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Second-order statistics in C

er statistics [1
For a random variable x € C:

Hermitian variance:

U)%:E{|x|2}:af+0',-2€R
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For a random variable x € C:

Hermitian variance:
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Pseudo-variance:

= E{XZ} = (af —O'I-Z) +2j0,, € C
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Second-order statistics [1

For a random variable x € C:

Hermitian variance:

Pseudo-variance:

Tx

Circularity quotient:
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Second-order statistics [1

For a random variable x € C: B
Statistics in C

Second-order statistics in C

Hermitian variance:

Circular vs noncircular
distributions

0')2( =N {'X‘z} = UE —+ 0,,_2 eR Distributions can be ambiguous

Properties of periodic
deterministic systems

A dynamical systems perspective

Pseudo-variance: on signals

Periodic deterministic systems

m=E{x’} = (o} —of) + 20, €C s of e
Recursive spectral
estimation
Circularity quotient:
Circularity preserving
spectral estimation

2 2
P Tx Oy —0; + 2]0',[ C Full spectral description

a’>2( B o’% + Ui2 CPDFT in practice

Both 02 and 7, are required for full description of second-order statistics [2]
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Circular vs noncircular distributions

Metric for second-order noncircularity [3

0, circular
lox] =< 1, noncircular
(0,1) otherwise

3{x}
3{x}
3{x}

R{x} R{x}
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Consider the following evolving distributions:

n=2 n=2
o X ® Yn
nd-
= o 2. The statistics are equivalent, dbuons
m el even thOUgh one is determin_ Distributions can be ambiguous
istic (left panel) and the other
is random (right panel)!
R{-} R{} A dyamicl st ecti
Scatter plot of periodic Scatter plot of uniformly o A
deterministic signal distributed signal prariancs of periad
E{|X|2} =E {‘Y|2} =0’ (variance)
|E {X2} |=|E {y2} | =0 (abs. pseudo-variance)
Ful ectral ¢ otion
E{e} I IE{*}] I
= 3 =0 (circularity coeff.)
E{IxPP}y  E{lyl}

’ How can we distinguish x from y? ‘ % we must abandon conventional statistics.
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A dynamical systems perspective on signals

Consider the (deterministic) dynamical system
Xp = F(Xp—1)

where f is typically a nonlinear function.
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A dynamical systems perspective on signals

Consider the (deterministic) dynamical system
Xp = F(Xp—1)

where f is typically a nonlinear function.

We can express observation, xp, in terms of the initial observation, xp, that is
Xn = f(Xp—1)

= f2(xn,2)

= f"(x0)
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A dynamical systems perspective on signals

Consider the (deterministic) dynamical system
Xp = F(Xp—1)
where f is typically a nonlinear function.

We can express observation, xp, in terms of the initial observation, xp, that is

Xn = f(Xp—1)

= f2(xn,2)

= we have a time-invariant measure of x,, since at any time instant, n, x, can be expressed in terms
of the initial value, xp.
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Consider the periodic system x, = f(x,—1) with the property

Xn+N = Xn

Periodic deterministic systems
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Periodic deterministic systems London

Consider the periodic system x, = f(x,—1) with the property

Xn+N = Xn

A recursive expression is given by
Xn = €7 xp_1 nd

where w = 27t /N is the angular frequency. tribution

gnal:
Periodic deterministic systems
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Periodic deterministic systems

Consider the periodic system x, = f(x,—1) with the property
Xn+N = Xn

A recursive expression is given by
Xn = €7¥xp_1

where w = 27 /N is the angular frequency.

A time-invariant measure

We can now unfold:
w

Xn = 7% x,_1

= ex, o

— glwn

X0

or, equivalently,
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Invariance of periodic deterministic systems i it ol

London
We can estimate X = e 7“"x, and yg = e /¥y, at every time instant n.
Observe that Xy is constant for the deterministic x, however y is random!
n=2 n=2 ” .
L] Xn on [ ] Yn ircular vs noncircul
L4 )?0 '. L4 }70 Distributic
: PRl :
n n A dynami i
signals
F rr
Invariance of periodic
deterministic systems
R{-} R{-}
Scatter plot of periodic deterministic signal Scatter plot of uniformly distributed signal
original (black) and unfolded (red) original (black) and unfolded (red)
E {5} = o? E{l50)’} =0
A2 2 A2
|E{Xo}‘:‘7 \E{YO}|:O
{1 \E{%}LO
E {|%0]?} E{l50]?}
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Periodic systems in Gaussian environments imperial College

Let's test whether deterministic systems with additive circular Gaussian noise also has time-invariant

measures
Xn = €’¥xp_1 + wp

with wy, ~ N (0,02,

n=2 n=2
¢ Xn 6n ® n
° Xo .‘ ° .}70
—~ ~
o P Invariance of periodic
M ° .en M deterministic systems
R{-} R{}
Scatter plot of noisy periodic deterministic signal Scatter plot of noisy uniformly distributed signal
original (black) and unfolded (red) original (black) and unfolded (red)

’We can still distinguish between the distributions! ‘
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Phase: it

The slidi

is all relative

DFT [4, 5

XprT [m]

N—1

— E Xn+k67Jka

k=0

Consider the signal given by x, = sin (wmn), with wy, = 2rm/N.

The evolution of XPFT [m] shows:

N\

Xn

AVAVAVAV
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Phase: it

The slidi

Consider the signal given by x, = sin (wmn), with wy, = 2rm/N.

is all relative

DFT [4, 5

XET[m] =) e

The evolution of XPFT [m] shows:

N\

Xn

AVAVAVAV

n

n

>

3}

XpIm]

‘ The "rotation” arises due to a change in reference frame for the phase at each time step increment.
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Circularity Preserving DFT

Statistics in C
Second-order statistics in C
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X”[m] = E Xn+ke_]wm("+k) distributions

Distributions can be ambiguous

Properties of periodic
The CPDFT modifies the frame of reference of the phase such that it becomes the "initial phase”. deterministic systems
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Circularity-Preserving DFT

Circularity Preserving DFT

Xnp[m] =

The CPDFT modifies the frame of reference of the phase such that it becomes the "initial phase”.

The evolution of X,[m] shows:

AV AVAVAVAV

n

Xn

N—1

g Xn+ke_]wm("+k)

k=0

\\\
n —

&

3}

Xp7tm]
Proposed Xn[m]

‘ The phase of the CPDFT is stationary! = we can confidently exploit statistics in C
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CPDFT: more examples

Sinusoid in additive Gaussian noise

n

Gaussian noise

Xn
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Full spectral description

Full second-order statistical description in the frequency domain

As with complex-valued random variables in general, the full second-order statistical description of
the CPDFT coefficents, X[m], requires both quantities:

Hermitian variance <+ Power Spectrum: R[m] = E {|X[m]|2}

Pseudo-variance <+ Panorama: P[m| = E {X2[m]}
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Full spectral description

Full second-order statistical description in the frequency domain

As with complex-valued random variables in general, the full second-order statistical description of
the CPDFT coefficents, X[m], requires both quantities:

Hermitian variance <+ Power Spectrum: R[m] = E {|X[m]|2}
Pseudo-variance <+ Panorama: P[m| = E {X2[m]}

Using both the power spectrum and panorama [6, 7], we can distinguish between deterministic and
random frequency bins using the spectral circularity:

E{X’lml}  P[m]

E{|X[m]]?} ~ R[m]
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Full spectral description

Full second-order statistical description in the frequency domain

As with complex-valued random variables in general, the full second-order statistical description of
the CPDFT coefficents, X[m], requires both quantities:

Hermitian variance <+ Power Spectrum: R[m] = E {|X[m]|2}
Pseudo-variance <+ Panorama: P[m| = E {X2[m]}

Using both the power spectrum and panorama [6, 7], we can distinguish between deterministic and
random frequency bins using the spectral circularity:

E{X’lml}  P[m]

E{|X[m]]?} ~ R[m]

For a specific frequency bin m:

B. Scalzo Dees™, S.C. Douglasf, D.P. Mandic*

Deterministic = noncircular (|o[m]| = 1)
Random = circular (|g[m]| = 0)
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London
Example: 3 sinusoids in correlated noise

Consider the harmonic signal in noise, given by St i ©
atistics in ©

Second-order statistics in C

xn = cos (0.15(27n)) + 0.25 cos (0.25(27n)) + 0.1 cos (0.4(27n)) + 7 Ciretar e nonciclar

distributions
Distributions can be ambiguous

where 7, is generated by filtering a zero-mean uncorrelated Gaussian random process with a digital Properties of periodic

filter with system function given by deterministic systems
A dynamical systems perspective
on signals
H(Z) — 1 Periodic deterministic systems
1—-1.6 COS(0.2(27T))Z_1 + 0.64z2 Invariance of periodic

deterministic systems

Recursive spectral
estimation

Circularity preserving
spectral estimation
Full spectral description

CPDFT in practice
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Example: 3 sinusoids in correlated noise

Consider the harmonic signal in noise, given by

Xp = cos (0.15(27n)) + 0.25 cos (0.25(27n)) + 0.1 cos (0.4(27wn)) + 0y

where 7, is generated by filtering a zero-mean uncorrelated Gaussian random process with a digital

filter with system function given by

H(z) =

1

1— 1.6cos(0.2(2))z~ ! + 0.64z2

—-- Power Spectrum
@ ==+ Panorama (Abs.) (DFT)
3 —— Panorama (Abs.) (CPDFT)

Power [dB]

04 06
Normalized frequency
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