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Belief Propagation (BP) on Trees

= Computing marginal distributions/modes efficiently by
exploiting the distributive law.
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= Marginal distribution:
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Message Definition

= Message from variable to factor:
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= Message from factor to variable:
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= Marginal distribution
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BP on Graph with Loops

= Distributive law may NOT be exploited on graph with loops

q(x1) OC/---/fA(X17X27X37X4)fB(X1;X27X37X4)

X fo (X1, X2, X3, X4 )dxodx3dxy

= Use same message updating rule in parallel
= Message from variable to factor:

&

l
m\, (x)) = p(x;
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= Message from factor to variable: f+€B()\/x
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= Approximate marginal distribution:
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Wwill 5() converge?
Where will it converge?
Convergence rate?
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Pairwise Models: GMRF & Linear Gaussian Model

J
_@1\;/ 1] 1) GMRF
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Model

fi(x5) ~ N(x;]0, W)
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BP on GMRF

= A joint Gaussian distribution function can always be written as:

1
p(X) ox exp (—EXTJX + th> “Pairwisi Model”
~T1 Ly AN 11 l( ‘J..‘)\
1 ~ ANY) MRF A
e =fi,i(@i;
= fi(z;) (72.9)

= A sufficient convergence condition, given by the spectrum radius
is obtained:

p([T —J|) < 1 &Walk-summable (BP converges on GMRF)

{(), Electrical & Computer Malioutov, Johnson and Willksy, Journal of Machine Learning Research 2006.
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BP in Linear Gaussian Model

= |n a general connected network, the local observations at every

node,, - y are in the form of
Zij ™~ N(Z@', [0, R; ;)
Yi,j = AjiXi + A X5+ Zz’,j{ ’ ’ !
p(x;) ~ N (x;]0, W;)
local observation known céefficient

= The joint posterior distribution of [x,.. .x|v|]T

( y,X Hp Xz Hp Y@3|X@,X3,{7f ]}EgNet)

iev > iev®
L, Ny
= Applications for distributed estimation:
-distributed power state estimation,
-distributed localization/synchronization, etc.

Electrical & Computer Du, Ma, Wu, Kar, and Moura, arXiv preprint arXiv:1611.02010
'(() ENGINEERING submitted to Journal of Machine Learning Research. 77
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BP Updating Equation in Linear Gaussian Model

= The general expression for message updating from variable node
to factor node is

P
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fr, i €BG)\fi,; %) é)

(£) _ ) (£—=1) 7—1_(£-1)
Vitr, = Co, [ EE: [(:fkj—+j] kad%j]
ki €EB(I)\ fi,j

= The message from factor node to variable node is
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Convergence Property

[C(ﬂ)
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1
Theorem 1. The matrix sequence { [C(@)g _HJ } converges to a unique posi-
1=0,1,

— ]
tive definite matrix for any initial covariance matrix [C(O) ] =~ O forallz,y € V
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Convergence Rate

= Convergence rate with respect to part metric:

Part (Birkhoff) Metric: For arbitrary square matrices X and Y with the
same dimension, if there exists « > 1suchthataX > Y > o 'X,Xand Y
are called the parts, and d (X,Y) £ inf {logo: oX =Y =a X a>1}

defines a metric called the part metrlc

d (C(@,C*) < 8t (c“”,c*) C0<fB<1.

Theorem 2. With the initial covariance matrix set to be an arbitrary

d matrix.ie. [c@ 1 <ot co 17
p-s.d. matrix, i.e., |C}" > 0, the sequence fissi o

converges at a geometric rate with respect to the part metric.
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Convergence Rate

= Convergence rate with respect to part metric:

d(c(@ )<5€d(c<0> c), 0<f8<1.

= From Part metric to monotone norm
WO < (2exp {d (10,9%) | —exp {=d (39,5%) } = 1) min { O], 111}

13O —J*|| < 2¢exp {cfdy}, c< 1.

Theorem 3. With the initial covariance matrix set to be an arbitrary
—1
p.s.d. matrix, 1.e., {CS’ )_m} >~ (0, the sequence {C(E)}
" 1=0,1,...

converges at a double exponential rate in terms of the monotone norm|
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Convergence Property
= Updating equation
14 * * 14
g—)mﬂj — bj—>fz',j  Yi—=fig Z kaj%ijJAJ kvl(ﬂif 7
fr.s€BG\ i,
vl = Qv 4 p.

Theorem 4. The belief mean converges to the optimal value if and only
if p(Q) < 1. The matrix Q satisfies v(¥) = Qv{*=1) + b with v(¥) being
(£)

a vector containing all the v, . .

= A distributed sufficient convergence condition

Theorem 5. The belief mean converges to the optimal value if the spectrum
radious of block diagonal (each block’s dim. equals the corresponding
variable’s dim.) of QQT is smaller than 1.

EIectncaI&Com uter
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LGM subsumes Walk-Summable GMREF (l)

= A joint Gaussian distribution function can always be written as:
p(X) X exp (—%XTJX 4+ hT ) H exp ( z @33' 1+ h; IE@) H ?Xp (—ZU@‘JZ',jLEj)J.

1€V “~ J(i,j)ESMRF Af '\(r )
=Ji,j\Ti,j
£fi(z;)

p([T —J|) < 1 &Walk-summable (BP converges on GMRF)

= Converged linear Gaussian model subsumes walk-summable
GMREF . Valid Models (7 > 0)

Linear Gaussian Models

Walk-summ

Diagonally dominant

13/17
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LGM subsumes Walk-Summable GMREF (ll)

= Distributive law may NOT be exploited on graph with loops
p (X) o exp (—%XTJX - th)

X exp {—%XT (J—wI)x — %waX + th}

~ exp {_% (V)" (V7x) -  (wx"x — 207) }

1 M 2 1 fn o
X €Xp | —3 Z (Vn,m:cm + Vn,nja?nj) —3 Zw(xn - —)

n=1 n=1

= Let 0 < w < 1 and w is smaller than the minimum eigenvalue of I — |R|.

M
) [T (nl s =) TLNOVan 0, + Vi 2,0 1).

/
n=— ]_\_ Jn:]_ ~
fﬂi,ﬂ,j
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LGM subsumes Walk-Summable GMREF (lil)

= H-Matrices

Definition H-Matrices (Boman et al. 2015): A matrix X is an A -matrix if all eigen-
values of the matrix H (X), where [H(X)|;; = |X;|, and [H(X)]; ;, = —|X; ;| have
positive real parts.

Factor width at most 2 factorization (Boman et al. 2015): A symmetric H-matrix X

that has non-negative diagonals can always be factorized as X = VV?, where Vis a
real matrix with each column of V containing at most 2 non-zeros.

(1 — w)I — R is an H matrix.

(1—w)I—R=J—wl=VV’ whereeach
column of V contains at most 2 non-zeros.
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Conclusion

= Existing convergence analysis of GMRF can not be used for
distributed inference in linear Gaussian models.

= Belief covariance of BP in pairwise linear Gaussian models

= converges to a unique positive definite matrix for
arbitrary positive definite initial value.

= converges at a doubly exponential rate.

= Necessary and sufficient convergence condition of belief mean

= The convergence condition of pairwise linear Gaussian models
subsumes walk-summable GMREF.

.(() Electrical & Computer .
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Thank you!
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The eigenvalues of I — |R| to 4 decimal places are —0.0754, 0.9712, 1.4780, and
1.6262. According to the walk-summable definition in, it is non walk-summable and
the convergence condition is inconclusive as to whether Gaussian BP converges.
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