0.
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dln] 1Is an important function because it serves as the
building block of any discrete-time signal z[n|:

zin| = -+ z|—1|0[n + 1] + z[0]d|n] + z[1]d|n — 1] + - -
= ) x[ko[n — ] (2.35)

For example, u[n] can be expressed in terms of §[n] as:
uln] = 6n — k] (2.36)
k=0
Conversely, we can use u[n] to represent §|n|:
oln] = u[n| —uln — 1] (2.37)

which are analogous to (2.21), (2.23)-(2.24).
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Sinusoid

For real-valued case, it has the form of:
x|n] = Acos(wn + 0) (2.38)

which is characterized by three parameters, amplitude A > 0,
radian frequency w and phase ¢ € [0, 2x).

(2.38) can be extended to the complex model as:
x[n] = Aelwn+9) (2.39)

The general form of (2.38) or (2.39) is:

L L
rn| = Z Ajcos(wn + @) or xn| = Z Ajedwmte) (2.40)
=1

[=1

which i1s a sum of . sinusoids.
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Exponential

For the real-valued case, it has the form:
x|n| = Ae™ (2.41)

where A and a are real numbers.

(2.41) can also represent complex exponential by using
complex A and a.

Introduction to MATLAB

MATLAB stands for "Matrix Laboratory”.

Interactive matrix-based software for numerical and

symbolic computation iIn scientific and engineering
applications.
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Its user interface is relatively simple to use, e.g., we can
use the help command to understand the usage and syntax
of each MATLAB function.

Together with the availability of numerous toolboxes, there
are many useful and powerful commands for various
disciplines.

MathWorks offers MATLAB to C conversion utility.

Similar packages include Maple and Mathematica.
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Example 2.5
Use MATLAB to generate a discrete-time sinusoid of the
form:

xin] = Acos(wn+6), n=0,1,--- , N —1

with A=1, w=0.3,0=1and N =21, which has a duration of
21 samples.

We can generate x|n] by using the following MATLAB code:

N=21; %number of samples 1s 21
A=1; %tone amplitude 1s 1
w=0.3; %frequency 1s 0.3

p=1; %phase 1s 1

for n=1:N

x(n)=A*cos(W*(n-1)+p); %time index should be >0
end

Note that X is a vector and its index should be at least 1.
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Alternatively, we can also use:

N=21; %number of samples 1s 21
A=1; %tone amplitude 1s 1

w=0.3; %frequency 1s 0.3

p=1; %phase 1s 1

n=0:N-1; %define time 1ndex vector
X=A.*cos(w.*n+p); %First time 1ndex 1s also 1
Both give

X =

Columns 1 through 7

0.5403 0.2675 -0.0292 -0.3233 -0.5885 -0.8011 -0.9422
Columns 8 through 14

-0.9991 -0.9668 -0.8481 -0.6536 -0.4008 -0.1122 0.1865
Columns 15 through 21

0.4685 0.7087 0.8855 0.9833 0.9932 0.9144 0.7539
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To plot z|n|, we can either use the commands stem(x) and
plot(x.)

If the time index iIs not specified, the default start time is
n = 1.

Nevertheless, it iIs easy to include the time index vector In
the plotting command.

e.g., Using stem to plot z|n] with the correct time index:

Nn=0:N-1; %n 1s vector of time i1ndex
stem(n, X) %plot X versus n

Similarly, plot(n,x) can be employed to show z|n].

The MATLAB programs for this example are provided as
ex2 5.mandex2 5 2._.m.
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Fig. 2.10: Plot of discrete-time sinusoid using stem
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Fig. 2.11: Plot of discrete-time sinusoid using plot
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Systems in Time Domain

Chapter Intended Learning Outcomes:

()
(1)

(iii)

(v)

H. C. So

Classify different types of systems

Understand the property of convolution and its
relationship with linear time-invariant system

Understand the relationship between differential
equation, difference equation and linear time-
Invariant system

Perform basic operations in systems

Page 1 Semester B 2016-2017



System Overview

It can be classified as continuous-time and discrete-time:

continuous-time
system

discrete-time
system

Fig. 3.1: Continuous-time and discrete-time systems

In a continuous-time (discrete-time) system, the input and
output are continuous-time (discrete-time) signals.
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A system is an operator 7 which maps input into output:
y(t) =TH{z(t)} or yln] = T{z[n]} (3.1)

Systems can be connected/combined to form a
bigger/overall system, e.g., break down a big task into
several sub-tasks and each system handles one sub-task.

x[n] —= System 1 » System 2 —» y[n] » System 1
— _ x[n]
Series Interconnection >
» System 2
z[n] System 1 >~ y[n Parallel interconnection
System 2 =

Feedback interconnection
Fig. 3.2: Examples of system interconnections
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Basic System Properties

Memoryless, invertibility, causality, stability, linearity, and
time-invariance, are described as follows.

Memoryless

A system is memoryless If its output at a given time Is
dependent only on the input at that same time, i.e., y(¢) at

time ¢ depends only on z(t¢) at time ¢; y[n| at time n depends
only on z[n] at time n.

A memoryless system does not have memory to store any
Input values because It just operates on the current input.

If a system Is not memoryless, we can call it a system with
memory.
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Example 3.1
Determine if the following systems are memoryless or not

(@) y(t) = z°(t)
(b) yln] = z[n] + z[n — 2]

(a) The system is memoryless because the output at time ¢
depends only on the input at time .

(b) The system is not memoryless because y[n| also depends
only on z|n — 2], which is a previous input, and thus it
needs memory to store z|n — 2| when processing the
Input at time n,

Invertibility

A system is invertible if distinct inputs lead to distinct
outputs, or if an inverse system exists.
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— System 1 —> System 2 —

Fig. 3.3: Invertible system

That is, if we can get back the input z(¢) or z|n| by passing
the output y(¢) or y[n] through another system, then the
system is invertible, otherwise it is non-invertible.

Example 3.2

Determine if the following systems are invertible or not
(@) y(t) = 2x(t)

(b) y(t) = 2°(t)

n

(©) y[n] = Z z|k]

k=—00
(d) y[n] =0
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(a) The system is invertible because we can pass y(t) using
another system to produce w(t) = 0.5y(t) = z(t).

(b) The system is not Invertible because the sign
iInformation is lost in the system output. Even employing
the square root function, there are two possibilities:

w(t) = \/y(t) or w(t) = —/y(t).

© yln] = [kl =[-zn—2+zn— 1] +2z[n] =yln - 1] + z[n]

k=—00

If we pass y|n| using another system,
win|] = y[n| — yln — 1] = z|n] can be obtained and hence the
system is invertible.

(d) Any inputs will give the same output of zero and hence
the system is not invertible.
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Linearity

A system is linear if it obeys principle of superposition.

Given two pairs of inputs and outputs, linearity implies:

T{ax(t) + bxo(t)} = aT{x1(t)} + T {xa(t)} = ayn(t) + by=(t) (3.2)
and
T{am[n] + basfn]} = aT {ar[n]} + 5T o]} = agaln] + bysfn] (3.3)

where |a| < co and |b]| < oc.

If the system does not satisfy superposition, it is non-linear.
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Example 3.3
Determine whether the following system with input z[n] and

output y[n], is linear or not:

ylnl = > alk]=--+aln— 1]+ z[n)

k=—o00

A standard approach to determine the linearity of a system
IS given as follows. Let

yiln] = T{x;n|}, i=1,2,3
with
r3|n] = ax|n| + bxs|n]

If y3[n] = ayi[n] + bys[n], then the system is linear. Otherwise,
the system is non-linear. This also applies to continuous-
time system.
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Assigning x3[n| = azy|[n] + bxs[n|, we have:

ysln] = > w3k

k=—o00
n

= > (az1[k] + bay[k])

k——oo

= Zml —|—be2

k=—00

= ayi|n] + bys|n]

Note that the outputs for z,[n] and z;[n] are yn] =35 ",___ x[k]
and yln] =7 @[kl

As a result, the system is linear.
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Example 3.4
Determine whether the following system with input z[n] and

output y[n], is linear or not:

y[n] = 32°[n] + 2z[n — 3]

The system outputs for xn] and an|] are
y1[n] = 3xi[n] + 2x1[n — 3] and ys[n] = 3z3[n] + 2x3[n — 3]. Assigning
r3[n] = azq[n] + bxs[n], 1ts system output is then:

ys[n] = 3xin] + 2x3[n — 3]
= 3 (az[n] + baa[n])” + 2ax1[n — 3] + 2bws[n — 3]
= 3 (a’z{[n] 4+ b*x3[n] + 2abx;[n]xa[n]) + 2axi[n — 3] + 2bas[n — 3]
# a (3z7[n] 4 2z1[n — 3]) + b (3z3[n] + 222[n — 3])

ayi|n| + bya[n]

As a result, the system is non-linear.
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Time-Invariance

A system is time-invariant if a time-shift of input causes a
corresponding shift in output:

it y(t)=T{z(t)} then y(t—t)) =T{z(t —ty)} (3.4)
and

If y[n|=T{xzn]} then y[n —ng] =T {zn —ngl} (3.5)

That is, the system response is independent of time.

Example 3.5
Determine whether the following system with input z[n| and
output y[n], Is time-invariant or not.
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A standard approach to determine the time-invariance of a
system is given as follows.

Let yi[n| = T{xi[n]} where x|n]=xn—ny. If yin]=yn—ny,
then the system is time-invariant. Otherwise, the system is
time-variant. This also applies to continuous-time system.

From the given input-output relationship, y[n — ng| IS:

n—ny

ym—%FZZ:ﬂM

k=—o0

Let z[n] = z[n — ng|, ItS System output is:

yiln] = Y k] = Y alk—ng = i z[l], 1=k—ng

:ym—m]
As a result, the system is time-invariant.
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Example 3.6
Determine whether the following system with input z[n] and

output y[nl, Is time-invariant or not:

y|n| = 3x|3n]

From the given input-output relationship, y[n — ng] is of the
form:

yln — ng| = 3x[3(n — ny)| = 3z[3n — 3ny]
Let z[n| = x[n — ng), ItS System output Is:

yi|n] = 3x[3n] = 3z[3n — ny| # yln — ny)

As a result, the system is time-variant.
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Causality

A system is causal if the output y(¢) (or y[n]) at time ¢t (or n)
depends on input x(t) (or x[n]) up to time ¢ (or n).

In casual system, output does not depend on future input.

On the other hand, in a non-causal system, the output
depends on future input.

Example 3.7
Determine if the following systems are causal or not

(@) y(t) = z°(t)
(b) y[n] = =[n] + z[n + 2]

(©) y[n] = Z r|k]

=—0C
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(a) The system is causal because it does not depend on
future Input.

(b) The system is not causal because It depends on future
input, namely, zn + 2|.
© yln]= Y k] = x[n—2 +a[n— 1]+ z[n]
k=—00
We see that the output y[n] at time n depends on input
x[n] up to time n. Hence the system is causal.

Stablity

A system is stable If every bounded input x(t) or z[n
produces a bounded output y(¢) or y[n] for all time ¢ or n.
That is:
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ly(t)| < B if |z(t)| < A, |Al <o, |B|< oo (3.6)
and
lyln]| < B if |zn]| < A, |A| < oo, |B| < o (3.7)

If a bounded input produces an unbounded output, then the
system is unstable.

Example 3.8
Determine if the following systems are stable or not

(@) y(t) = z°(t)
(b) y[n| =

(©) yln| =

| —

zn] + xn + 2]

‘ H

| I

x|n
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(a) If z(¢) is bounded, say,

z(t)| < A for all ¢, we easily get
y(1)] < A°
Hence the system is stable.
(b) The system is stable because:
yln]| = |zln] + z[n + 2)] < |zin]| + [z[n + 2] <24
for a bounded input with |z[n|| < A for all n.

(c) The system iIs not stable. It is because for a bounded
input, namely, x[n| =0, the output is unbounded.
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Linear Time-Invariant System Characterization

In this course, we will mainly study systems which are both
linear and time-invariant.

Apart from being fundamental, many practical applications
correspond to linear time-invariant (LTI) system.

Impulse Response

The impulse response (h(t) or h[n]) is the output of a LTI
system when the input is the unit impulse (6(t) or d[n]):

continuous-time discrete-time
o) — " system | ht) oln] ——— 14 system | hin

Fig. 3.4: Impulse response
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For a continuous-time system, the impulse response is also
continuous-time signal.

For a discrete-time system, the impulse response is also
discrete-time signal.

A LTI system can be characterized by its impulse response,
which indicates the system functionality.

Convolution

Convolution is used to describe the relationship between
Input, output and impulse response of a LTI in time domain.

We start with considering the discrete-time impulse
response h|n| = T{dn|} of a LTI system.
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Recall (2.35) that a discrete-time signal is a linear
combination of impulses with different time-shifts:

o0

xn] = Z x|m]do[n — m] (3.8)

m=—0oc

Consider x|n] as the system input with y|[n| being the output:

yln| = Tizln]; = T{ D x[mld[n — m]}

m=—0co
0.9

= Y z[m|T{d[n—m]} (3.9)

m—=—0aco

due to the linearity property of (3.3).
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Furthermore, using time-invariance property yields:
hin —m] = T{d[n — m|} (3.10)

Substituting (3.10) into (3.9), we obtain:

yln| = Z z|m]hln — m] = z[n] ® h|n| (3.11)
which is called the convolution of z[n] and hln], and ®
denotes the convolution operator.

According to (3.11), hln] completely characterizes the LTI
system because for any input z|n|, the output yn| can be
computed with the use of hn| via convolution where only
multiplication and addition are involved.
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There are three properties in convolution:

= Commutative

[n] @ hin] = hin] ® z[n]

= Z x|mlhln —m] = Z hlm]zn —m| (3.12)
= Assoclative
z[n] @ (n[n] ® haln)) = (z[n] @ Mi[n]) © hsln] (3.13)

Combining (3.12) and (3.13) yields:

yln] = z[n] @ huln] @ holn]
= x[n| @ ha|n] @ ha[n]
= x|n| ® (hi|n]| ® ho|n|) (3.14)
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x[n] yln]
— > hl [n] —» hg [n] >

z[n] yln]
— > hg [n] — hl [n] >

z[n] y|n]
> hi|n| @ ha|n] >

Fig.3.5: Cascade interconnection and convolution
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= Distributive

yln] = 2[n] @ (hufn] + haln]) = €n] ® hi[n] + 2fn] © hofn] (3.15)

x|n] bl + B y[n| _

Fig.3.6: Parallel interconnection and convolution
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Example 3.9
Determine the function of a LTI discrete-time system Iif its
Impulse response is h[n] = 0.50|n] + 0.50[n — 1].

Using (3.11) and (3.8), we have:

o0

yln) = a[n] @ hln) = Y alm]h[n —m]

m=—~oco
0.9

= Y a[m](0.56[n — m] + 0.50[n — 1 — m])

m=

2052 5[n—m]+052 [6[n — 1 —m]

m=—oo

= 0.5(xn] + xn — 1))

The system computes the mean value of two input samples,
current value and past value.
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Similarly, for the continuous-time case, we start with
considering h(t) = 7{d6(t)} of a LTI system.

Recall (2.21) that a continuous-time signal is considered as
a linear combination of impulses with different time-shifts:

2(t) = /_ " a(r)o(t — )dr (3.16)

0.0

Analogous to the development in (3.9)-(3.11), we get:

.0

t) = Tiatt) =74 [

— 00

z(7)0(t — T)dT}
= /OO x(T)T {o(t — 1)} dr

o0

-~ /OO z(T)h(t — 7)dT = 2(t) @ h(t) (3.17)

6@

H. C. So Page 27 Semester B 2016-2017



Equation (3.17) is the convolution for the continuous-time
case. However, the computation is more complicated than
the discrete-time convolution because integration is needed.

Again, we see that h(t) characterizes the input-output
relationship of LTI system.

Same as the discrete-time case, h(t) specifies the system

functionality and satisfies the commutative, associative as
well as distributive properties.

Example 3.10
Determine the function of a LTI continuous-time system if
Its impulse response is h(t) = 6(t) + o(t — 1).
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Using (3.17) and (2.19)-(2.20), we obtain:

0.0

y(t) = x(t) ® h(t) = f x(T)h(t — 7)dT

— 00

= /OO r(T)[0(t —7)+0(t —1—7)dr
__/mxuwu—7m7+/mxww@—1—7m7

oo — 00
6.0

= / x(t)o(t — 7)dT + /OO x(t—1)0(t—1—71)dr

oo

/mét—7d7+ﬂt—D/m5@—1—TMT

ot — 1)

t

]
=

(t)
(t) +

t

]
=

The system computes sum of inputs at two time instants,
one at current time and the other at current time minus 1
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Example 3.11
Determine the function of a LTI continuous-time system if
Its impulse response is h(t) = 0.1|u(t) — u(t — 10)].

Using (3.17) and the commutative property, we get:

o0

y(t) = h(t) ® x(t) = / h(T)x(t — 7)dr

01 / T ulr) — ulr — 10)]a(t — 7)dr
1 10
=1 0 x(t — 7)dT

Note that [u(7) — u(7 — 10)] is a rectangular pulse for 7 € (0, 10).

The system computes average input value from the current
time minus 10 to current time.
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For LTI systems, we can also use the impulse response to
check the system causality and stability.

A LTI system is causal if its impulse response satisfies:
h(t)=0, t<O0 (3.18)
hln]|=0, n<0 (3.19)

A LTI system is stable if its impulse response satisfies:

/OO |h(t)]dt < oo (3.20)

0.0

i h[n]| < oo (3.21)

n=—oo
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Example 3.12

Show that for a LTI discrete-time system, the causality
definition in (3.19) is identical to the universal definition,
I.e., y|n| at time n depends on x|n| up to time n.

Expanding the convolution formula in (3.12):

yln] = xn] @ hin|] = Z him|x[n — m]
= ﬁi_hT—Q]x[n + 2] + h|—1]xn + 1] +
h[0)z[n] + h[l)z[n — 1] + h2z[n — 2] + - --

If y[n] does not depend on future inputs zn+1],zn+2], -,
we must have h[—1] =h[-2]=---=0 or hln]=0 for n <O.

Hence the two definitions regarding causality are identical.
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Example 3.13

Compute the output y[n] If the input is z[n| =u[n] and the
LTI system impulse response is hln|=d[n|+ 0.56n — 1]
Discuss the stability and causality of system.

Using (3.11), we have:

o0

yln) = 2l @ hln] = S afmlhln —m

m=—0oo
o0

> u[m] (8[n —m] + 0.56[n — 1 — m])

m=—00
0. @]

— Z (0[n — m] 4+ 0.56[n — 1 —m])

— i5[n—m]+0.5i6[n—1—m] = u[n] 4 0.5u[n — 1]

m=0 m=0
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Alternatively, we can first establish the general relationship
between y[n] and z[n] with the specific h[n] as in Example 3.9:

0.0

rn] @ hln] = Y z[m]h[n —m]

m=—0oco

y[n]

o0

= Y z[m] (5[n — m]+0.50[n — 1 —m))

— Z xz|m|o|n —m|+ 0.5 Z zmldn — 1 —m]

= x[n] + 0.5x[n — 1]
Substituting z[n] = u[n] yields the same y[n|.
Since 2 |h[n]| =32, |h[n]| = 1.5 < oo @and h[n] =0 for n <0

the system is stable and causal.
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Example 3.14

Compute the output y[n]if the input is z[n] = a"u[n] and the
LTI system impulse response IS h[n] = u[n] — u[n — 10] . Discuss
the stability and causality of system.

Using (3.11), we have:

y[n] = Z x|m|h|n — m)|
= Y a"ulm] (uln — m] — u[n — 10 — m])

0.@)

= Zam(u[n—m]—u[n—lo—m])

m=0
= Z a"uln —m| — Z a"uln — 10 — m|

m=0 m=0

H. C. So Page 35 Semester B 2016-2017



Let yin]=>_" ,a™uln—m] and yn]=> ", a"u[n— 10 —m]
such that y[n|=y[n] —yn]. By employing a change of
variable, y[n]Is expressed as

yiln] = Z auln —m| = Z a"Fulk], k=n-—m
m=0 k=n

|
Q
S
.
i
T

o—o0 > L
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Since ulk]=0for k <0, yn]=0 for n <0. FOor n > 0, y[n]IS:

n

k=0

1 — an+1

1l —a

where the geometric sum formula is applied:

N-1 L—r"
Q@+ Qr 4 -+ Qar =«
1 —7r
That is,
1 a7z+1
yiln] = ———uln]
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Similarly, y;[n] Is:

Yo|n] = Z a"uln — 10 — m|

n—10
Z a" O Fulk], k=n—-10—m

k=—o00

Since ulk] =0 for k <0, yw[n]=0 for n < 10. For n > 10, y[n] IS:

n—10 1 an—9
n—10—k n—10 -
p— p— 1 o o+ . pu—
o[ 1] 5_0 a +a+---+a _—
That is,
1 — an—9
Yo|n] = — uln — 10]
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Combining the results, we have:

= ) Y 1
nl = win| — uln —
Y l—a 1l —a
or
(0, n <0
1_an+l
0 < 10
ynl=< 1_¢q "’ =T
a"” (1—(110)
, 10 <n
\ l—a

Since Y°° _|n[n]| =3 _,|h[n]| = 10 < oo, the system is stable.
Moreover, the system is causal because h[n] =0 for n < 0.
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Example 3.15
Determine y[n] = x[n] ® h[n] where x[n] and h[n| are

n] = n’+1,0<n<3
= 0, otherwise

and
hin] = n+1, 0<n<3
10, otherwise

Here, the lengths of both xz[n] and h[n] are finite. More
precisely, z[0] =1, z[1] =2, z[2| =5, z[3] =10, A[0]=1, h[l] =2,
h[2] =3 and h[3] =4 while all other z[n] and h[n] have zero
values.
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We still use (3.11) but now it reduces to a finite summation:

oo

yln] = ) a[mlhln —m]

m—=—0oco

— 2[0)h[n] + z[1]A[n — 1] + z[2)h[n — 2] + 2[3]h[n — 3]

By considering the non-zero values of h[n|, we obtain:

(1, n=0
4, n=1
12, n =2
30, n=3
MM=<4&HZ4
50, n =5
40, n =6
| 0, otherwise
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Alternatively, for finite-length discrete-time signals, we can
use the MATLAB command conv to compute the convolution

of finite-length sequences:

0:
n.

>OO

2+1

n
X
h

H

N+
y= conv(x h)

The results are

y=1 4 12 30 43 50 40

As the default starting time indices in both h and x are 1,
we need to determine the appropriate time index for y
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The correct index can be obtained by computing one value
of y[n] using (3.11). For simplicity, we may compute y[0]:

>0

y[o] = > a[m]h[-m]

]
=,
=
=
=

In general, if the lengths of z[n| and A[n] are M and N,
respectively, the length of y[n| = z[n] ® h[n]Is (M + N — 1).
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Example 3.16

Compute the output y(¢) if the input is z(t) = e~ “u(t) with a > 0
and the LTI system impulse response iIs h(t) = u(t) . Discuss
the stability and causality of system.

h(7)
1
0 T
X(7)
1 \
U T
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Using (3.17), we have:
y(t) = /_ (Pt — 7)dr = / e~ u(rVult — 7)dr

0.0 — 00

— / e "u(t—T)dr, A=t-—T
0
_ / &Ny (\) - —dA
t
t
= e_atf e“Mu(N)d

Similar to Example 3.14, when t < 0, the integral will only
involve the zero part of u(\) because u(\) =0 for A < 0. Hence

t
y(t) = e_at/ eMu(N)dA =0, t<0

When t > 0, the integral will involve the non-zero part of u(\)
because u(\) =1 for 0 < A <t. The output is then:
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t t
y(t) = e_“’t/ e Mu(N)d\ = e_at/ e\

—00 0

a1 t 1 1 -
— e at,gea)\‘oze at,g(eat_l):a(l_e a,t)

We can combine the results for ¢t <0 and ¢t > 0 to yield:

0 t
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Linear Constant Coefficient Difference Eqguation

For a LTI discrete-time system, its input x[n] and output y[n]

are related via a N th-order linear constant coefficient

difference equation:
N

Zakyn— Zbkxn— (3.22)

k=0

which is useful to check whether a system is both linear and
time-invariant or not.

Example 3.17

Determine if the following Input-output relationships
correspond to LTI systems.

(@) y[n|=0.1y[n — 1]+ z[n] + zn — 1]

(b)  yln) = zfn+ 1] + z[n)

(€) yln|=1/z[n]
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(a)lt corresponds to a LTI system with N=M =1, ay=1,
a; = —0.1 and bp =b; =1

(b)We reorganize the equation as:
yln| = z[n + 1] + z|n] = y[n — 1] = z|n] + z[n — 1]

which agrees with (3.22) when N=M =1, qy;=0 and
a, = by = b, = 1. Hence it also corresponds to a LTI system.

(c) It does not correspond to a LTI system because z[n] and
y/n| are not linear in the equation.

Note that if a system cannot be fitted into (3.22), there are
three possibilities: linear and time-variant; non-linear and
time-invariant; or non-linear and time-variant.
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Example 3.18
Compute the impulse response h[n| for a LTI system which is

characterized by the following difference equation:

yln| = z[n| —zln — 1

Using (3.12), we have:

yln] = > hlmlz[n —m]

m=—0oo

= -+ h|—1|xn + 1] + h[0]z[n| + A[l]xn — 1] + - --

we can easily deduce that only h[0] and h[1] are nonzero. That
IS, the impulse response Is:

hin] = dé[n| — dln — 1]
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The difference equation can be used to generate the system
output and even the system input.

Assuming that q; # 0, y[n] IS computed as:

N
ao( Zakyn— —|—Zbka:n— ) (3.23)

k=1

Assuming that b, # 0, z[n] can be obtained from:

rn] = bl (Z apy|n — Z brrn — ) (3.24)
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Example 3.19
Given a LTI system described by difference equation of
yln] = 0.5y[n — 1] + z[n| + z[n — 1], compute the system output
y[n] for 0 < n <50 with an input of z[n| = u[n|. It IS assumed
that y[—1] = 0.

The MATLAB code iIs:

N=50; %data length 1s N+1
y(1)=1; %compute y[O], only X[n] 1s nonzero
for n=2:N+1

y(n)=0.5*y(n-1)+2; %compute y[1],y[2], .. ,y[50]
Wx[n]=x[n-1]=1 for n>=1

end

n=[0:N]; %set time axis

stem(n,y);
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Alternatively, we can use the MATLAB command fi1lter by
rewriting the equation as:

yln] — 0.5y[n — 1] = z[n] + x[n — 1]

The corresponding MATLAB code is:

x=ones(1,51); %define 1nput
a=[1,-0.5]; %define vector of a k
b=[1,1]; %define vector of b k
y=Filter(b,a,Xx); %produce output

stem(0:length(y)-1,y)

The x I1s the input which has a value of 1 for 0 < n <50, while
a and b are vectors which contain {a;} and {b.}, respectively.

The MATLAB programs for this example are provided as
ex3 19.mand ex3 19 2.m.
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Linear Constant Coefficient Differential Equation

For a LTI continuous-time system, its input z(¢) and output
y(t) are related via a Nth-order linear constant coefficient
differential equation:

N

> at

k=0

Z bk dtk (3.25)

which is useful to check whether a system is both linear and
time-invariant or not.

Analogous to the discrete-time case, we can use (3.25) to
compute system input, output and impulse response.
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Fourier Series

Chapter Intended Learning Outcomes:

Q) Represent continuous-time periodic signhals using
Fourier series

(i)  Understand the properties of Fourier series

(i) Understand the relationship between Fourier series
and linear time-invariant system
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Periodic Signal Representation in Freguency Domain

Fourier series can be considered as the frequency domain
representation of a continuous-time periodic signal.

Recall (2.6) that z(t) is said to be periodic if there exists
T, > 0 such that

z(t) =z(t+T,), t € (—00,0) (4.1)

The smallest 7, for which (4.1) holds is called the
fundamental period.

Using (2.26), the fundamental frequency is related to 7, as:

Q) = — (4.2)
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According to Fourier series, z(t) is represented as:

0,0)

x(t) = Z ape! M t € (—o0,0) (4.3)
where
T,)2
1 — 7kt
Ak = 7 r(t)e m0idt, k= —1,0,1,2, - (4.4)
Tp
~T, /2

are called Fourier series coefficients. Note that the
integration can be done for any period, e.g., (0,7,), (—=7,,0).

That iIs, every periodic signal can be expressed as a sum of
harmonically related complex sinusoids with frequencies
e —00,0,00,2€,30,--- , where 20, Is called the first
harmonic, 3¢}, is called the second harmonic, and so on.
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This means that =z(f) only contains frequencies
oo — 0, 0, €, 2€), - - - with O being the DC component.

Note that the sinusoids are complex-valued with both
positive and negative frequencies.

Note also that «; is generally complex and we can also use
maghnitude and phase for its representation:

lar] =/ (R{ar})? + (S{ar})’ (4.5)
and
/(ay) = tan™! (EZZD (4.6)

From (4.3), {a;} can be used to represent z(t).
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Example 4.1
Find the Fourier series coefficients for
x(t) = cos(10mt) + cos(207t).

It is clear that the fundamental frequency of z(¢) is €y = 107.

According to (4.2), the fundamental period is thus equal to
T, = 2w/ =1/5, which is validated as follows:

1 1 1
x (t—l— g) = COS (1O7r (t—l— 5)) + cos (207’[’ (t—l— 5))
= cos(107t + 27) + cos(207t + 4m)
= cos(107t) + cos(207t)

With the use of Euler formula in (2.29):

el + e U
2

cos(u) =
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We can express x(t) as:

x(t) = cos(10mt) 4 cos(207t)
10Tt | p=jlomt 20wt | ,—j20mt
_I_
1 ) 1 1 - 1
_ _e—jQUTrt_i_ _e—jl()ﬂt_’_ _€j107rt + _€j207rt
2 2 2 2

which only contains four frequencies. Comparing with (4.3):

(0.5, k=—2

0.5, k=-1
a, =405, k=1

0.5, k=2

0, otherwise
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Example 4.2
Find the Fourier series coefficients for

x(t) = 1+ sin(Qot) + 2 cos(Qpt) + cos(3Qt + m/4).

With the use of Euler formulas in (2.29)-(2.30), z(¢) can be
written as:

I(t) = 1+ (1 _’_QL) €j§20t+ (1 . i) e—ont_|_1€j7r/4€3j§20t_|_%e—j’ﬁ/ile—?)jﬂot
J

2 2
2 1 - 1\ .
— %(1 —j)e —3)4ht (1 +j§> EREALLEY (1 — j§> el ht
Y2014 e
4

Again, comparing with (4.3) yields:
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)
2
LET
4 "
J
1+ = k=—1
+2,
. 1, k=20
ajp — -
- k=1
/3 2
0, otherwise

To plot {a;}, we may compute |a;| and Z(a;) for all &, e.qg.,
oo () L (R)
a‘B'_’\ 1 1] T2
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We can also use MATLAB commands abs and angle to

compute the magnitude and phase, respectively. After
constructing a vector x containing {a;}, we can plot |¢;| and

/(ay) using:

subplot(2,1,1)
stem(n,abs(x))

xlabel (k™)
ylabel("]a k|")
subplot(2,1,2)
stem(n,angle(x))
xlabel (k™)

ylabel ("\angle{a k}")
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Example 4.3
Find the Fourier series coefficients for z(¢), which is a

periodic continuous-time signal of fundamental period T and
IS a pulse with a width of 27, in each period. Over the
specific period from —7/2 to T/2, x(t) IS:

I, —Ty<t<y
z(t) = .
0, otherwise
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Noting that the fundamental frequency is Q,=27/T and
using (4.4), we get:

T/2 Ty
1 0 1 o
—T/2 ~T,
For £ = 0:
T -
1 2
ag = — / 1dt = =0
~T
For k # 0:
. 1y - ]
aj = l / e_jkﬂotdt — _ 1 ejk‘Qot _ Sln(kQOTO) _ S111 (QTF]CTO/T)
| I ]kQO ~T, km ki
~T
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The reason of separating the cases of k=0and £#01Is to
facilitate the computation of ¢, , whose value iIs not
straightforwardly obtained from the general expression
which involves “0/0”.

Nevertheless, using L'Hopital’s rule:

. dsin (2wkTy/T)
. sin (27kTy/T) a5 o 20Ty /T cos((2nkTy/T)) 2T,
lim = lim = lim = —
l—0) km k0 défg k—0 T T

An investigation on the values of {a;} with respect to
relative pulse width 7, /T is performed as follows.

We see that when 7,/T decreases, {a;} seem to be stretched.
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Example 4.4
Find the Fourier series coefficients for the following
continuous-time periodic signal z(t):

0 1.5, O0<t<1
r —_—
—15, 1<t<?

where the fundamental period is 7, =2 and fundamental
frequency is )y = .

Using (4.4) with the period from ¢t = —1 tot = 1:

1 (1 kot
ap = — x(t)e 70t
A /T/Q 2

0

1 . 1 [} .
= — / (—1.5)e "™ dt 4 - / 1.5e/*qt
2] 2 J
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For k = 0:

1 /Y 1 [
ap = —/ (—1.5)dt+—/ 1.5dt =
2/, 2 /o

For k # 0:

(—1.54+1.5) =0

DO | —

0 1
. 1 .
/ (—15)6_‘7kﬂdt+§ f 1.5e " dt
0

—1

- 0 1
[ et [ einar
|J -1 0

1

1 _e—jlmt‘l
—jkm 0

] W =W DN

—jkmt 0
e

= —— 1 —e/fm — e *m 4 1]
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MATLAB can be used to validate the answer. First we have:

E a ejk‘Q()t ~ E a eijUt

k=—00

for sufficiently large K because |a;| IS decreasing with &

1

0.9r

0.8

0.7¢

0.6

0.5

ja, |

0.4r

0.3

ZT_H

-10

o®
o®
NG
NG
NYCS
¢
o®
o ®

~ o®

10
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Setting K = 10, we may use the following code:

K=10;

ap=3.7g-*2.*[1:K]-*p1).-*(1-cos([1:K]-*p1)); % +ve a k
an=3./7g-*2.*[-K:-1].*p1).*(1-cos([-K:-1]-*p1)); %-ve a k
a = [anO0 ap]; %construct vector of a k

for n=1:2000

o)
t=(n-1000)/500; %time interval of (-2,2);
%small sampling interval of 1/500 to approximate x(t);

e = (exp(-*[-K:K].-*p1.*t))."; Wconstruct exponential vector
x(n) = a*e;

end
x=real (x); %remove 1maginary parts due to precision error
n=1:2000;

t=(n-1000) ./500;

plot(t,x)
xlabel ("t")
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For K = 50:

1.5 “W,w,wmmm ]
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In summary, if x(t) is periodic, it can be represented as a
linear combination of complex harmonics with amplitudes

{ag}.

That is, {a;} correspond to the frequency domain
representation of z(¢) and we may write:

z(t) <> X(J§2) or x(t) <> ay (4.7)

where X (j§2), a function of frequency (2, iIs characterized by

{ag}.

Both x(t) and X (j2) represent the same signal: we observe
the former Iin time domain while the latter in frequency
domain.

H. C. So Page 22 Semester B 2016-2017



H. C. So

time domain frequency domain
A A v
() XA(% {or)
AN ANANE DR R
-7, 0 T, t 0 — e (2
27
Qy = —
Tp
T)/2
1 7
aj. = fn m(t)e_'ﬂ‘“ﬂ"tdt =
— p/g
“ :C(t) _ Z akejk:ﬂot
k=—00

continuous and periodic

discrete and aperiodic

Fig.4.1: lllustration of Fourier series

Page 23

Semester B 2016-2017




Properties of Fourier Series

Linearity

Let x(t) «» a;, and y(t) <> b, be two Fourier series pairs with the
same period of 7). We have:

Az(t) + By(t) < Aay + Bby (4.8)

This can be proved as follows. As z(t) and y(t) have the same
fundamental period of 7, or fundamental frequency ();,, we

can write:

Multiplying z(t) and y(t) by A and B, respectively, yields:
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Time Shifting

A shift of ¢, in x(t) causes a multiplication of e /%% jn q,:

r(t) < ap = x(t — ty) & e IFlg;, = =7/ Titog,, (4.9)

Time Reversal

x(t) <> ap = x(—t) <> a_y (4.10)
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(4.9) and (4.10) are proved as follows.

Recall (4.3):

x(t) = Z ayel Mt

k=—o00

Substituting ¢t by ¢t — t,, we obtain:

o0 o0
ﬂ:(t L tO) _ E akeijO(t—to) — E (e—ijotoak) eijot o e_ijOthk

k=—o00 k=—o00

Substituting ¢ by —¢ yields:
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Time Scaling

For a time-scaled version of z(t), x(at) where a # 0 is a real
number, we have:

x(t) = Z ape’™ " = z(at) Z apelFlast (4.11)

Multiplication

Let x(t) «» a;, and y(t) <> b, be two Fourier series pairs with the
same period of 7). We have:

p(t)y(t) < Y abp_ (4.12)
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(4.12) is proved as follows.

Applying (4.3) again, the product of z(t) and y(¢) is:

00 00
r(y) = 3 a3 b
[=—00 n=—o0
00 00

|[=—00 N=—00
o0 00

= y: y: albg_kejk%t, k=1[1+n

[=—00 k=—00

o0 oo

00
— E E a,lbl_k 6ij’0t<—> E albk_[

k=—00 \l=—00 [=—00
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Conjugation

z(t) <> ap = x*(t) <> a* (4.13)

Parseval’s Relation

The Parseval’s relation addresses the power of x(t):
p/2 >
—/ Pt =) Jaxl (4.14)
P/2 k=—00

That I1s, we can compute the power In either the time
domain or frequency domain.
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Example 4.5
Prove the Parseval’s relation.

Using (4.3), we have:

T,/2 T,/2 [ 00 "
o dt = / a,, e’ "0t a, ™0 dt
L ora= g [ (8w ) (5

0

/2 o0
ameijOt aze—anot dt
[ W(z )(z )

m=—0od n=——o
7,/2

Z Z @’ / (m— nQOtdt
2

)
m=—0o0 N=—00 p/

T,/2
S lan /

_ 2
m=—oQ - P/2 dt - m—z—oo ‘am‘

<I[ = @\H <3 = @I*—‘
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Linear Time-Invariant System with Periodic Input

Recall in a linear time-invariant (LTl) system, the input-
output relationship is characterized by convolution in (3.17):

y(t) = 2(t) @ h(t) )
= [ anit-ndr= [ hra-nar - (4.5)

o0 — 00

If the input to the system with impulse response h(t) is
z(t) = /", then the output is:

y(t) = /OO h(T)x(t — 7)dT

6.0

!/mhﬁkmwTWT
= ejQ”t/ h(T)e 7T dr (4.16)
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Note that [~ h(r)e~*"dr is independent of ¢ but a function
of )y and we may denote it as H()):

y(t) = e H(Qy) = H(Q)x(t) (4.17)

If we input a sinusoid through a LTI system, there is no
change in frequency in the output but amplitude and phase

are modified.

Generalizing the result to any periodic signal in (4.3) yields:

x(t) = Z are’M0 — y(t) = Z anH (kSYy)el !t (4.18)

k=—o00 k=—o00

where only the Fourier series coefficients are modified.

Note that discrete Fourier series is used to represent
discrete periodic signal in (2.7) but it will not be discussed.
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Fourier Transform

Chapter Intended Learning Outcomes:

) Represent continuous-time aperiodic signals using
Fourier transform

(i)  Understand the properties of Fourier transform

(i) Understand the relationship between Fourier
transform and linear time-invariant system

H. C. So Page 1 Semester B 2016-2017



Aperiodic Signal Representation in Frequency Domain

For a periodic continuous-time signal, it can be represented
In frequency domain using Fourier series.

But in general, signals are not periodic. To address this, we
use Fourier transform:

X(49Q2) = /OO x(t)e 7 dt (5.1)

where X (j9Q) i1s a function of frequency (2, also known as

spectrum, and we can study the signal frequency
components from it.

Unlike Fourier series, X (5Q2) Is continuous in frequency, i.e.,
defined on a continuous range of (.
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The inverse transform is given by
R -
o(t) = o / X ()7 (5.2)
T — 0
As in (4.7), we may write:

(1) & X(jQ) (5.3)

That is, both z(t) and X () represent the same signal: z(¢) is
the time domain representation while X () is the frequency
domain representation.
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time domain frequency domain
/\‘ x(t) FX(j0)
/ \/\ . /\ >
0 N [ 0 \ o
X(9Q2) = /a:(t)e_jmdt ==
1 - 0
=a(t)=— | X(gQ)e"dS)
21
continuous and aperiodic continuous and aperiodic

Fig.5.1: Hllustration of Fourier transform
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Derivation of Fourier Transform

Fourier transform can be derived from Fourier series as
follows.

We start with an aperiodic z(t) and then construct its
periodic version z(t) with period T.

A

b2t 7(t)
0 . I—T)2 0~TR T—1t

Fig.5.2: Constructing z(t) from z(t)
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According to (4.4), the Fourier series coefficients of z(t) are:

1 T2 |
ap = — / T (t)e /RNl gt (5.4)
1" J 1)

where Q= 27/T.

Noting that z(t) = z(¢) for |t| <T/2 and z(t)=0 for |t| >T/2,
(5.4) can be expressed as:

L[ — kSt L[~ — kSt
ay = — x(t)e 1Tt = — x(t)e /0 dt (5.5)
T ) 1) T /)

0.0

As X (j2) is function of (2, substituting Q2 = k) In (5.1) gives

o0

e (5.6)

— 00
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We can express a;. as:

o = 7 X () (5.7)

According to (4.3) and using (5.7), we get the Fourier series
expansion for z(t):

) ~ 1 . [ — | .
0= 30 FXUR0 =5 30 WXk (5.8)

k=—o00 k=—o00

As T — oo or Q) — 0, Z(t) = x(t).

Considering QX (jkQy)e/*" as the area of a rectangle whose
height is X (jkQ)e/™ and width corresponds to the interval
of [k, (k + 1)§2), we obtain:
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H. C. So

x(t) = lim z(t) = lim — Z QX (5 ) elH !

QO—>O Qo—>0 s
1 oo
= o | X(G9Y e/ dQ) (5.9)
_

Area = K{ij{}}EijOt Q(]

(k + 1)€2

kQ(]

Fig. 5.3: Fourier transform from Fourier series
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Example 5.1
Find the Fourier transform of z(¢) which is a rectangular

pulse of the form:

I, —Iy<t<y
(t) = .
0, otherwise

Note that the signal is of finite length and corresponds to
one period of the periodic function in Example 4.3. Applying
(5.1) on z(t) yields:
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Define the sinc function:

sinc(u) = sin{ra)

Tu

It is seen that X () is a scaled sinc function:

2sin (€27 QT
X(jQ) = sin @zﬂﬂ@mc(—ﬁ)

(2

T
A A
(1) o, X(j9)
I \
> PN | PN >
T, 0 T, / NN N 0

—7T/T() 7T/T(]

We can see that X (;Q) is continuous in frequency. When the

pulse width decreases, it covers more frequencies and vice
versa.
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Example 5.2
Find the inverse Fourier transform of X(;Q2) which is a

rectangular pulse of the form:

1, — ()
X(jQ){ W << W
0, otherwise
Using (5.2), we get:
o0 WO
1 - 1 - in( Wyt Wi Wit
r(t) = — / X(jQ)ethdQ = — / e/ dQ) = sin(Wof) = —Usinc (—0>
2T 27 7t T T
—00 —W,
A : A
| X(j9) v W\w)
- PN / LN -
W, 0 W, @ © Moo T

—TF/W() W/WO
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Example 5.3
Find the Fourier transform of z(t) = e~ "u(¢) with a > 0.

Employing the property of «(t) in (2.22) and (5.1), we get:

> 1

a— 7€)

X(i0) = —at —thdt _ —(a+7Q)t _ — _
) /e c a+jQ€ s a+J at+ Q7
0

Note that when t — oo, e — 0.

1
X(10Q)] =
X (562) N
and

Z(X(59Q)) = —tan™! (9)

a
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1/a X ()] PR i —_—__7;]41 _______
V2/(2a) = {7/
| | N .
l : - _jab> )
—a () a () =2 m it ST
Example 5.4

Find the Fourier transform of the impulse z(t) = 4(¢) .

Using (2.19) and (2.20) with z(t) = ¢ 7 and t, = 0, we get:

X(5Q) = / o(t)e dt = / 5(t)e 7 0dt = 70 / S(t)dt = e /0 =1

Spectrum of §(¢) has unit amplitude at all frequencies. This
aligns with Example 5.1 when 7;, — 0. On the other hand, at
Ty — oo, z(t) will be a DC and only contains frequency O.
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Periodic Signal Representation using Fourier Transform

Fourier transform can be used to represent continuous-time
periodic signals with the use of §(¢).

Instead of time domain, we consider an impulse in the
frequency domain:

X(5Q) = 2m6(2 — Q) (5.10)
2T T
o Q O

Fig.5.4: Impulse in frequency domain
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Taking the inverse Fourier transform of X (;€2) and employing
the result in Example 5.4, =z(t)is computed as:

o0

1 . _
2(t) = / 218 (2 — Qp)e’dQ) = /! (5.11)

As a result, the Fourier transform pair is:
e/t ¢ 26 (92 — ) (5.12)

From (4.3) and (5.12), the Fourier transform pair for a
continuous-time periodic signal Is:

Z ape’™ Z 2mapd () — kQy) (5.13)

k=—o0 k=—o0
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Example 5.5
Find the Fourier transform of z(¢t) =5 __ 6(t — kT) which is

called an impulse train.

Clearly, z(t) is a periodic signal with a period of 7. Using
(4.4) and Example 5.4, the Fourier series coefficients are:

T/2
1

1 .
aj. — T / 5(t)€ jkﬂotdt = T

T2

with Q, =27 /T. According to (5.13), the Fourier transform is:

o0

X(jQ):Q% Z 5(Q—¢) = (g i 5(Q—k90)

k=—o00 k=—o00
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x(t X(j9)

REREES RN

| | | | | >
-2r -7 0 T 2T l =200 =0 0 Qy 20y O

Properties of Fourier Transform

Linearity

Let z(t) +» X(JQ2) and y(t) < Y (jQ2) be two Fourier transform
pairs. We have:

ax(t) + by(t) <> aX(jQ) + bY (52) (5.14)
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Time Shifting

A shift of ¢, in z(¢) causes a multiplication of ¢=7**0 in X (jQ):
2(t) & X(5Q) = 2t — tg) < eI X (5Q) (5.15)

Time Reversal

2(t) & X(jQ) = x(—t) ¢ X(—5Q) (5.16)

Time Scaling

For a time-scaled version of x(t), z(at) where a # 0 is a real
number, we have:

z(t) < X(jQ) = z(at) < iX (ﬁ) (5.17)

ol \«a
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Multiplication

Let x(t) < X(42) and y(t) « Y (y§2) be two Fourier transform
pairs. We have:

x(t) - y(t) < 217TX(jQ) R Y(jQ) = 2; / XY — 7))dr (5.18)

Conjugation

2(t) & X(jQ) = 2*(t) & X*(—jQ) (5.19)

Parseval’s Relation

The Parseval’s relation addresses the energy of x(t):

/OO z(t)|" dt = L[ X ()| dt (5.20)
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Convolution

Let x(t) < X(42) and y(t) « Y (y§2) be two Fourier transform
pairs. We have:

2(t) @ y(t) & X(GQY (O (5.21)

which can be derived as:

/ x(t) @ y(t)e 7 dt = / / y(t — 7)e 7 drdt

= f / r(T)y(u)e e drdu, u=t—1T

= [ Z :U(T)ejmdfr] - [ /_ Z y(u)eﬁ'%u]
X (78 - Y (58 (5.22)
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Differentation

Differentiating «x(t) with respect to ¢ corresponds to
multiplying X (;52) by 5Q in the frequency domain:

dx(t)
dt

d¥x(t)
dtk

& QX (>Q) = & (X (5Q) (5.23)

Integration

On the other hand, if we perform integration on z(¢), then
the frequency domain representation becomes:

/t z(T)dT < inX(jQ) + X (0)0(€2) (5.24)

— 00
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Fourier Transform and Linear Time-Ilnvariant System

Recall in a linear time-invariant (LTl) system, the input-
output relationship is characterized by convolution in (3.17):

J(t) = a(t) @ At )
— /; x(T)h(t — 7)dT = / h(T)x(t — 7)dT (5.25)

Using (5.21), we can consider (5.25) Iin frequency domain:
y(t) = x(t) @ h(t) > Y (jQ) = X (j)H(j) (5.26)

This suggests apart from computing the output using time-
domain approach via convolution, we can convert the input
and impulse response to frequency domain, then y(i) is

computed from inverse Fourier transform of X (5Q)H(5€2).
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In fact, H(j{2) represents the LTI system in the frequency
domain, is called the system frequency response.

Recall (3.25) that the input and output of a LTI system
satisfy the differential equation:

> a e dtk Zbk_ dtk (5.27)

Taking the Fourier transform and using the linearity and
differentiation properties, we get:

M

Zam} X () {memk} (5.28)

k=0

Y (59)
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The system frequency response can also be computed as:

> b(Q)F
. Y(5Q) =0
H(j$) = X(Q) %f: o (5.29)
ap\J
k=0 k

Example 5.6
Determine the system frequency response for a LTI system
described by the following differential equation:

dy(t)
o Tay(t) = z(t)
Applying (5.29), we easily obtain:
. Y (152 1
H(jQ) = ) _

X)) Q4a
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Discrete-Time Fourier Transform

Chapter Intended Learning Outcomes:

Q) Represent discrete-time signals using discrete-time
Fourier transform

(i)  Understand the properties of discrete-time Fourier
transform

(i) Understand the relationship between discrete-time
Fourier transform and linear time-invariant system
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Discrete-Time Signals In Freqguency Domain

For continuous-time signals, we can use Fourier series and
Fourier transform to study them in frequency domain.

With the use of sampled version of a continuous-time signal
x(t), we can obtain the discrete-time Fourier transform

(DTFT) or Fourier transform of discrete-time signals as
follows.

We start with studying the sampled signal z4(t) produced by
multiplying z(t) by the impulse train i(t) =77 6(t — kT'):

k=—o00

zo(t) = a(t) - i(t) = Y  w(t)(t — kT) (6.1)
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A
x[@q/T T’/ z(t)
. ? ’

-
T loTor - E\th
\
\
\

Fig. 6.1: Continuous-time signal multiplied by impulse train
Using (2.20) and assigning z|k| = z(kT), (6.1) becomes:

z(t) = i r(KT)o(t — kT) = i tko(t — kT)  (6.2)
k=—oc k=—0o0

where z4(t) is still a continuous-time signal, although z|n] is
discrete-time.
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Taking Fourier transform of z,(t) with the use of the
properties of §(t), we obtain:

X,(jQ) = / zs(t)e I Mdt = / Z 5(t — nT)e 7 dt

n=-—00
o0 50 00

= 3 an] / 5(t —nT)e dt = > zfnle /™ (6.3)

n=—00 —< n=—o00

Defining w = Q1" as the discrete-time frequency parameter
and writing X,(jQ2) as X (e/¥), (6.3) becomes

X (e*) = Z z[n]e 7" (6.4)

which is the DTFT of the discrete-time signal x|n|.
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As in Fourier transform, X(e/¥) is also called spectrum and is
a continuous function of the frequency parameter w.

Nevertheless, X (e¥) is periodic with period 27:

X(ejw) _ Z I,[n}e—jwn _ Z aj[n]e—j(w—iﬂkﬂ)n :X(ej(w—i-Qk'W)) (65)

n=—0o0 n=—0oo

for any integer k.

To convert X (e/*) to z[n, we use inverse DTFT:

xn| = %/X(ejw)ej””dw (6.6)
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which is obtained by putting (6.4) into (6.6):

N T . .
— | X(e/)e!"dw = — [Z x[m]ejwm} e’ dw

2T 2T =
] — o
= — x|m] / e el M dw
2 =
_ 1 -~ x[m]z sin((n — m)m)
2T = n—m

Note that sin((n —m)w)/(n —m) =0 if m # n while when m =n,
we have f:r eI elWndyy = f:r dw = 27r.
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time domain

frequency domain

AX(e-”"““)

—3r =27 —w 0 mw 2m

1 f SN
<= Qj[n] = %/X(er)erndw

>
oy,

discrete and aperiodic

continuous and periodic

H. C. So

Fig.6.1: lllustration of DTFT

Page 7

Semester B 2016-2017



As X (V) is generally complex, we can illustrate X (/%) using
the magnitude and phase spectra, i.e., | X (¢/¥)| and Z(X(e¥)):

X ()] = (R{X (e)})? + (S{X (/) })? (6.8)
and
/(X (/%)) = tan™! (;}ﬁgz;zﬁ) (6.9)

where both are continuous In frequency and periodic with
period 2x.

H. C. So Page 8 Semester B 2016-2017



Example 6.1
Find the DTFT of z|n| which has the form of:

x[n] = a"uln|, |a| <1
Using (6.4), the DTFT Is:
X(ejw) _ Z 6 —jwn __ anejwnzz ae jw
n=—ox n=0 n=>0

As |ac¥| =]a| < 1= |ae¥|* =0 and applying the geometric
sum formula, we have
1

X(e") = 1 —ae ¥

where we see that X (e/*) is complex.
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Example 6.2
Find the DTFT of z|n| = d[n|.

Using (6.4), we have
ejw Z 5 —jwn _ —jw-O —1

Analogous to Example 5.4 that the spectrum of the
continuous-time §(¢) has unit amplitude at all frequencies,

the spectrum of §jn| also has unit amplitude at all
frequencies in (—m, ).

Example 6.3

Find the DTFT of z|n| = u[n] — uln — N]. Plot the magnitude and
phase spectra for N = 10 .
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Using (6.4), we have

N—1 o —j _
| 00 B B ij(l_e ij) 1 _ e jwN
X(e) = N apleior = 3 eion = S |
[ —e v [ —e v

n=—oQ n=0

We can also further express X(¢/¥) as:

X(ejw) _ 1 — e JwWN _ e JwN/2 | eJwN/2 _ o—jwN/2 _ e—jw(N—l)/Q | Siﬂ(wN/Q)
T R R sin(w/2
(e’¥)] and Z(X(e’¥)) can be written in closed-
forms as:
X ()] = sin(wN/2)
sin(w/2)
and
- N —1 in(wN/2
£(x(e)) = -2 =1 (Snlwl/2)
2 sin(w/2)
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Although (sin(wN/2)/sin(w/2)) is real, its phase is 7« if it is
negative while the phase is O If it Is positive.

Note that we generally employ (6.8) and (6.9) for
maghnitude and phase computation.

In using MATLAB to plot | X (e/)] and Z(X(e’*)), we utilize the
command sinc so that there is no need to separately
handle the “0/0” cases due to the sine functions. Recall:

sin(7u)

sinc(u) =
Tu

As a result, we have:

sin(whN/2)  sin(w-Nw/(27)) w-Nm  wr/(2m) 2
sin(w/2) w- Nm/(2m) 2 sin(wn/(27)) wm
| sinc(wN/(2m))
sinc(w/(2m))
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The key MATLAB code for N =10 is

N=10; %N=10

w=0:0.01*p1:2*p1; %successive frequency point
%separation 1s 0.01pi

dtft=N_.*sinc(w.*N./2_./p1)./7(sinc(w./2./p1)) - *exp(-

J-*w.*(N-1).72),; %define DTFT function

subplot(2,1,1)

Mag=abs(dtft); %compute magnitude
plot(w./pi , Mag); %plot magnitude
subplot(2,1,2)

Pha=angle(dtft); %compute phase
plot(w./pi1,Pha); %plot phase

There are 201 uniformly-spaced points for plotting the
continuous functions | X (e/“)| and Z(X (e/¥)).
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Example 6.4
Find the inverse DTFT of X(¢/%) which is a rectangular pulse.

Within the period of [, 7], X(¢’¥) has the form of:

X( jw) I, —wy <w < wy
(& —
0, otherwise

where 0 < wy < 7.

Using (6. 6) we get:

z|n] =3 /X (/e dw = — / e dw = sin{won) — Dine (%)
m

mn s v

That is, z|n] is an mﬂmte—duratlon sequence whose values
are drawn from a scaled sinc function.

Note also that z|n| corresponds to the discrete-time version
In Example 5.2.
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Example 6.5
Given a discrete-time finite-duration sinusoid:

zin] =2cos(0.5mn+1), n=0,1,---,20

Find the tone frequency using DTFT.

Consider the continuous-time case first. According to
(5.10), the Fourier transform pair for a complex continuous-
time tone of frequency () Is:

eIt ¢ 215 (Q — Q)

That is, )y can be found by locating the peak of the Fourier
transform. Moreover, a real-valued tone cos({)t) is:

cos(S2pt) = 5
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This means that , and —¢; can be found from the two
iImpulses of the Fourier transform of cos({t).

Analogously, we expect that there are two peaks which
correspond to frequencies 0.5m and —0.57 in the DTFT for x|n/.

The MATLAB code is

N=21; %number of samples i1s 21
A=2; %tone amplitude 1s 2
w=0.5*p1I; %frequency 1s 0.5*pi

p=1; %phase 1s 1

n=0:N-1; %define a vector of size N
x=A*cos(W*n+p); %generate tone

for k=1:2001 %frequency i1ndex K

w=(k-1)*p1/1000; %frequency interval of [0,2pi];
%compute DTFT at frequency points w only
e=(exp(-*w.*n))."; %construct exponential vector
X(K) = x*e;

end
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X=abs(X); %compute magnitude
k=1:2001;

=(k-1)./1000;

plot(f,X)

Note that X(e’¥) is continuous in w and we cannot compute
all points. Instead, here we only compute X(e/) at
wy = 2wk /1000 for £ =0,1,---,2000. That is, k corresponds to
frequency w=(k-1)*pi1/1000.

With the use of max(abs(X)), we find that the peak
magnitude corresponds to the index k=501, then the signal
frequency iIs correctly determined as:

501 — 1

1000 T = 0.0
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Properties of DTFET

Linearity

If 2[n] < X (e/¥) and z;[n] < X5(e/*) are two DTFT pairs, then:

axi[n] + bzsn] < aX(e!V) + b X5 (e) (6.10)

Time Shifting

A shift of n, in z[n] causes a multiplication of e /%™ in X (e/*):

z[n] < X(e/¥) = z[n — ngl < e 7YX () (6.11)

Time Reversal

The DTFT pair for z|—n| is given as:

z[n] < X(e/¥) = z[—n| + X(e™¥) (6.12)
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Multiplication

Multiplication in the time domain corresponds to convolution
In the frequency domain:

z1[n]-zo[n] < X1(e™)@Xo(el?) = / X1(e/M) Xo(e! " Ndr (6.13)

where © denotes convolution within one period.

Conjugation

The DTFT pair for z*|n] is given as:

z[n] < X(e/¥) = 2*[n] < X*(e77¥) (6.14)
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Multiplication by an Exponential Sequence

Multiplying z[n] by ¢/“*" in time domain corresponds to a shift
of wy In the frequency domain:

z[n] <> X () = el“mg[n] < X (/@) (6.15)

Differentiation

Differentiating X(e’¥) with respect to w corresponds to
multiplying z|n| by n:

AdX(e!?)

z[n] < X(e/¥) = nxn] < j o (6.16)

Parseval’s Relation

The Parseval’s relation addresses the energy of z|n|:

n;@ 2n]|” = %/ X ()] dw (6.17)
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With the use of (6.6), (6.17) is proved as:

> lefll” = ) alnfatn]
= Z x|n %/X(ejw)ejw”dw
— % X*(e?*) ( Z x[n]ejm) dw

1 / INE
:§/‘X(63 )|” dw

H. C. So Page 23
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Convolution

If 2[n] < Xi(e/¥) and xs[n] < X5(e’¥) are two DTFT pairs, then:
1[n] @ @a[n] < X1 (/) Xy(e?) (6.19)

which can be derived as:

g r1n] ® xa|n e I — S S x1lmlzoln — mle 74"

_ > >J —jw(k—|—’m)j kL—=n —m
= aﬁl[m]e_jwm : Ig[k]e_jwk
> pa

— X&) - Xo(e?¥) (6.20)
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DTEFT and Linear Time-Invariant System

Recall in a discrete-time LTI system, the Iinput-output
relationship is characterized by convolution in (3.11):

yln|] = x[n] @ hin]

o O

= Y almlh[n—m] = Y h[m]z[n — m] (6.21)

m—=—00 m=—0aco

Using (6.19), we can consider (6.21) in frequency domain:
y[n] = z[n] ® hin| + Y(e/¥) = X (e/¥)H(e/¥) (6.22)

This suggests apart from computing the output using time-
domain approach via convolution, we can convert the input
and impulse response to frequency domain, then y|n| is

computed from inverse DTFT of X (e/*)H (e/¥).
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In fact, H(e/¥) represents the LTI system in the frequency
domain, is called the system frequency response.

Recall (3.22) that the input and output of a discrete-time
LTI system satisfy the difference equation:

N M
Z aryln — k| = Z brrin — k] (6.23)
k=0 k=0

Taking the DTFT and using the linearity and time shifting
properties, we get:

N
Y (e Za elF = X (e/¥) Zb e/t (6.24)

k=0
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The system frequency response can also be computed as:

M
E :bkﬁjwk
k=0

H(ejw):)};ij;% = (6.25)
apelr
; 1

Example 6.6
Determine the system frequency response for a causal LTI

system described by the following difference equation:

yln] = 0.1y[n — 1] + z[n| + x[n — 1]

Applying (6.25), we easily obtain:

. » . » . 1+e v
Y(e/) (1—0.1e7?) = X(e/*) (1+e %) = H(e) = =T
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Example 6.7

The moving average (MA) is In fact a LTI system. Consider
the close price of Dow Jones Industrial Average (DJIA)
iIndex as input z[n] and the output y[n| is the 20-day MA.
Establish the input-output relationship using a difference
equation. Then compute the system impulse response and
frequency response. Plot the system magnitude frequency
response.

In stock market (or other applications), future data are
unavailable. The best we can do is to use the today value
and close prices of previous 19 trading days Iin MA
calculation, that is:
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Following Example 3.18, we can easily deduce the impulse
response as:

1 1
hin] = 2—0(5[n] +0n—14+---+dn—19]) = %Z(S[n— k|
Applying (6.25), the system frequency response is:

19

. 1 :
H(el*) = 20 Z g Jwk
k=0

From the magnitude plot, the frequency Is concentrated

around the DC. It is called a lowpass filter (also for Example
6.3).

From Fig. 1.11, we see that low-frequency components
(smooth part) are kept while high-frequency components
(fluctuations) are suppressed In the system output.
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The MATLAB code for the plot is provided as ex6_7.m.
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Sampling and Reconstruction

Chapter Intended Learning Outcomes:

Q) Convert a continuous-time signal to a discrete-time
sighal via sampling

(i) Construct a continuous-time signal from a discrete-
time signal

(i) Understand the conditions when a sampled signal can
unigquely represent its continuous-time counterpart
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Sampling

Process of converting a continuous-time signal z(¢) into a
discrete-time signal z|n].

z[n] IS obtained by extracting z(¢) every T's where T is known
as the sampling period or interval.

sample at
© L el = 2laT)
x(t xin| = x(nl’
> o\c >
analog discrete-time
signal signal

Fig.7.1: Conversion of analog signal to discrete-time signal

Relationship between xz(t) and x|n] is:

zn] = x(t)|jpr = (nT), n=---—1,0,1,2,--- (7.1)
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Conceptually, conversion of z(t) to z|n] is achieved by a

continuous-time to discrete-time (CD) converter:
CD converter

(t) z,(t) | Impulse train | | z[n]
— to sequence >
conversion

Fig.7.2: Block diagram of CD converter
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A fundamental question is whether z[n] can uniquely
represent z(t) or if we can use x|n| to reconstruct z(t).

Fig.7.3: Different analog signals map to same sequence
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But, the answer is yes when:

(1) =z(t) is bandlimited such that its Fourier transform
X(59) =0 for |©2| > € where Q, is called the bandwidth.

(2) Sampling period T is sufficiently small.

Example 7.1
The continuous-time signal z(t) = cos(2007t) is used as the

input for a CD converter with the sampling period 1/300 s.
Determine the resultant discrete-time signal z|n| .

According to (7.1), z[n|is

2
z(n| = x(nT') = cos(200n7T") = cos (%) Con=---—1,0,1,2,---

The frequency in z(t) is 2007 rads™* while that of z[n] is 27 /3.
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Freguency Domain Representation of Sampled Signal

In the time domain, z,(¢) is obtained by multiplying x(t) by
the impulse train i(t) =>"," __ §(t — kT). From (6.2), we have:

o0

() = z(t) i 5(t —kT) =Y  x[k]o(t — kT) (7.2)

k=—0o0 k=—0o0

Let the sampling frequency in radian be Q,=2x/T (or
Fy=1/T =Q,/(2m) in Hz). From Example 5.5, we have:

1(5Q) = Q, i 5(92 — kS (7.3)

k=—oc0
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Using multiplication property of Fourier transform in (5.18):

x1(t) - xo(t) <> %Xl(]Q) R Xo(jQ) = / X1(7) X5 (2 = 7))dr(7.4)

where the convolution operation corresponds to continuous-
time signals.

Using (7.2)-(7.4) and the properties of 6(t), X(yQ2) is
determined as follows:
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X, = o [ 1GrIX (@~ )dr
_ %: (Q ki@@ 5(t — kQS)) X(j(Q2—7))dr
_ %ki (]OX(]'(Q —7))5(r — kQS)dT)
_ %ki@){(] (Q — k) ( Z 5(7 — kQS)d’r)
_ % i X((Q = k) (7.5)

which is the sum of infinite copies of X(;2) scaled by 1/T..
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When €2, iIs chosen sufficiently large such that all copies of
X(Q)/T do not overlap, that is, 2, — € > Q, or Q, > 20, we
can get X (j2) from X (59).

| lxGo)
\ » |

I(j) —Q. QQ a

QA
T T Qb Q _
- >

— () 0 Q 202 ()

Fig.7.4: X,(jQ) = X(4Q) ® I(392) for sufficiently large (2,
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When 2, Is not chosen sufficiently large such that Q) < 20,
copies of X (;Q)/T overlap, we cannot get X(5Q2) from X,(512),
which is referred to aliasing.

1 1 XQ)
Xs(j9)
_ _ o !
— 0 Q) \ /\? AN /N /NS
I 'Q | //\\ | //\\ //\\ | //\\ | //\\ | //\\ | .
(7€) —20, —Q, 0\ Q. 20, 30, 40, O
O, 4
1T
! >

—2Q, —Q 0 Qg 20 30, 40, O

Fig.7.5: X,(jQ) = X(Q) ® I(;2) when €, is not large enough
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These findings can be summarized as sampling theorem:
Let x(t) be a bandlimited continuous-time signal with
X)) =0, [Q =1 (7.6)

Then z(¢) is uniquely determined by its samples z|n| = x(nT),
n=---—1,01,2,-- if

)
QS:%>2§25 (7.7)

In order to avoid aliasing, the sampling frequency must
exceed 2().
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Application fo=/(2m) | fs = Qs/(2r)
Biomedical < 500 Hz 1 kHz
Telephone speech |< 4 kHz 8 kHz
Music <20 kHz |44.1 kHz
Ultrasonic < 100 kHz |250 kHz
Radar < 100 MHz 200 MHz

Table 7.1: Typical bandwidths and sampling frequencies In
sighal processing applications

Example 7.2
Consider the continuous-time signal x(t):

x(t) = 1 4 sin(20007t) 4 cos(40007t)
Determine minimum sampling frequency to avoid aliasing.

The frequencies are 0, 2000r and 40007 . The minimum
sampling frequency must exceed 80007 rads™'.
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A

X.(9)
0 / \szé

—(), 2, O
S-Zh Qs — Qb
H(j2)
T Qp < Q. < Qs —
/ >
-, 0 Q. ()

X, (59

—{2 b

0

Fig.7.6: Multiplying X,(;Q) by H(j)) to recover X ()

In frequency domain, we multiply X(;Q) by H(j) with
amplitude T and bandwidth €. with @, < Q. < Q,—€,, to
it corresponds to z.(t) = x4(t) ® h(t) ,

obtain X,(52) , and
according to (5.26).

H. C. So
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Reconstruction

Process of transforming x|n| back to z(¢) via a discrete-time
to continuous-time (DC) converter.

DC converter

z[n] sequence to ,(t) z,(t)
—r= Iimpulse train —— H(jQ) >
conversion

Fig.7.7: Block diagram of DC converter
From Fig.7.6, the requirements of H(;()) are:

H(jQ)—{T’ —. < <), (7.8)

0, otherwise

where (), < Q. < Q, — €, which is a lowpass filter.
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For simplicity, we set (). as the average of ¢, and (2, — ():

0, = (7.9)

Q.
2 T

To get the impulse response h(t), we take inverse Fourier
transform of H(j¢2) or use Example 5.2:

00 /T

. - 1 - Tsin(mt/T
ht) = — [ H(jQ)eMdQ) = — / Tt dQ) = sin(rt/T)
2 2m 7t
X —n/T
ne (- (7.10)
— SIIC | — _
T

where sinc(u) = sin(wu)/(7u).
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Using (7.2)

(1)

which holds for all

H. C. So

and the properties of (),

z.(t) IS:

= x4(t

(k
00
00

® h(t)

)
i 2[k)5(t — kT)) @ h(t)

i zlklo(t — ET)h(t — T)dT

k=—0oc

-

0.0

= Y a[k]h(t — kT)

k=—o00

_ i x[k]sinc (t _TkT>

k=—00

real values of ¢.

Page 16
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The interpolation formula can be verified at t = nT':

>0

r.(nT) = Z x|klsinc (n — k) (7.12)

It Is easy to see that

sinc (n — k) = = =0, n#k (7.13)
For n = k, we use L'Hopital’s rule to obtain:
| d sin (mm)
sinc(0) = lim sin (m) = lim — 41— iy ™ cos(m) =1 (7.14)
m—0 mT m—0 dmm m—0 I
dm
Substituting (7.13)-(7.14) into (7.12) yields:
z.(nT) = x|n| = z(nT) (7.15)

which aligns with z.(t) = z(t).
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Example 7.3
Suppose a continuous-time signal x(t) = cos({yt) is sampled at

a sampling frequency of 1000Hz to produce x[nl:
mn
x|n| = cos (I)

Determine 2 possible positive values of ,, say, (; and (.
Discuss if cos(€2,t) or cos(£2:t) will be obtained when passing

z|n| through the DC converter.

According to (7.1) with 7' = 1/1000 s:

™ Qon

cos (71) = sln] = (nT) = cos (1%

(2, I1s easily computed as:

m™m  n 10007
_ =

= = = 2507
4 1000
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(2, can be obtained by noting the periodicity of a sinusoid:

(Wn) (W'n Lo ) 91N Qon
cos | — | = cos | — nw) = — | = —
1 1 P\ "\ 1000

As a result, we have:

97T_n B Con N - 9000w 5950
41000 T e
This is illustrated using the MATLAB code:
01=250*p1; %First frequency
02=2250*p1; %second frequency

Ts=1/100000;%successive sample separation 1s 0.01T
t=0:Ts:0.02;%0observation interval

x1=cos(01l.*t); %tone from first frequency
x2=cos(02.*t); %tone from second frequency

There are 2001 samples Iin 0.02s and interpolating the
successive points based on plot yields good approximation.
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0.8f 4

0.6 4

T
|

0.4

0.2

T
|

0.4} ——© x| -

-0.61 .

Fig.7.8: Discrete-time sinusoid
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0.4}

0.2

-0.2

-0.4

08H

06 L H

06F |

0 0.005

Fig.7.9: Continuous-time sinusoids
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Passing x[n] through the DC converter only produces cos(€);t)
but not cos({t).

The signal frequency of cos(2:t) is 22507 rads~' and hence the
sampling frequency without aliasing is €2, > 45007.

Given F,=1000 Hz or ,=2000r rads ', cos({%t) does not
correspond to z|n|.

We can recover z.(t) = cos({1t) because the signal frequency
of cos(Qt) is 2507 rads™', and Q, = 20007 > 2 - 2507.

Based on (7.11), z,(t) = cos({24t) iS:

2, (t) = i 2[K]sinc (t —TkT) N i ki (t —TkT)

k=—o00 k=—10

with 7' = 1/1000 s.

H. C. So Page 22 Semester B 2016-2017



The MATLAB code for reconstructing cos(§2,t) IS:

n=-10:30; %add 20 past and future samples
x=cos(pi.*n./4),;

T=1/1000; %sampling interval 1s 1/1000
for 1=1:2000 %observed i1nterval 1s [0,0.02]

t=(1-1)*T/100;%successive sample separation is 0.01T
h=sinc((t-n.*T)./T);

xXr()=x*h_."; %approximate interpolation of (7.11)
end

We compute 2000 samples of z.(t) in t € [0,0.02]s.

The value of each z,(t) at time t is approximated as x*h.
where the sinc vector Is updated for each computation.

The MATLAB program is provided as ex7_3.m.
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0.4 i

0.2 i

-0.2 .

-0.4 .

-0.6 .

X (1)
0.8 i .

-1 I ] |
0 0.005 0.01 0.015 0.02

t

Fig.7.10: Reconstructed continuous-time sinusoid
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Z Transform

Chapter Intended Learning Outcomes:
Q) Represent discrete-time signals using z transform

(i)  Understand the relationship between z transform and
discrete-time Fourier transform

(i) Understand the properties of z transform

(iv) Perform operations on 2z transform and inverse :z
transform

(v) Apply z transform for analyzing linear time-invariant
systems
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Discrete-Time Signal Representation with z Transform

Apart from discrete-time Fourier transform (DTFT), we can
also use z transform to represent discrete-time signals.

The z transform of z[n], denoted by X(z), is defined as:

X(z) = Z rnlz™" (8.1)

n=—0oo

where 2 Is a continuous complex variable.
We can also express z as:
z = re/¥ (8.2)

where r = |z| > 0 is magnitude and w = Z(z) is angle of z.

H. C. So Page 2 Semester B 2016-2017



Employing (8.2), the z transform can be written as:

p=Xre)= 3 (alnr ) e (8:3)

n=—~oo

Comparing (8.3) and the DTFT formula in (6.4):

o0

X(e¥) = Z z[n]e 7" (8.4)

n=—oo

That is, z transform of z[n| is equal to the DTFT of z[n|r—".

When r=1o0r z =¢¥, (8.3) and (8.4) are identical:

= X(e/¥) = Z x[n}e_jm (8.5)

nN=—0o0

X(2)]

o= ejw
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That is, z transform generalizes the DTFT.

R
unit circle
z|=r=1

z-plane

Fig.8.1: Relationship between X (z) and X (e/¥) on the z-plane
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Region of Convergence (ROC)

ROC indicates when z transform of a sequence converges.

Generally there exists some z such that

o0

X(2)| =) =zn]z™"| = oc (8.6)

n=—0oQ

where the z transform does not converge.

The set of values of z for which X (z) converges or

X (2)| = Z xin|z7"| < Z ‘az[n]z_”‘ < 00 (8.7)

n=—oo n=—oo

Is called the ROC, which must be specified along with X(z) in
order for the z transform to be complete.
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Note also that if

[ X(e2)| =1 ) alnle"| = oo (8-8)

n=——0oc

then the DTFT does not exist. While the DTFT converges if

0.0 o0

X ()] = [ anle | < D7 Jafnle ) = Y Jan]] < 0o (8.9)

n=——~oao n=——oo n=——~oo

That is, it is possible that the DTFT of z[n| does not exist.

Also, the z transform does not exist If there is no value of z
satisfies (8.7).
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Assuming that z[n| is of infinite length, we decompose X (z):

where

and

Let f.(z) = xn]z7", X, (z) is expanded as:

H. C. So

Xi(2)

z[0]z7" + 2[l]z 7 4 an]e T

fo2)+ fi(z) + -+ fulz) + -

Page 7

(8.10)

(8.11)

(8.12)

(8.13)
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According to the ratio test, convergence of X, (z) requires

fn+1(2’)

lim
n—o0

<1 (8.14)

Let lim |z[n + 1]/z[n]| = R. > 0. X, (z) converges if

nN—o0
1]z—n—1 1
o el o) DN U | YT
n—00 x[n]z—n n—00 gj[n]
1
= |2| > lim zln + ]| — R, (8.15)
n—r00 Qj[n]

That is, the ROC for X (z) IS |z]| > R,.
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Let lim |z[-m]/z[-m — 1]| = R_ > 0. X_(z) converges if

m—00
L —1 m+1 L —1
lim zl=m — 1]z = lim zl=m — 2| < 1
M—00 x[—m]zm mM—00 m[—m}
R il B (8.16)
m—00 :L'[—m — 1]

As a result, the ROC for X_(z)is|z| < R_.
Combining the results, the ROC for X(z)is R, < |z| < R_:

* ROC is aring when R, < R_

* No ROC if R_ < R, and X (z) does not exist
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z-plane z-plane
X_(2) X(z)
Fig.8.2: ROCs for X . (z), X_(z) and X(z)

Poles and Zeros

Values of z for which X(z) = 0 are the zeros of X (z).

Values of z for which X(z) = oo are the poles of X(z).
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Example 8.1
In many real-world applications, X(z) is represented as a

rational function in z—!:

M
E bkz_k
k=0

_P()
BNOTE S
k=0 k

Discuss the poles and zeros of X (z).

Multiplying both P(z) and Q(z) by ™ and then perform
factorization yields:
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M
k=0

B - V(2 —dy)(z—dy) - (2 — du)
- N

ZMZakZN—k
k=0

B ZMao(z — )z —c) - (2 — cn)

X(z)

We see that there are A nonzero zeros, nhamely,
dy,dy, -+ ,dy, and N nonzero poles, namely, c,c, -+, cy.

If M > N, there are (M — N) poles at zero location.

On the other hand, if M < N, there are (N — M) zeros at zero
location.

Note that we use a “o” to represent a zero and a “x” to
represent a pole on the z-plane.
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Example 8.2
Determine the z transform of z|n] = a"uln] where u|n] is the

unit step function. Then determine the condition when the
DTFT of x|n] exists.

Using (8.1) and (2. 34) we have

X()= Y atulnl: =Y (o

n=—00 n=0

According to (8.7), X (z) converges if

cO

Z ‘az_l‘n < o0

n=>0
Applying the ratio test, the convergence condition is
laz7t <14 |z| > |a
which aligns with the ROC for X.(z) in (8.15).
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Note that we cannot write |z| > a because ¢« may be complex.

For |z| > |a|, X(z) Is computed as

> i 1—(@2_1)00 1 Z
X(z):Z(az 1) T T 1—az! l1—az! z-—a

n=0

Together with the ROC, the z transform of z[n| = a"u[n| iS:

X(z)=——, |2 >|q

<z — a

It is clear that X(z) has a zero at - =0 and a pole at z = a.
Using (8.5), we substitute z = ¢’“ to obtain

. Juw .
X(e*) = oy 1e¥1=1>1d

As a result, the existence condition for DTFT of z[n] is |a| < 1.
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Otherwise, its DTFT does not exist. In general, the DTFT
X (e/¥) exists if its ROC includes the unit circle. If |z| > |a|
includes |z| =1, |a| < 1 1S required.

5 Q)

7

lal] <1

7

)
\/

%

o

la| > 1

Fig.8.3: ROCs for |a| < 1 and |a| > 1 when z|n]| = a"u|n]
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Example 8.3
Determine the :z transform of z[n|=-a"u[-n—1] . Then

determine the condition when the DTFT of z[n| exists.

Using (8.1) and (2.34), we have

n=—00 m=1 m=1

Similar to Example 8.2, X(z) converges if |a~'z| <1 or|z| < |a],
which aligns with the ROC for X _(z) in (8.16). This gives

>~ m a 'z (1— (a,_lz)oo) alz 2
X(z)=— )" = — = — =
(%) — (a7 2) 1 —alz l—alz z-—a
Together with ROC, the z transform of z|n| = —a"u|—n — 1] iS:
<
X(z) = 2zl < al

<z — a
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Using (8.5), we substitute =z = ¢’“ to obtain

el

X(e¥)=—— [ =1<

(€)= ——, |e*|=1<dl

As a result, the existence condition for DTFT of z|n]is |a| > 1.
3 3

2, ///

v
/

z-plane z-plane

ja| <1 la] > 1

Fig.8.4: ROCs for |a| < 1 and |a| > 1 when z|n] = —a"u[—n — 1]
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Example 8.4
Determine the z transform of z[n] = a"u[n| + b"u|—n — 1] where

jal < 1b].

Employing the results in Examples 8.2 and 8.3, we have

1 1
X(z) = _
A = oo+ (1) - >l and <o
B (a —b)z7!
C (1—azH)(1—bzY
a—b)z
@02 g < el < o

T (z—a)(z—b)

Note that its ROC agrees with Fig. 8.2.
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Example 8.5
Determine the z transform of z[n| = d[n + 1].

Using (8.1) and (2.33), we have

X(z) = Z on+ 127" =z

Example 8.6
Determine the z transform of x|n| which has the form of:

2[n] = a", 0 <n<N-—-1
10, otherwise

Using (8.1), we have

i, , 1 — (az_l)N 1 7V —al

N—1

< < — a

H. C. So Page 19 Semester B 2016-2017



Finite-Duration and Infinite-Duration Sequences

Finite-duration sequence: values of z[n| are nonzero only for
a finite time interval.

Otherwise, x|n] is called an infinite-duration sequence:

Right-sided: if z[n]=0 for n < N, <oo where N, is an
integer (e.g., z(n| = a"uln| with N, =0; z[n] = a"uln — 10] with
N, =10; z[n] = auln + 10] with N, = —10).

Left-sided: if zn]=0 for , ~ N -~ _oc Where  is an
integer (e.q., z[n| = —a"u|—n — 1] with xy — _1).

Two-sided: neither right-sided nor Ileft-sided (e.q.,
Example 8.4).
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Fig.8.6: Infinite-duration sequences
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Sequence Transform ROC

d|n] 1 All z

dln — m] L= 2| >0, m>0; |z| <oo, m<0
! 2| > |al

a"u[n] 1 —az!
1

—a"u[-n —1] |[1—az™! 2| < |al
az !

na"u|n| (1—az"1) 2 > al
az !

—na"u[—n — 1] (1 — gz—1)’ 2] < lal

a" cos(bn)u|n]

1 — acos(b)z™!

1 —2acos(b)z=! 4+ a2~

2| > |a

a" sin(bn)un]

asin(b)z

—1

1 —2acos(b)z=! 4+ a2~

2| > |a

Table 8.1: z transforms for common sequences

H. C. So
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Summary of ROC Properties

P1. There are four possible shapes for ROC, namely, the
entire region except possibly » =0 and/or z = o0, a ring, or
Inside or outside a circle In the z-plane centered at the
origin (e.g., Figures 8.6 and 8.7).

P2. The DTFT of a sequence z[n| exists if and only if the ROC
of the z transform of z|n] includes the unit circle (e.g.,
Examples 8.2 and 8.3).

P3: The ROC cannot contain any poles (e.g., Examples 8.2
to 8.4).

P4: When z[n]is a finite-duration sequence, the ROC is the

entire z -plane except possibly z=0 and/or z=o (e.g.,
Examples 8.5 and 8.6).
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P5: When z[n|is a right-sided sequence, the ROC is of the
form |z| > |pnx| Where p,.. IS the pole with the largest
magnitude in X(z) (e.g., Example 8.2).

P6: When z[n| is a left-sided sequence, the ROC is of the
form |z| < |ppnin| Where p., iIs the pole with the smallest
magnitude in X(z) (e.g., Example 8.3).

P7: When z[n] is a two-sided sequence, the ROC is of the
form |p,| < |z| < |ps| Where p, and p, are two poles with the
successive magnitudes in X(z) such that |p,| < |p| (e.g.,
Example 8.4).

P8: The ROC must be a connected region.

Example 8.7
A z transform X (z) contains three poles, namely, a, b and ¢

with |a| < |b] < |c|- Determine all possible ROCs.
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H. C. So

z-plane

[ < 2] <]

Fig.8.7: ROC possibilities for three poles
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Properties of z Transform

Linearity

Let z1|n| < Xi(z) and z3n] <> X3(z) be two z transform pairs
with ROCs R, and R,,, respectively, we have

axi[n] + bxsn] <> aX1(z) + bX,y(2) (8.17)

Its ROC is denoted by R, which includes R,, N'R,, where N is

the intersection operator. That is, R contains at least the
Intersection of R, and R,..

Example 8.8
Determine the z transform of y|n]| which is expressed as:

yln] = x1[n] + xa[n]

where z[n] = (0.2)"u[n| and xy[n| = (—0.3)"uln].
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From Table 8.1, the z transforms of z,|n| and z,/n| are:

1
= (0.2)" 0.2
win] = (02)"uln] & ————, 2] >
and
1
= (—0.3)" < > 0.3
rofn) = (<03)"uln] & . [

According to the linearity property, the z transform of y[n] is

1 1

Y —
) =T T T30

2| > 0.3
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Example 8.9
Determine the ROC of the z transform of z[n] which is

expressed as:
z|n| = a"uln| — a"uln — 1]
Noting that a"u|n| — a"uln — 1] = d|n|, we know that the ROC of
z|n] IS the entire z-plane.
On the other hand, both ROCs of «"uln|] and a"u[n — 1] are

z| > |a|] . We see that the ROC of z[n] contains the
Intersections of a"u[n] and a"u|n — 1], which is |z| > |al.

Time Shifting
A time-shift of n, in x|n] causes a multiplication of z=™ in X(z)
xln —no) < 27X (2) (8.18)

The ROC for zn —ny| Is basically identical to that of X(z)
except for the possible addition or deletion of z =0 or z = .
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Example 8.10
Find the z transform of z[n| which has the form of:

r[n] = a" luln — 1]

Employing the time shifting property with ny =1 and:

a"u[n] <> : , |z > |af
1 —az!
we easily obtain
1 7!
-1 -1 _
a" tuln — 1] < z el m 2| > |a|

Note that using (8.1) with |z| > |a| also produces the same
result but this approach is less efficient:

00 00 . _1&2_1 1 — az‘l 00 2_1
X(z) = Z a" 2" =a"" Z (az‘l) = q [ ( ) ] _

n=1 n=1

1 —az! 1 —az!
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Multiplication by an Exponential Sequence

If we multiply z|n] by z in the time domain, the variable 2
will be changed to z/z, in the z transform domain. That is:

zix|n| < X(z/2) (8.19)
If the ROC for z|n|is R, < |z| < R_, then the ROC for z/z|n|is
’ZO’R+ < |Z’ < ’ZU‘R_.

Example 8.11
With the use of the following z transform pair:
1
1 — 27V

Find the 2 transform of z[n| which has the form of:

12| > 1

x|n| = a" cos(bn)u|n]
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Noting that cos(bn) = (¢/"" + 77" /2, x[n] can be written as:

1 TN 1 AN
rn] = 5 (a,ejb) u|n] +§ (ae jb) uln]
By means of the property of (8.19) with the substitution of

20 = ae’’ and z, = ae™7’, we obtain:

(ae") ufn] ¢ 5t L >
— \ae umn — . = — : < a
2 21 — (z/(ae?®)=1 21 — aetbz=V
and
1 - 1 1 1 1
~ (ae )" uln] < = = — >
 (ae™) uln] & 51— 2 lac )1~ 21— a1 Pl la
By means of the linearity property, it follows that
1 1 1 1 1 — acos(b)z™?
X(z) 2] > |al

— - —|— - . — ¢ 9
21 —aelbz=1 21 —ae=z=1 1 —2acos(b)z=! + a?z72

which agrees with Table 8.1.
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Differentiation

Differentiating X(z) with respect to =z corresponds to

multiplying z[n| by n in the time domain:

dX(z)
dz

The ROC for nz|n| is basically identical to that of X (z) except
for the possible addition or deletion of z =0 or z = oc.

nx(n| <> —z

(8.20)

Example 8.12
Determine the z transform of x|n| = na"u|n|.

We have:
1

n H
@"uln 1 —az"V

2| > |a|
and
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d(l—az"1) dz (1—az")

dz \1 —az~ - -

d ( 1 ) d (1 — az‘l)_l d (1 — az‘l) az 2
1 .

By means of the differentiation property, we obtain:
CLZ_2 CLZ_1
nauln] <> —z - — > = 5, 2] > |a)
(1—az"1)" (1—az"1)

which agrees with Table 8.1.

Conjugation

The z transform pair for z*[n| is:
z*[n] < X*(z¥) (8.21)
The ROC for z*|n] is identical to that of x|n].
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Time Reversal

The z transform pair for z|—n] is:
z[—n] < X(z7h (8.22)

If the ROC for z[n|is R, < |z|] < R_, the ROC for x|—n]is
1/R_ < |Z’ < 1/R_|_.

Example 8.13
Determine the z transform of z[n| = —na™"u|—n|.

Using Example 8.12:

—1

az
nau[n| < 5. |z > |a
(1 —az"1)
and from the time reversal property:
—1.—1
X(2)= = |z[ < o]

(1— a,z)2 (1— a‘12_1)2
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Convolution

Let z1\n] + Xi(z) and asn] + X5(z) be two 2z transform pairs
with ROCs R, and R,,, respectively. Then we have:

z1|n] @ @a[n| > Xi(2)Xs(2) (8.23)
and its ROC includes R, NR,,.

The proof is given as follows.

Let

y[n] = z1[n] © [n le zoln — k (8.24)

k=—00
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With the use of the time shifting property, Y (z) is:

Y(z) = Z Z xq|k|xoln — k|| 27"

= X1(2)Xa(2) (8.25)
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Causality and Stability Investigation with ROC

Suppose h|n] Is the impulse response of a discrete-time
linear time-invariant (LTl) system. Recall (3.19), which is
the causality condition:

hln] =0, n<0 (8.26)

If the system is causal and h|n|is of finite duration, the ROC
should include oo (See Example 8.5 and Figure 8.5).

If the system is causal and h|n|is of infinite duration, the
ROC is of the form |z| > |p..| and should include oo (See
Example 8.2 and Figure 8.6). According to P5, h|n] must be
a right-sided sequence.
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Example 8.14
Consider a LTI system with impulse response i[n]:

h[n] = a"Yuln + 10]
Discuss the causality of the system.

According to (8.26), the system is not causal. Although it is
a right-sided sequence, the ROC of H(z) does not include oc:

0.@)

H(z)= Y a"uln+10]z"" = a" ((g) o (g) T )

n=—ao<

where z cannot be equal to oc for convergence.
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Applying the time shifting property, we get:

1 ZlO le

a" Ouln + 10] < 2. — —
| | l—az7! 1—az7! z—a

|2l > ]

The numerator has degree 11 while the denominator has
degree 1, making the ROC cannot include oc.

Generalizing the results, for a rational H(z), it will be a
causal system if its ROC has the form of |z| > |p..| and the

order of the numerator is not greater than that of the
denominator.

Recall the stability condition in (3.21):

i |h[n]| < o0 (8.27)

n=—oo
H. C. So Page 40 Semester B 2016-2017



Based on (8.9), this also means that the DTFT of A[n] exists.

According to P2, (8.27) indicates that the ROC of H(z)
should include the unit circle.

Example 8.15
Consider a LTI system with impulse response h[n]:

h[n] _ an+1(1u[n 4 10]

Discuss the stability of the system.

Using the result in Example 8.14, we have:

ZlO

H(z) = 2| > al

1 —azV
That is, if |[a| < 1, then the system is stable. Otherwise, the

system is not stable.
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Inverse z Transform

Inverse z transform corresponds to finding xz[n| given X(z)
and its ROC.

The z transform and inverse :z transform are one-to-one
mapping provided that the ROC is given:

z(n| < X(2) (8.28)

There are 4 commonly used techniques to evaluate the
Inverse z transform. They are

1. Inspection

2. Partial Fraction Expansion

3. Power Series Expansion

4. Cauchy Integral Theorem
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Inspection

When we are familiar with certain transform pairs, we can
do the inverse z transform by inspection.

Example 8.16

Determine the inverse z transform of X(z) which is
expressed as:

X(z)= 0.5
(Z) 22 L 17 ‘Z| >
We first rewrite X (z) as
0.5
X(2)
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Making use of the following transform pair in Table 8.1.:

, 1
a"uln] < et 12| > |a|
and putting « = 0.5, we have:
0.5 ,
s ¢ 0.5(0.5)"u|n]

By inspection, the inverse z transform is:
z[n] = (0.5)"uln]

Partial Fraction Expansion

We consider that X(z) is a rational function in z:

X(z) = & (8.29)
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To obtain the partial fraction expansion from (8.29), the
first step is to determine the N nonzero poles, c¢,¢y, -+, cy.

There are 4 cases to be considered:
Case 1: M < N and all poles are of first order

For first-order poles, all {¢;} are distinct. X(z) is:

N
X (z2) = Ar (8.30)

—1
- 1l —cpz

For each first-order term of A;/(1—¢z7'), its inverse z
transform can be easily obtained by inspection.

Multiplying both sides by (1 — ¢;z7!) and evaluating for = = ¢,

Ap= (1= ¢z X(z)| (8.31)

Z=Ccy;
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An illustration for computing A; with N =2 > M Is:
Ay Ay

1 — (:1,2_1 Il — oz

As (1 — 612_1)

1 — oz

X(Z) — 1

= (1—c127") X(2) = A + (8.32)

Substituting z = ¢, we get A,.

In summary, three steps are:
* Find poles.

» Perform inverse z transform for the fractions by inspection.
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Example 8.17
Find the pole and zero locations of H(z):

1+0.1z71
1 —2.05z71 4 22

Then determine the inverse z transform of H(z).

H(z) =

We first multiply z° to both numerator and denominator
polynomials to obtain:

z(z+0.1)
2?2 —2.05z+1

H(z)=—

Apparently, there are two zeros at z =0 and z = —(0.1. On the
other hand, by solving the quadratic equation at the
denominator polynomial, the poles are determined as z =0.8
and z = 1.25.
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According to (8.30), we have:
A A
— 1 T T : —1
1 — 0.8z 1 —1.252
Employing (8.31), A, Is calculated as:

1401z
=08 1 —1.2527!

H(z)

A= (1-0.82z"") H(2)|

z=0.8

Similarly, A, iIs found to be —-3. As a result, the partial
fraction expansion for H(z) is

B Y 3
1 —-08z"1 1—-1925271

As the ROC is not specified, we Iinvestigate all possible
scenarios, namely, |z| > 1.25, 0.8 < |z| < 1.25, and |z| < 0.8.

H(z)
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For |z| > 1.25, we notice that

(0.8)"ufn] <> —— 2> 0.8
. uin < .
1 — 0.8~V
and
(1.25)"ufn] > — 2| > 1.25
)M T T s o BT

where both ROCs agree with |z| > 1.25. Combining the
results, the inverse z transform Afn] is:

hin] = (2(0.8)" — 3(1.25)") ufn]

which is a right-sided sequence and aligns with P5.

For 0.8 < |z] < 1.25, we make use of

1

0.8)" <y
(0.8)"uln] 1 —0.8271

2| > 0.8
and
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1
1 —1.25z"V

where both ROCs agree with 0.8 < |z| < 1.25. This implies:

—(1.25)"u[—n — 1] < 2] < 1.25
hin| = 2(0.8)"u[n] + 3(1.25)"u[—n — 1]
which is a two-sided sequence and aligns with P7.

Finally, for |z| < 0.8:

0.8)u—n — 1] < — 2 < 0.8
—{ U. Ul—n — < .
1 —0.8271
and
(1.95)"u[—n — 1] > —— 2| < 1.25
S0 11251 IS5

where both ROCs agree with |z| < 0.8. As a result, we have:
hin] = (—2(0.8)" + 3(1.25)") u|—n — 1]

which is a left-sided sequence and aligns with P6.
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Suppose h|n]is the impulse response of a discrete-time LTI
system.

In terms of causality and stability, there are three possible
cases:

* hln] = (2(0.8)" — (1.25)")u[n] is the impulse response of a
causal but unstable system (ROC: |z| > 1.25).

» hln| = 2(0.8)"u[n] + (1.25)"u[—n — 1] corresponds to a non-
causal but stable system (ROC: 0.8 < |z| < 1.25).

" hln| = (—2(0.8)" + (1.25)") u[—n — 1] iIs non-causal and unstable
(ROC: |z| < 0.8).
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Case 2: M > N and all poles are of first order

In this case, X (z) can be expressed as:

Z B+ Z (8-33)

— CkZ

» B, are obtained by long division of the numerator by the
denominator, with the division process terminating when
the remainder is of lower degree than the denominator.

= A, can be obtained using (8.31).

Example 8.18
Determine z|{n| which has z transform of the form:

4 — 9z 14 272
1 — 15271 4+0.522

X(z) =

2| > 1
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The poles are easily determined as z=0.5and z =1

According to (8.33) with M = N = 2:
A Ay

_'_
1—05z"" 1—271

The value of B is found Dby dividing the numerator
polynomial by the denominator polynomial as follows:

X(Z) :BQ+

2
05277 — 1527 + 1)z 72— 2271 +4
27 =32 142

2142
That is, By = 2. Thus X (z) is expressed as

2+ 2_1 Al AQ
B =2t a2 T 05 T 1o
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According to (8.31), A, and A, are calculated as

4—2z71 4277
A= TZ — 4
l—2z 2=0.5
and
4 — 9 —1 2
A, = AR A _ 6
1 —-05z"1 |
With |z| > 1:
d[n| < 1
1
0.5)" > > (0.9
(05)uln] > —————, |2
and
1
uln| < et |z| > 1

the inverse z transform z[n| is:

z[n] = 20[n] — 4(0.5)"u[n| + 6u[n]
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Case 3: M < N with multiple-order pole(s)

If X(z) has a s-order pole at z = ¢; with s > 2, this means that
there are s repeated poles with the same value of ¢;. X(z) is:

X(z) = i . -+ Z Con - (8.34)
k=1,k#1 1= CkZ m=1 (1 —CiZ )

= When there are two or more multiple-order poles, we
Include a component like the second term for each
corresponding pole

= 4, can be computed according to (8.31)

= (. can be calculated from:

o= ey g e X0 @39

w=c;
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Example 8.19
Determine the partial fraction expansion for X (z):

4
(14211 — 271y

X(z) =

It is clear that X(z) corresponds to Case 3 with N =3> M
and one second-order pole at =z = 1. Hence X (z) Is:

Ay Ch C5
— R N2
1+ 2 1 — 2z (1—73 )

X(z)

Employing (8.31), A, Is:

4
Ay = =1
(1—271)

Z=—
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Applying (8.35), ] is:

1 d 2 A
S T B e {(1_1 T +w)(1—w)2] w=l
B d 4
- dwl + w w=1
B 4
(1w,
=1
and
1 2 4
= g [ e
4
- H—w w=1
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Therefore, the partial fraction expansion for X(z) is
1 1 2
(1-=7)

Case 4: M > N with multiple-order pole(s)

This is the most general case and the partial fraction
expansion of X(z) is

Zglz—w Z _ = Cn__(8.36)

k= 1/-6753 m=1 Ciz )

assuming that there is only one multiple-order pole of order
s>2at z=¢;. It Is easily extended to the scenarios when
there are two or more multiple-order poles as in Case 3.
The A, , B, and C,, can be calculated as in Cases 1, 2 and 3.
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Power Series Expansion

When X (z) is expanded as power series according to (5.1):

X(z)= Y an)e " = +a[-1)z" + 20 + 2[1]z " + 2222 + - (8.37)

any particular value of z[n] can be determined by finding the
coefficient of the appropriate power of »~!

Example 8.20
Determine z[n] which has z transform of the form:

X(z)=22(1-052") 1+ (1=271), 0<]z] <0

Expanding X (z) yields
X(2)=2"—2z—2+ 271
From (8.37), xz|n|is deduced as:
zin] =20n+2] —dn+ 1] — 26[n| + dn — 1]

H. C. So Page 59 Semester B 2016-2017



Example 8.21

Determine z[n] whose z transform has the form of:

1
X(z) ==, |2l >1dl
With the use of
1
=1 AN, N <

1—A

Carrying out long division in X (z) with |az™!| < 1:

X(z) =14+az '+ (az_1)2 + ...
From (8.37), x[n] is deduced as:

n

x(n| = a"u|n]

which agrees with Example 8.2 and Table 8.1.
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Example 8.22
Determine z[n] whose z transform has the form of:

1
X(2)=——, |2 <l
We first express X (z) as:
—1 —1
—a 'z 1 —a 'z
X — . p—
(%) —a 1z 1—az7l 1—-alz

Carrying out long division in X (z) with |a™ 12| < 1:
X(z)=—a'z (1 +a 'z + (a_lz)2 + - )
From (8.37), xz|n| is deduced as:
z|n| = —a"u|—n — 1]

which agrees with Example 8.3 and Table 8.1.
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Transfer Function of Linear Time-Invariant System

A LTI system can be characterized by the transfer function,
which is a z transform expression

Starting with:
N M
Z aryln — k] = Z brrin — k] (8.38)
k=0 k=0

Applying z transform on (8.38) with the use of the linearity
and time shifting properties, we have:

N M
Y(z) Z apz " = X (2) Z bz " (8.39)
k=0 k=0

The transfer function, denoted by H(z), is defined as:
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H(z) = = = (8.40)

The system impulse response h|n|is given by the inverse 2
transform of H(z) with an appropriate ROC, that s,
hin] <+ H(z), such that yn] = z[n| ® h|n]. This suggests that we
can first take the 2z transforms for x[n] and A[n], then multiply

X(z) by H(z), and finally perform the inverse z transform of

Comparing with (6.25), we see that the system frequency
response can be obtained as H(z)| = H(ev) if it exists.

z=elw
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Example 8.23
Determine the transfer function for a LTI system whose
Input x|n] and output y[n| are related by:

y|ln| = 0.1yln — 1] + z|n| + z|n — 1]

Applying z transform on the difference equation with the use
of the linearity and time shifting properties, H(z) is:

Y(z) 14z
X(z) 1-0.1z"!

Y(z)(1-01z7") =X(2) (1+271) = H(z) =

Note that there are two ROC possibilities, namely, |z| > 0.1
and |z| < 0.1, and we cannot uniquely determine hn].
However, if it is known that the system is causal, h|n| can be
uniquely found because the ROC should be |z| > 0.1.
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Example 8.24
Find the difference equation of a LTl system whose transfer
function is given by

(14 (1 =227
(2) = (1 =052z (1+2271)

Let H(z)=Y(z2)/X(z). Performing cross-multiplication and
Inverse z transform, we obtain:

(1—-0527") (1+2:7)Y(2) = (1 + z_l) (1—227") X(z)
= (141527 =27 Y(2) = (1 — 27" —227°) X(2)
= y[n|+ 1.5y[n — 1] —yn — 2] = [ | —x[n — 1] — 2z[n — 2]

Examples 8.23 and 8.24 imply the equivalence between the
difference equation and transfer function.
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Example 8.25
Compute the impulse response h|n| for a LTI system which is

characterized by the following difference equation:

yln| = x[n] — xln — 1]
Applying z transform on the difference equation with the use
of the linearity and time shifting properties, H(z) is:

Y(2)
X(2)

—1— 2!

Y(2) = X(z2) (1 — Z_l) = H(z) =

There is only one ROC possibility, namely, |z| > 0. Taking the
Inverse z transform on H(z), we get:

hin| = dn] — dln — 1]

which agrees with Example 3.18.
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Example 8.26
Determine the output y[n] if the input is z[n| = u/n] and the

LTI system impulse response is hln] = d[n| + 0.56[n — 1]

The z transforms for z[n| and h[n| are

1
X(z) = 1z| > 1

1 — U

and
H(z)=1+05z"1 |2] >0

As a result, we have:

2| > 1

Y(2) = X(2)H(z) = —— + 0.5 -

1=z ] — 27V
Taking the inverse z transform of Y (z) with the use of the
time shifting property yields:
y|n| = u[n| + 0.5ujn — 1]
which agrees with Example 3.13.
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Laplace Transform

Chapter Intended Learning Outcomes:

()

(1)

i)
(iv)

Y,

H. C. So

Represent continuous-time signals wusing Laplace
transform

Understand the relationship between Laplace
transform and Fourier transform

Understand the properties of Laplace transform

Perform operations on Laplace transform and inverse
Laplace transform

Apply Laplace transform for analyzing linear time-
Invariant systems
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Analog Signal Representation with Laplace Transform

Apart from Fourier transform, we can also use Laplace
transform to represent continuous-time signals.

The Laplace transform of x(¢), denoted by X(s), is defined
as:

X(s) = /OO x(t)e *dt (9.1)

6.0

where s IS a continuous complex variable.

We can also express s as:
s =0+ 5§} (9.2)

where ¢ and 2 are the real and imaginary parts of s,
respectively.
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Employing (9.2), the Laplace transform can be written as:

X(o+ Q) = / x(t)e TV gt = / (z(t)e ) e /dt  (9.3)
Comparing (9.3) and the Fourier transform formula in (5.1):
X () = / w(t)e 1V dt (9.4)

Laplace transform of x(¢) iIs equal to the Fourier transform of
x(t)e 7",

When o =0 or s =5Q, (9.3) and (9.4) are identical:

0.@

X(8)],i0 = X(jQ) = / 2(t)e 1 dt (9.5)

— 00
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That is, Laplace transform generalizes Fourier transform, as
z transform generalizes the discrete-time Fourier transform.

s-plane

Fig.9.1: Relationship between X (s) and X (jQ2) on the s-plane
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Region of Convergence (ROC)

As In z transform of discrete-time signhals, ROC indicates
when Laplace transform of x(¢) converges.

That i1s, If
| X (s)| = ‘/ :U(t)e‘“dt‘ — 00 (9.6)

then the Laplace transform does not converge at point s.

Employing s = o + jQ and |e/*| = 1, Laplace transform exists if

1 X (0 + Q)| < / |:B(t)e_(“+jmt dt = / 2(t)e | dt < o0 (9.7)

— 00 —00

o0

The set of values of ¢ which satisfies (9.7) is called the
ROC, which must be specified along with X (s) in order for

the Laplace transform to be complete.
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Note also that if

X (5Q)] = ‘ / N a:(t)ejmdt‘ 0 (9.8)

then the Fourier transform does not exist. While it exists if

0.0,

];c(t)e—jm\dt:/ z(t)|dt <oo  (9.9)

— 00

o0

X ()| < /

—00

Hence it is possible that the Fourier transform of z(¢) does
not exist.

Also, the Laplace transform does not exist if there is no
value of o satisfies (9.7).
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Poles and Zeros

Values of s for which X (s) =0 are the zeros of X(s).

Values of s for which X(s) = oo are the poles of X(s).

Example 9.1
In many real-world applications, X(s) Is represented as a

rational function in s:

M

E bksk
k=0
N

E aksk

k=0

X (s)

Discuss the poles and zeros of X(s).
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Performing factorization on X (s) yields:

by.s"
_; ' ba(s —di)(s—dsy)---(s—dy)

N an(s —c1)(s — o)+ (s —cn)

E aksk

k=0

X(s)

We see that there are M nonzero zeros, hnhamely,
dy,ds, -+ ,dy, and N nonzero poles, namely, ¢, ¢, -+, cy.

As In z transform, we use a “o” to represent a zero and a “x”
to represent a pole on the s-plane.
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Example 9.2
Determine the Laplace transform of x(t) = e “u(t) where u(t)

IS the unit step function and a is a real number. Determine
the condition when the Fourier transform of x(¢) exists.

Using (9.1) and (2.22), we have
X(s)/ eatu(t)BStdt/ e~ (Tt gt
— 0

o0

Employing s = o + 52 yields
X(o+jQ) = / ) e~ oAt — : e~ (o tatj)t
0 0} + a + jQ 0

It converges if e~ js bounded at t — co, indicating that
the ROC is

o+a>0o0r R{s} =0> —a
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For o +a > 0, X(s)Is computed as

X(S) _ 1 6—(a+a+jQ)t _ 1 _ 1
o+ a+ 5< . (o4+a)+3Q s+a

With the ROC, the Laplace transform of z(t) = e~ “u(t) is:

X(s) = sqlta’ R{s} > —a

It is clear that X (s) does not have zero but has a pole at
s = —a. Using (9.5), we substitute s = 5{) to obtain

1

X(1Q) =
) 192+ a

, R{s}=0> —a

As a result, the existence condition for Fourier transform of
x(t) 1S a > 0. Otherwise, the Fourier transform does not exist.
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In general, X(jQ) exists if its ROC includes the imaginary
axis. If ®{s} > —a includes 52 axis, a > 0 is required.

R R

s-plane

_

a > () a < ()

Fig.9.2: ROCs for a > 0 and a < 0 when z(t) = e~ u(t)
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Example 9.3
Determine the Laplace transform of z(t) = —e “u(—t) where a

IS a real number. Then determine the condition when the
Fourier transform of xz(¢) exists.

Using (9.1) and (2.22), we have

00 0
X(s)zf —e u(—t)e T dt = —/ e~ (Tt gt

Employing s = o + 512 yields
X : (o+a)t ,—jS2 1 ( Q) :
0) = — —(o+a)t _—7 tdt _ —(o+a+758)t
SR /Ooe ‘ U+CL+er e

It converges if e~ is bounded at ¢+ -+ —~o, indicating that:

oc+a<0or s} =0< —a
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For o +a < 0, X(s)Is computed as
1 ! 1 1

X _ —(o+a+jQ)t _ _
(5) 0+a+er (c+a)+ Q2 s+a

— 00

With the ROC, the Laplace transform of z(t) = —e %u(—t) is:

X(s) = sqlta’ R{s} < —a

It is clear that X (s) does not have zero but has a pole at
s = —a. Using (9.5), we substitute s = j{) to obtain

1
19+ a

X(jQ) = , R{s}=0<—a

As a result, the existence condition for Fourier transform of
x(t) 1S a < 0. Otherwise, the Fourier transform does not exist.
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&Y

s-plane o s-plane
7

a > ( a <0
Fig.9.3: ROCs for a > 0 and a < 0 when z(t) = —e "u(—t)

We also see that X () exists if its ROC includes the
Imaginary axis.
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Example 9.4
Determine the Laplace transform of z(t) = e~ “u(t) + e”u(—t),

assuming that « and b are real such that ) > —a.

Employing the results in Examples 9.2 and 9.3, we have

1 1

X(S):s+a_s—b’ R{s} > —a, R{s} < b
~ —(a+Db) . .
- (s+a)(s—b) b > Rist >

Note that there is no zero while there are two poles,
namely, s = —qg and s = b.

If b < —a, then there is no intersection between R{s} > —a
and ®{s} < b, and X (s) does not exist for any s.
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K
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-plane
A

Fig.9.4: ROC for z(t) = e u(t) + e"u(—t)

Does the Fourier transform of x(t) exist?
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Example 9.5
Determine the Laplace transform of x(t) = §(¢).

Using (9.1) and (2.19), we have
X(s) = /OO O(t)e *'dt = /OO 6(t)e *'dt = /OO o(t)dt =1

o0 —00 .9

Example 9.6
Determine the Laplace transform of z(t) =d6(t + 1) + o(t — 1).

Similar to Example 9.5, we have

X(s)/oo O(t+1)+0(t—1)]e dt

/ ot +1)e 1dt+/ o(t —1) e S tdt

— e’ +e °
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Example 9.7
Determine the Laplace transform of x(¢) = e=[u(t) — u(t — 10)]

X(s) = /OO e~ "u(t) — u(t — 10)]e " dt

o0

10
— / 6—(S+a)tdt
0

1
= — e
S+ a
—10(s+a)

10
—(s+a)t

0
l—e

S+ a
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Finite-Duration and Infinite-Duration Signals

Finite-duration signal: values of z(¢) are nonzero only for a
finite time interval. If z(¢) is absolutely integrable, then the
ROC of X(s) is the entire s-plane.

Example 9.8
Given a finite-duration z(¢) such that:

{nonzero, T <t <s
z(t) =

0, otherwise

It is also absolutely integrable:
oo TQ
/ 2 (t)]dt = / 2(8)]dt < oo
— 00 T]

Show that the ROC of X (s) is the entire s-plane.
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According to (9.7), X(s) converges if

00 15
/ 2 (t)e | dt = / |z (t)e 7| dt < oo
_ T,

0.0

We consider three cases, namely, 0 =0, 0 > 0 and o < 0.

The convergence condition is satisfied at ¢ =0 because x(t)
IS absolutely integrable.

For o > 0, e 71t > 77 for t ¢ (T}, T), and we have:
00 T, T
/ |z (t)e | dt = / z(t)e 7| dt < 60T1/ ()] dt < oo
—00 T T
because ¢! is bounded and z(¢) is absolutely integrable.

Similarly, for o <0, e 72 > ¢ for t € (T},T5), and we have:
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1

00 15
/ 2(t)e | dt = / 2(t)e | dt < e / 2(1)] dt < 0o
1T;

PN 1

because ¢! is bounded and z(t) is absolutely integrable.

As for all values of ¢, (9.7) Is satisfied, hence the ROC is the
entire s-plane.

If x(t) is not of finite-duration, it is an infinite-duration signal:

Right-sided: if z(t) =0 for t < T} < oo (e.g., Example 9.2 or
z(t) = e u(t) with Ty =0; z(t) = e “u(t —2.2) with T} =2.2;
x(t) = e “u(t + 3.3) with T} = —3.3).

Left-sided: if x(t) =0 for t > 15, > — (e.g., Example 9.3 or
z(t) = e”"u(—t) with T, = 0; x(t) = e "u(—t + 2.2) with T, = 2.2).

Two-sided: neither right-sided nor Ileft-sided (e.q.,
Example 9.4).
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Signal Transform ROC
o(t) 1 All s
ot —1T) e—sT All s
|
e~ "u(t) s+a R{s} > —a
|
—e My (—1) s+a R{s} < —a
tn_l ot . 1
(n — 1)!6 ult) (s 4+ a)" R{s} > —a
tn_l ot 1
(n— 1)'6 u(=1) (s 4 a)" R{s} < —a
S+ a
e cos(bt)u(t) (s+a)+b R{s} > —a
b
e~ sin(bt)u(t) (5 +a)* + b R{s} > —a

Table 9.1: Laplace transforms for common signals

H. C. So
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Summary of ROC Properties

P1. The ROC of X(s) consists of a region parallel to the ;-

axis in the s-plane. There are four possible cases, namely,
the entire region, right-half plane (region includes ~), left-
half plane (region includes —~c) and single strip (region
bounded by two poles).

P2. The Fourier transform of a signal z(¢) exists if and only if
the ROC of the Laplace transform of x(¢) includes the j;Q-axis
(e.g., Examples 9.2 and 9.3).

P3: For a rational X(s), its ROC cannot contain any poles
(e.g., Examples 9.2 to 9.4).

P4: When x(t) is of finite-duration and is absolutely
Integrable, the ROC iIs the entire s-plane (e.g., Example 9.7).
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P5: When z(t) is right-sided, the ROC is the right-half plane
to the right of the rightmost pole (e.g., Example 9.2).

P6: When z(t) is left-sided, the ROC is left-half plane to the
left of the leftmost pole (e.g., Example 9.3).

P7: When x(t) iIs two-sided, the ROC is of the form
R{p.} > R{s} > ®{p,} where p, and p, are two poles of X(s)
with the successive values In real part (e.g., Example 9.4).

P8: The ROC must be a connected region.

Example 9.9

Consider a Laplace transform X(s) contains three real poles,
namely, a, b and ¢ with a <b < c¢. Determine all possible
ROCs.
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Properties of Laplace Transform

Linearity

Let x,(t) « Xi(s) and zy(t) < Xo(s) be two Laplace transform
pairs with ROCs R,, and R, respectively, we have

CLSE‘l(t) + bﬂfg(t) <> aXl(s) + bXQ(S) (910)

Its ROC is denoted by R, which includes R,, N'R,, where N is

the intersection operator. That iIs, R contains at least the
Intersection of R,, and R,..

Example 9.10
Determine the Laplace transform of y(¢):

y(t) = 21(t) — 22(t)

where z,(t) = 3e “u(t) and xy(t) = 2¢'u(t). Find also the pole
and zero locations.
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From Table 9.1, we have:

1
ot _
e “u(t) < st R{s} > —2
and
1
— o
e u(t) <> Pt R{s} > —1

According to the linearity property, the Laplace transform of
y(t) 1s

B 3 2 B s —1
s+ 2 s+1 s243s+2

Y(s) R{s} > —1

There are two poles, namely —2 and —1 and there is one
zero at 1.

H. C. So Page 27 Semester B 2016-2017



Example 9.11
Determine the ROC of the Laplace transform of y(¢) which is

expressed as:

y(t) = x1(t) — @2(¢)
The Laplace transforms of z(¢) and z,(t) are:
1 1

Xi(s) = Py R{s} > -1 and Xy(s)= GiDGT Y R{is} > —1
We have:
Y(s) 1 1 _ s+ 1 _ 1

T s+1 (s+D(s+2) (s+1)(s+2) s+2

We can deduce that the ROC of y(t) i1Is ®{s} > —2, which
contains the intersection of the ROCs of X;(s) and X(s)
which is ®{s} > —1. Note also that the pole at s= -1 is
cancelled by the zero at s = —1.
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Time Shifting
A time-shift of ¢, in z(¢) causes a multiplication of e~ in X (s)
z(t) < X(s) = z(t — ty) <> e 0 X(s) (9.11)

The ROC for z(t — ty) Is identical to that of X (s).

Example 9.12
Find the Laplace transform of z(¢) which has the form of:

z(t) = e”"u(t — 10)
Employing the time shifting property with ¢ = 10 and:

1
—at
e u(t)HSjLa, f{s} > —a
we easily obtain
1 6—10(8+a,)
e~ 100 . e=alt=10) (¢ — 10) ¢ e 10 . 7108 — , R{s} > —a
S+ a S+ a
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Multiplication by an Exponential Signal

If we multiply z(¢) by ¢*" in the time domain, the variable s
will be changed to s — sy In the Laplace transform domain:

x(t) <> X(s) = e™'x(t) +» X(s — s) (9.12)

If the ROC for z(t) is R, then the ROC for e*'z(t) is R + R{sy},
that is, shifted by R{sy}. Note that if X(s) has a pole (zero)
at s = a, then X (s — sy) has a pole (zero) at s = a + s.

Example 9.13
With the use of the following Laplace transform pair:

1
S+ a

e "u(t) < , R{s} > —a

Find the Laplace transform of z(¢) which has the form of:

e " cos(bt)u(t)

H. C. So Page 30 Semester B 2016-2017



Noting that cos(bt) = (/" + 77" /2, 2(t) can be written as:
1

x(t) = §e<—a+ﬂ'b>fu(t) + ée(_a_jb)tu(t)

By means of the property of (9.12) with the substitution of
S) — jb and S() — —jb, we Obtain:

1. 1 1

- _gbtr —at - _

5 e "u(t)] < s ta R{s} > —a
and

Leitteaty ()] 5~ R{s} > —a

2 2(s+jb)+a’

By means of the linearity property, it follows that

1 1 1 1 S+a
X(s) == + = = , R{s} > —
(5) 2(s —jb)+a 2(s+jb)+a (s+a) +b° ts} ‘

which agrees with Table 9.1.
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Differentiation in s Domain

Differentiating X(s) with respect to s corresponds to
multiplying z(¢) by —¢ In the time domain:
dX(s)
ds
The ROC for tz(t) is identical to that of X (s).

z(t) > X(s) = —tx(t) < (9.13)

Example 9.14
Determine the Laplace transform of x(t) = te="u(t).

We start with using:

1

e~ "u(t) <
S+ a

, R{s} > —a
and
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d( 1 )_ 1
ds \s+a)  (s+a)

Applying (9.13), we obtain:

i 1

te~"u(t) < G o R{s} > —a
Further differentiation yields:

) 1

Le=yu(t) < s} > —

se”“u(t) 51 ar {s} a
The result can be generalized as:

" (1) <> : R{s} > —a
(n—l)!e “ (s4+a)"

which agrees with Table 9.1.
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Conjugation
The Laplace transform pair for z*(t) Is:

z(t) <> X(s) = z*(t) +> X*(s¥) (9.14)
The ROC for x*(¢) Is identical to that of X(s).

Hence when z(t) is real-valued, X (s) = X*(s*).

Time Reversal

The Laplace transform pair for x(—t) Is:
x(t) <> X(s) = x(—t) <> X(—s) (9.15)
The ROC will be reversed as well. For example, if the ROC

for x(t) Is R{s} > —a, then the ROC for z(—t) Is R{s} < a.
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Example 9.15
Determine the Laplace transform of x(t) = e™u(—t).

We start with using:

1
—at L
e~ "u(t) +» . R{s} > —a
Applying (9.15) yields
1 1
eu(=1) —s+a s—a’ lsp<a

Convolution

Let x,(t) «> Xi(s) and zy(t) « Xy(s) be two Laplace transform
pairs with ROCs R,, and R,, respectively. Then we have:

21(t) ® zo(t) <> Xi(s)Xa(s) (9.16)
and its ROC includes R, N'R,,- The proof is similar to (5.22).
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Differentation in Time Domain

Differentiating «x(t) with respect to ¢ corresponds to
multiplying X (s) by s in the s-domain:

dx(t)

r(t) < X(s) = o

< sX(s) (9.17)

Its ROC includes the ROC for x(t).

Repeated application of (9.17) yields the general form:

d*z(t)
dt*

& 57X (s) (9.18)
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Example 9.16
Use the Laplace transform of u(¢) to determine the Laplace

transform of x(t) = 6(t).

According to (2.24):

Substituting a = 0 into Example 9.2 or Table 9.1, we have:
u(t) < —, R{s} >0

Employing (9.17) and (2.24) yields
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=1
O(t) <> s -

where the ROC is the entire s-plane.

Note that the result can be easily extended to the derivative
of §(t). For example,

dod
ﬂﬁs-lzs
dt

Extension using (9.18) vields:

d"s (¢)

n
Jpn < S
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Integration

On the other hand, if we perform integration on z(t¢), this
corresponds to dividing X(s) by s in the s-domain:

) X(s :>/ T)dT > X() (9.19)

If the ROC for z(t) is R, then the ROC for f 7)dr includes
RN {R{s} > 0}.

Example 9.17
Prove (9.19), that iIs, the integration property of Laplace
transform.

We first notice that
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ﬂﬂ@u@——/meM@—er—/txUMT

because u(t — 7) =1 only for 7 € (—o0, ).

Applying the convolution property of (9.16) and noting from
Example 9.16 that

1
u(t) <> —, R{s} >0
S
We then have:

xm®mﬂ:/ mthX@yé

— 00

where the ROC includes the intersection of ROC of X (s) and
R{s} > 0.
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Example 9.18
Determine the Laplace transform of z(t) = u(t) ® u(t).

From Example 9.17, we know that
t

u(t) @ u(t) = /; u(T)dT
Employing (9.19) and

u(t) © é R{s} > 0

We then have:

1 1 1
t t) > === —
u(t) ©ut) &~ - =

Alternatively, this can be easily obtained using (9.16). Note
that its generalization is:

1
u(t) @ - @u(t) = s J{s} >0
n a?n()b
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Causality and Stability Investigation with ROC

Suppose h(t) Is the impulse response of a continuous-time
linear time-invariant (LTl) system. Recall (3.18), which is
the causality condition:

h(t) =0, t<0 (9.20)

If the system is causal and Ai(t) is of infinite duration, the

ROC must be the right-half plane, i.e., the region of the
right of the rightmost pole, indicating it is right-sided. Note
that causality implies right-half plane ROC but the converse
may not be true.

Nevertheless, if H(s) is rational and its ROC is the right-half
plane, then the system must be causal.
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Example 9.19

Discuss the causality of the two LTI systems with impulse
responses h,(t) and hy(t). Their Laplace transforms are:

1 e’
Hl(S) = 3——|—lj %{8} > —1, HQ(S) = s+ 1, ER{S} > —1

For Hi(s), we use Table 9.1 or Example 9.2 to obtain:
hi(t) = e tu(t)

which corresponds to a causal system. We can also know its
causality because H,(s) is rational and its ROC is the right-
half plane.

On the other hand, using the time-shifting property and the
above result, we have:
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1 e’

“u(t 1= e Myt +1
e u()<—>8+1, J{s} > —-1=c¢ u(t + >Hs+1’

R{s} > —1

That is,
ho(t) = e~y (t + 1)

which corresponds to a non-causal system. This also aligns
with the above discussion because H,(s) is not rational

although its ROC is also right-half plane.

Recall the stability condition in (3.20):

foo |h(t)]dt < oo (9.21)

0.0
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(9.21) corresponds to the existence condition of the Fourier
transform of h(t). According to P2, this means that the ROC

of H(s) includes the jQ-axis.

That is, a LTI system is stable if and only if the ROC of H(s)
Includes the j{)-axis.

Example 9.20
Discuss the causality and stability of a LTI system with
Impulse response h(t). The Laplace transform of h(t) Is:

3 2

_|_

H p—
(S) s+1 s—2

As the ROC of H(s) is not specified, we investigate all
possible cases, i.e., R{s} < —1, =1 < R{s} < 2 and R{s} > 2.
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For R{s} < —1, we use Table 9.1 to obtain:

1
ety (— _ _
e "u( t)<—>8+1, F{s} < —1

and

1
—eMu(—t) & —, R{s} <2
S R

where both ROCs agree with R{s} < —-1. Combining the
results yields:

ht) = — [3e7" 4+ 2] u(—t)

Because of u(—t) and e' is approaching unbounded as
t — —oo, this system is non-causal and unstable.
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Similarly we obtain for —1 < R{s} < 2:

e tu(t) <> T R{s} > —1

and

1
2ty ( -
e~ t)HS_Q, R{s} <2

Combining the results yields:
h(t) = 3e u(t) — 2e*u(—t)

Due to u(—t), the system is not causal. While e is
absolutely integrable in tec (0,00) and ¢* is absolutely
integrable in t € (—o0,0), the system is stable.
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Finally, for ®{s} > 2, we use:

e tu(t) <> T R{s} > —1
and
ot
e“'u(t) < 1 J{s} > 2

Combining the results yields:
h(t) = e tu(t) + 2e*'u(t)

This system is causal but not stable due to e*u(t).

To summarize, a causal system with rational H(s) is stable if
and only if all of the poles of H(s) lies in the left-half of the s
-plane, i.e., all of the poles have negative real parts.
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Inverse Laplace Transform

Inverse Laplace transform corresponds to finding «(t) given
X (s)and its ROC.

The Laplace transform and inverse Laplace transform are
one-to-one mapping provided that the ROC is given:

z(t) <> X(s) (9.22)

There are 3 commonly used techniques to perform the
Inverse Laplace transform. They are

1. Inspection

2. Partial Fraction Expansion

3. Contour Integration
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Inspection

When we are familiar with certain transform pairs, we can
do the inverse Laplace transform by inspection.

Example 9.21
Find z(¢) if its Laplace transform has the form of:

s—1
X(S):erl’ J{s} < —1
Reorganizing X(s) as:
s+1—2 2
X(s) = | _1_s+1’ R{s} < —1

Using Table 9.1 and linearity property, we get:

z(t) = 6(t) — 2 u(t)
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Partial Fraction Expansion

The technique is identical to that In inverse z transform but
now we consider that X (s) is a rational function in s:

M
Z bksk
k=0
N
Z aksk
k=0

X(s) (9.23)

To obtain the partial fraction expansion from (9.23), the
first step is to determine N nonzero poles, ¢, ¢, -+, cn.

There are 4 cases to be considered:
Case 1: M < N and all poles are of first order

X (s) can be decomposed as:
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X(s) = Z : ilka

k=1

(9.24)

For each first-order term of A,/ (s —¢;), its inverse Laplace

transform can be easily obtained by inspection.

The A, can be computed as:
Ap = (s — cx) X(s)]

S=C};

Case 2: M > N and all poles are of first order

In this case, X(s) can be expressed as:
N

M—N A
k
X(S) = Z BlSl_'_ZS—Ck
[=0 k=1

(9.25)

(9.26)
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= B, are obtained by long division of the numerator by the
denominator, with the division process terminating when
the remainder is of lower degree than the denominator.

= A, can be obtained using (9.25).

Case 3: M < N with multiple-order pole(s)

Assuming that X(s) has a r-order pole at s =¢; with r > 2,
then X(s) can be decomposed as:

X(s) = i A Z O (9.27)
Lkt 0 R e (s —c)”

= When there are two or more multiple-order poles, we
Include a component like the second term for each
corresponding pole
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= A, can be computed according to (9.25)

= (. can be calculated from:

o= e X (s) (9.28)

(r—m)! ds"—m

S=C;

Case 4: M > N with multiple-order pole(s)

Assuming that X(s) has a r-order pole at s =c¢; with r > 2,
then X(s) can be decomposed as:

Z Bs' + Z P 7 f”;)m (9.29)

k=1,k+#1 m=1

The A;, B, and C,, can be calculated as in Cases 1, 2 and 3.
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Example 9.22

Find z(¢) if its Laplace transform has the form of:

25° +9s — 11
(s+1)(s—2)(s+3)

X(s) = F{s} > 2

We can express X (s) as:

A A, A
X p—
8) = 755553

Employing (9.25), A, A, and A; are:

25495 —11

SRR rE|
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2s* +9s — 11
A, = S°+ 9SS 1
(s+1)(s+3)],,
and
257 — 11
A, — 5“4+ 9s _
(s+1)(s—2)|,__4

Together with the ROC of R{s} > 2, we obtain:
z(t) = e tu(t) + e*u(t) — 2 u(t)

Example 9.23
Find z(¢) If its Laplace transform has the form of:

B 25% + 9s° + 11s + 2

X
(5) s2+4s+ 3

, R{s} > -1
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First we perform long division to obtain:

s — 1
s2+4s+3

X(s) =25+ 1+

The last term can be further decomposed as:

s—1 A1 AQ

(s 4+ 1)(s+3) s+1+8+3

Employing (9.25), A, and A, are:

s —1

A = = —1
S+ 3| 4
and
— 1
Ay =2 =9
s+ 1 s—3
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Together with the ROC of R®{s} > —1, we obtain:

do(t) - 31
x(t) = 27 +0(t) — e "u(t) + 2e"u(t)

Example 9.24
Find z(¢) if its Laplace transform has the form of:

s+ 2
X@):(5+U%s+$’ Fist > —1

Accordingly to (9.27), we can express X(s) as:

Ay Cy Cy
+ +
s+3 s+1 (s+1)°

X(s) =
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Employing (9.25), A, Is:

s+ 2 1
A, — _ _Z
s+ 12?| ., 4
Applying (9.28), ¢, and (s are:
o 1 d(s+2) 5+ 3—(s+2) 1
T -1 ds\s+3/)|_, (s+3?2 |_, 4
and
1 s+ 2 1
) — . _ -
T 2= s+3|_, 2

Together with the ROC of R{s} > —1, we obtain:

z(t) = —0.25e % u(t) + 0.25e tu(t) + 0.5te tu(t)
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Transfer Function of Linear Time-Invariant System

A LTI system can be characterized by the transfer function,
which is a Laplace transform expression.

Starting with the differential equation In (3.25) which
describes the continuous-time LTI system:

Z 4 dtk (9.30)

Applying Laplace transform on (9.30) with the use of the
linearity property and (9.18), we have:

N M
Y(s)Y aps" =X(s)) bys" (9.31)
k=0

k=0

> ut

N
k=0
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The transfer function, denoted by H(s), Is defined as:

M
E bksk
k=0

X(s) N

E aksk

k=0

(9.32)

The system impulse response h(t) Is given by the inverse
Laplace transform of H(s) with an appropriate ROC, that is,
h(t) <> H(s), such that y(¢) = z(t) ® h(t). This suggests that we
can first take the Laplace transforms of z(¢) and h(t), then
multiply X(s) by H(s), and finally perform the Iinverse
Laplace transform of X(s)H(s) to obtain y(t).

Comparing with (5.29), we see that the system frequency
response can be obtained as H(s)|,_,, = H(jQ2) If It exists.
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Example 9.25
Determine the transfer function for a LTI system whose
Input z(¢) and output y(¢) are related by:

dz—f) + 3y(t) = x(t)

Taking Laplace transform on the both sides with the use of
the linearity and differentiation properties, H(s) IS:

Y(s) 1

X(s) s+3

Y(s)(s+3)=X(s) = H(s) =

Note that there are two ROC possibilities, namely, ®{s} > —3
and R{s} < -3, and we cannot uniquely determine h(t).
However, if it is known that the system is causal, A(t) can be
uniquely found because the ROC should be R{s} > —3.

H. C. So Page 62 Semester B 2016-2017



Example 9.26
Find the differential equation corresponding to a continuous-
time LTI system whose transfer function is given by

s+ 3
(s+1)(s+2)

H(s) =

Let H(s)=Y(s)/X(s). Performing cross-multiplication and
Inverse Laplace transform, we obtain:

(s +1)(s+2)Y(z) = (s +3) X(2)
= (s +3s+2)Y(2) = (s +3) X(2)
)

g dtg 4 30%—55) T 2y(t) = d( (t)

=

Examples 9.25 and 9.26 imply the equivalence between the
differential equation and transfer function.
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Example 9.27
Compute the impulse response h(t) for a LTI system which is

characterized by the following equation:
y(t) = z(t) — x(t — 1)

Applying Laplace transform on the input-ouput equation
using the linearity and time shifting properties, H(s) IS:

Y(s)

X (s) =l-e

Y(s)=X(s)(1—e*)= H(s) =

From Table 9.1, there is only one ROC possibility, i.e.,
entire s-plane. Taking the inverse Laplace transform on H(s)

yields:
h(t)=0(t) —o(t —1)

which agrees with Example 3.10.
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Example 9.28
Compute the impulse response h(t) for a LTI system which is

characterized by the following equation:

y(t) = % /0 2t — 7)dr

Noting that
1 10 o0
T x(t —7)dT = 0.1 u(7T) — u(r — 10)|x(t — 7)d7
0 —00

— 0.1[z(t) ® ult) — (t) @ u(t — 10)]

Taking the Laplace transform on the Iinput-output
relationship and using convolution as well as time-shifting
properties, we get:

H. C. So Page 65 Semester B 2016-2017



V(s) = 01 |X(5) L = X(6) - ¢H<s>§(<i)>1_1§s S

Due to the convolution property, we can deduce that the
ROC of H(s) is ®{s} > 0.

Finally, taking the inverse Laplace transform on H(s) yields:
h(t) = 0.1{u(t) — u(t — 10)]

which agrees with Example 3.11.

Example 9.29

Compute the output y(¢) if the input is z(t) = e~ “u(t) with a > 0
and the LTI system impulse response is h(t) = u(t) .
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The Laplace transforms of x(¢) and h(t) are
1

X(S):s+a’ R{s} > —a
and
1
H(S) = g, §R{S} > O
As a result, we have:
111 1
Y(S):X(S)H(S):a 33—|—a,]’ %{S}>O

Taking the inverse Laplace transform of Y (s) with the ROC of
Je{s} > 0 yields:
1

y(t) = - (1—e™ ") u(t)

which agrees with Example 3.16.
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Concluding Remarks

Sighals in Time Domain

For signals which are functions of time, there are two main
types: continuous-time and discrete-time.

A continuous-time signal z(t) is defined on a continuous
range of time ¢ € |11, T3], i.e., x(t) has a value for any t € [T}, T5|.
It can be observed Iin real world and examples include
speech, music, power line and ECG.

A discrete-time signal x|n| is defined only at discrete instants

of time where n Is integer. It can be obtained from sampling
a continuous-time signal or generated using computer.
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Continuous-Time and Discrete-Time Signal Conversion

x|n| can be obtained from a continuous-time signal z(t) via
sampling:

zn] =z(t)|izpr = x(nT), n=---—1,0,1,2,--- (10.1)
If z(¢) is bandlimited such that X (;Q) =0 for |2| > ), and if the

sampling frequency () > 2(),, then z(t) can be reconstructed
from z|n]:

2(t) = i z[n]sine (t _T”T) (10.2)
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Signal Representation in other Domains

Apart from the time domain, we can also study signals iIn
other domains.

For z(t), it can be converted to X(s) and X ().

In the Laplace transform domain, the conversion is:

0.@

z(t) <> X(s) = / z(t)e *dt (10.3)

— 00

Together with the region of convergence (ROC), z(t) and
X (s) correspond to a one-to-one mapping. That is, both z(t)
and X (s) with ROC are equivalent.
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There are at least two advantages of Laplace transform:

It generalizes the Fourier transform, that is, substituting
s = jQ) yields X (y€2). We can see whether the ROC includes

the jQ)-axis to check the existence of Fourier transform.

The inverse Laplace transform technigues can be applied
to convert X (5¢2) back to x(t).

It facilitates the analysis of linear time-invariant (LTI)
systems. In the time domain, the input x(¢), output y(t)

and impulse response h(t) are characterized by

convolution but In the Laplace transform, they have
simpler relation:

y(t) =z(t) @ h(t) < Y(s) = X(s)H(s) (10.4)
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If x(¢t) Is periodic, then it can be represented as Fourier
series:

x(t) = Z ape’™ t € (—o0,00) (10.5)

k=—o00

which i1s a linear combination of harmonically related
complex sinusoids. The Fourier series coefficients are:

T,/2
ap = — / r(t)e Mgt k=...-1,0,1,2,--- (10.6)

Tp
—T1,/2

where T, is the fundamental period and ¢, =27/T, is the
fundamental frequency.
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We can write this pair as:
z(t) < X(jQ) or z(t) < ay (10.7)

because {a;} contain the amplitude information of all

frequency components of z(¢). For example, we know the
strength of ¢/*% from |ay|.

If z(t) iIs aperiodic, then it can be represented as Fourier
transform as:
1 o0 o0

L[ x(0)eda = (t) & X(j0) = / (t)e—dt (10.8)

27{' — 0 —00

where X (52) indicates the amplitude at frequency (..
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Even if z(¢) is periodic, it can also be represented using
Fourier transform as:

x(t) = Z ape’™ o X (5Q) = Z 2mapd (2 — kQy) (10.9)

k=—00 k=—00

Nevertheless, we still see that X (;¢2) is characterized by {a;}
as In the Fourier series in (10.7).

The Fourier transform is related to Laplace transform via:

X(jQ) = X(s) (10.10)

s=71)

Hence we can use the techniques In Laplace transform to
compute Fourier transform and inverse Fourier transform.
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It is worth mentioning that although X(j{2) does not
naturally arise in real world, its magnitude | X (j¢2)| can be
observed using electronic equipment, namely, spectrum
analyzer.

Example 10.1
Given the frequency response of a continuous-time LTI

system:

1

., a>0
102 +a

H(j©) =

Find the system impulse response h(t).

Although inverse Fourier transform in (10.8) can be
employed to determine h(t), integration is needed.
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Another approach which is computationally simpler is to
make use of Laplace transform. Via the substitution of
7€ = s, the system transfer function is:

1
H p—
(S) S+ a

As H(j12) exists, we know that the ROC should include the ;Q
-axis and hence is R{s} > —a. From Table 9.1, we easily
obtain:

h(t) = e %u(t)

This Is consistent with Examples 5.3, 5.6 and 9.2.
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Example 10.2
Determine the continuous-time signal x(t) if its Fourier

transform has the form of:

B JQ+4
24550+ 6

X (7

Via substitution of j¢) = s, the Laplace transform of xz(¢) is:

s+4 s+ 4
s24+55+6 (s+2)(s+3)

X(s) =

As X (j02) exists, we know that the ROC should include the ;Q
-axis and hence is ®{s} > —2.
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By means of partial fraction expansion, we obtain:

2 1
542 543

X (s) R{s} > —2

Taking the inverse Laplace transform yields:
z(t) = 2e 2 u(t) — e tu(t)

As the Laplace transform generalizes the Fourier transform,
the properties of the Laplace transform are similar to those
of Fourier transform and Fourier series.
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For z[n], it can be converted to X(z) and X (e/¥).

In the z transform domain, the conversion Is:
zn] < X(z) = Z rn)z™" (10.11)

n=—oo

Together with the ROC, z[n] and X (z) correspond to a one-
to-one mapping. That is, both z|n] and X(z) with ROC are
equivalent.

There are at least two advantages of z transform:

» |t generalizes the discrete-time Fourier transform,
(DTFT), that is, substituting » = ¢/¥ yields X(e/*). We can
see whether the ROC includes the unit circle or|z| =1 to
check the existence of DTFT. The inverse z transform
techniques can be applied to convert X (e/*) back to xz[n].
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= |t facilitates the analysis of LTI systems. In the time
domain, the input z|n|, output y[n| and impulse response

hin| are characterized by convolution but in the =z
transform, they have simpler relation:

yln| = x[n] @ hin| < Y(z) = X(2)H(2) (10.12)

We use DTFT to convert z|n| to frequency domain:

1 h WY ,JwWn Jw - —Jjwn
5 X(e)e!"dw = x|n] <> X (e/¥) = n_z_oox[n]e jun(10.13)

where X (e’¥), which is periodic with a period of 27, indicates
the amplitude at frequency w.
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The DTFT is related to z transform via:

X () = X(2)] (10.14)

z=el¥
Hence we can use the techniques in z transform to compute
DTFT and inverse DTFT.

Example 10.3
Given the frequency response of a discrete-time LTI

system:

. 1+ e ¥
H(e™) = 517

Find the system impulse response hi|n|.
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Although inverse DTFT in (10.13) can be employed to
determine h|n|, integration is needed.

Another approach which is computationally simpler is to
make use of z transform. Via the substitution of ¢/ = z, the
system transfer function is:

1+ 271 1 71

H — —
G i o el By o Ay o

As H(e'?) exists, we know that the ROC should include the
unit circle and hence is |z| > 0.1. Using Table 8.1 and time-
shifting property, we easily obtain:

h[n] = (0.1)"u[n] + (0.1)" 'u[n — 1]

H. C. So Page 15 Semester B 2016-2017



Example 10.4
Find the discrete-time signal z|n| if its DTFT has the form of:

X(ejw> _ %Z o jwn

Clearly there is only one ROC, which is |z| > 0. Applying
Inverse z transform on X(z) yields:
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xln] = %(5[71] +dln—1]+---+dn —19))
 « 1
= 5 2 on — k| = 20 (u[n] — uln — 20])

which aligns with Example 6.7.

As the z transform generalizes the DTFT, the properties of
the z transform are similar to those of DTFT.
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LTI System Analysis with Transforms

In the time domain, LTI system Iis characterized by
convolution:

y(t) = z(t) R h(t) = /OO z(T)h(t — 7)dT (10.15)
or N
yln] = z[n] @ hin] = Y x[m]hln —m] (10.16)

In the Laplace (or Fourier) transform and z transform (or
DTFT) domains, (10.15) and (10.16) become multiplication:

Y(s) = X(s)H(s) (10.17)

and
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Y(z)=X(2)H(z) (10.18)

Equations (10.17) and (10.18) indicate that we may obtain
Y(s) (or Y(z)), X(s) (or X(z)) and H(s) (or H(z)) in an easier
manner.

Note that even if the LTI systems are not stable, H(s) and
H(z) still exist and their ROCs will not include the jQ-axis
and unit circle, respectively, while H(jQ) and H(e/*) do not
converge.

Example 10.5
Determine the transfer functions of the continuous-time and
discrete-time LTI systems with impulse responses:

h(t) = e*u(t)
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and
hin|] = 2"u|n]

It is clear from (3.20) and (3.21) that the systems are
unstable because they are not absolutely summable and
Integrable:

meMﬁ<w

0

and

Z |h[n]| < oo

n=—00

Taking Laplace transform on h(t) yields:

H(s) =5 R{s} > 2
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As R{s} > 2 does not include the j2-axis, H(j{!) does not

exist. This conclusion can also be obtained because (9.9) is
not satisfied.

Taking z transform on h[n| yields:

1

HEz) =15

2| > 2

As |z| > 2 does not include the unit circle, H(e/*) does not

exist. This conclusion can also be obtained because (8.9) is
not satisfied.
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Example 10.6
Consider a continuous-time LTl system with Iimpulse
response h(t), Input x(¢) and output y(¢). Calculate y(t) when

z(t) = h(t) = e“ul(t).

The Laplace transforms of both x(¢) and h(t) are

X(s)=H(s) = , R{s}>a

S —a

Y(s)=X(s)H(s) = 5= o) J{s} > a

According to Table 9.1, we obtain:

y(t) = te"u(t)
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Example 10.7

Consider a discrete-time LTI system with impulse response
hin| , Input xz[n| and output y[n] . Calculate y[n] when
z|n| = hin] = a"uln].

The z transforms of both z[n| and h[n] are

1
X(2) = H(2) =
(2) = H(z) = ———, |z > d]
As a result, we have:
1
V(&) = XHE) = g > o

According to Table 8.1 and time-shifting property, we
obtain:
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az !

(1 —az"1)

a

= (n+ 1a"un +1] < 5
(1—az"1

na"un| <>

Finally, we have:
yn] = (n+ 1)a"un+ 1] = (n + 1)a"uln]

Example 10.8
Consider a cascade system of two discrete-time LTI systems
with impulse responses h,[n] and hyn]. Let the system input

and output be z[n] and y[n|, respectively. Determine the
overall impulse response h[n| and transfer function H(z) if
hiln| = ho|n| = a"uln|. FInd the difference equation that relates
z[n] and y[n].
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rn| —— hy|n] — ha|n)| — y|n|

The overall impulse response is:
hn] = hiln] & hs[n]
Using the result in Example 10.7, we have:
hin] = (n 4+ 1)a"u|n|

From Example 10.7 again, the overall transfer function is:

1
(1—az"1)?
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Note that it is equivalent to use H;(z) and H,(z) in the block
diagram:

rn] —  Hi(z) —> Hy(z) —— yln|

As H(z)=Y(z2)/X(z), we perform cross-multiplication and
Inverse : transform to obtain:

(1-— az_l)QY(z) = X (2)
= (1 —-2a2z""+a’277) Y (2) = X(2)
= y[n] — 2ay[n — 1] + a*y[n — 2] = x[n]
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Example 10.9
Consider a cascade system of two continuous-time LTI
systems with impulse responses h((t) and hy(t). Let the

system input and output be x(t) and y(t), respectively.
Determine the overall impulse response i(t) and transfer
function H(s) if hi(t) = ho(t) = eu(t) . Find the differential
equation that relates x(t) and y(t).

z(t) — h(t) s h(t) —— y(t)

Using Example 10.6, the overall impulse response is:

h(t) = hi(t) ® ho(t) = te™u(t)
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and the overall transfer function is:

1

H(s) = Hi(s) (o) = (- i

J{s} > a

We can also use H;(s) and H,(s) in the block diagram:

r(t) — Hi(s) > H>(s) —— ()

As H(s) =Y (s)/X(s), we have:

(s—a)’Y(s) = X(s) = (s*—2as+a*) Y(s) = X(s)

d*y(t) dy(1) 2
o 2a o ta y(t) = z(t)

H. C. So Page 28 Semester B 2016-2017

—




References:

1. A. V. Oppenheim and A. S. Willsky, Signals & Systems,
2nd Edition, Prentice Hall, 1997

2. S. Haykin and B. Van Veen, Signals and Systems, 2nd
Edition, Wiley, 2003

H. C. So Page 1 Semester B, 2016-2017



	Binder1
	EE3210_1
	EE3210_2
	EE3210_3
	EE3210_4
	EE3210_5
	EE3210_6
	EE3210_7
	EE3210_8
	EE3210_9
	EE3210_10

	references

