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▪ Computing marginal distributions/modes efficiently by 
exploiting the distributive law.

▪ Message from variable to factor:

▪ Message from factor to variable: 

▪ Marginal distribution:

Belief Propagation (BP) on Trees
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▪ Message from variable to factor:

▪ Message from factor to variable: 

▪ Marginal distribution

Message Definition
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▪ Distributive law may NOT be exploited on graph with loops 

▪ Use same message updating rule in parallel
▪ Message from variable to factor:

▪ Message from factor to variable:

▪ Approximate marginal distribution:

BP on Graph with Loops
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Pairwise Models: GMRF & Linear Gaussian Model
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1) GMRF

2) Pairwise Linear Gaussian 

Model
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▪ A joint Gaussian distribution function can always be written as:

▪ A sufficient convergence condition, given by the spectrum radius 
is obtained:

BP on GMRF

Malioutov, Johnson and Willksy, Journal of Machine Learning Research 2006.

“Pairwise Model”
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▪ In a general connected network, the local observations at every 
node    are in the form of 

▪ The joint posterior distribution of

▪ Applications for distributed estimation:
-distributed power state estimation, 

-distributed localization/synchronization, etc.

BP in Linear Gaussian Model

local observation known coefficient
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Du, Ma, Wu, Kar, and Moura, arXiv preprint arXiv:1611.02010 

submitted to Journal of Machine Learning Research.
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cooperative 

innovation

▪ The general expression for message updating from variable node 
to factor node is

▪ The message from factor node to variable node is

like a Kalman Gain

BP Updating Equation in Linear Gaussian Model 

local 
innovation 8/17
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Convergence Property
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▪ Convergence rate with respect to part metric:

Convergence Rate

10/17



Carnegie Mellon

▪ Convergence rate with respect to part metric:

▪ From Part metric to monotone norm

Convergence Rate
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▪ Updating equation

▪ A distributed sufficient convergence condition

Convergence Property

12/17Du, Kar, and Moura, Asilomar 2017
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▪ A joint Gaussian distribution function can always be written as:

▪ Converged linear Gaussian model subsumes walk-summable 
GMRF .

LGM subsumes Walk-Summable GMRF (I)

Valid Models

Linear Gaussian Models

Walk-summable  GMRF

Diagonally dominant
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▪ Distributive law may NOT be exploited on graph with loops 

▪

LGM subsumes Walk-Summable GMRF (II)
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Moallemi and Roy, TIT 2009
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▪ H-Matrices

LGM subsumes Walk-Summable GMRF (III)
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▪ converges to a unique positive definite matrix for 
arbitrary positive definite initial value.

▪ converges at a doubly exponential rate.

▪ Existing convergence analysis of GMRF can not be used for 
distributed inference in linear Gaussian models.  

▪ Belief covariance of BP in pairwise linear Gaussian models

▪ Necessary and sufficient convergence condition of belief mean

▪ The convergence condition of pairwise linear Gaussian models
subsumes walk-summable GMRF.

Conclusion

Full Version: Du, Ma, Wu, Kar, and Moura, arXiv preprint arXiv:1611.02010
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Thank you!
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