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1 Motivation

• Bayesian Information Criterion (BIC): extensively used in clustering.

• Prior to [1] BIC, for clustering, has not been derived from first principles.

• Finite-sample performance of asymptotic criterion is not satisfactory.

2 Contributions

• Finite-sample BIC for clustering derived from first principles.

• Proposed criterion (BICNF) incorporates structure of the clustering problem and chooses

model with maximum posterior probability.

• BICNF successfully applied to camera networks [2] and radar [3].
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3 Problem Formulation

• xk ∼ N (µk,Σk), k ∈ K ¬ {1, . . . , K}: i.i.d Gaussian random variables; K: number of

clusters; µk ∈ R
r×1 and Σk ∈ R

r×r: centroid and covariance matrix of the kth cluster

• Xk ⊂ R
r×Nk, k ∈ K: cluster containing realizations of xk

• X ¬ {X1, . . . ,XK} ⊂ R
r×N: observed data set; N =

∑K

k=1
Nk

• M ¬ {MLmin
, . . . , MLmax

}: family of candidate models

• X partitioned into l = Lmin, . . . , Lmax clusters, using model Ml with parameters Θl =

[θ1, . . . ,θl]

• Goal: estimate the number of clusters in X given M
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X ⊂ R2×300
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X1 ⊂ R
2×100

X2 ⊂ R
2×200

Centroid
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X1 ⊂ R
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X1 ⊂ R
2×100

X2 ⊂ R
2×100

X3 ⊂ R
2×43

X4 ⊂ R
2×57

Centroid

4 Proposed Bayesian Cluster Enumeration Criterion With Finite Sample
Penalty Term

• Main idea: maximization of posterior probability of candidate models Ml ∈M given X

MK̂ = arg max
M

log p(Ml|X )

p(Ml|X ): posterior probability of Ml given X ; K̂: estimated number of clusters in X

• New BIC for clustering derived from first principles in [1]: applicable to broad class of

data distributions

BICG(Ml)¬ log p(Ml|X )≈ logL(Θ̂l|X )−
1

2
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m=1

log
�
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L(Θ̂l|X ): likelihood function; Ĵm: Fisher information matrix of observations from the

mth cluster; | · |: determinant

Ĵm ¬ −
d2 logL(θm|Xm)

dθmdθ⊤
m

�

�

�

�

θm=θ̂m

∈ Rq×q

• Special case of [1]: X is distributed as multivariate Gaussian

BICN(Ml) =

l
∑

m=1

Nm log Nm−

l
∑

m=1

Nm

2
log
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�Σ̂m
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�−
q

2

l
∑

m=1

log Nm

Σ̂m: estimate of the covariance matrix of the mth cluster; Nm: number of data points in

the mth cluster

• Contribution: derivation of the penalty term for the finite-sample regime

BICNF(Ml) = BICN(Ml) +
1

4
r(r + 1)l log 2+

1
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NmΣ̂
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0
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D ∈ Rr2×1
2r(r+1): duplication matrix; F̂m ¬ Σ̂

−1

m
⊗ Σ̂
−1

m
∈ Rr2×r2

• Estimated number of clusters

K̂BICNF
= arg max

l=Lmin,...,Lmax

BICNF(Ml)

5 Results

• Data-1: Gaussian data set with K = 5 clusters; Data-2: Gaussian data set with K = 6

clusters

• Lmin = 1 and Lmax = 2K

• BICO: the original BIC

BICO(Ml) =

l
∑

m=1

Nm log Nm−

l
∑

m=1

Nm

2
log
�

�Σ̂m

�

�−
ql

2
log N

• pdet =
1

MC

∑MC

s=1

1{K̂s=K}, pdet: empirical probability of detection; MC: number of Monte

Carlo experiments; 1{·}: indicator function

Results for Data-1

Nk 10 50 100 1000

pdet(%)

BICNF 77.6 100 100 100

BICN 0 77.8 96.2 100

BICO 26.4 99.3 99.7 100

Results for Data-2

Nk 50 100 250 1000

pdet(%)

BICNF 82.1 96.7 98.7 99.3

BICN 64.7 92.9 98.1 99.3

BICO 51.7 91.1 98.7 99.3

1 2 3 4 5 6 7 8 9 10

Number of clusters specified by the candidate models
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Penalty term for Data-1 when Nk = 10
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