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|. Introduction [11. Quaternion Linear Canonical Transform (QLCT) V. Potential Applications
An uncertainty principle (UP), which provides a lower bound on the spreads « Quaternion algebra: In this section, we mainly set an example to explain the potential
of two specific transform domains, Is of importance In various scientific fields _ _ applications of the UP in the QLCT domain. It is noted that the QLCT of the
such as mathematics, signal processing and information theory. On the H:{CI‘OI =0, + 0,1 +0,]+0:K,0,0,,0,,0; ER} quaternionic Gaussian function is another Gaussian quaternionic function.
mathematical side, the classical Heisenberg UP in the time-frequency plane is L , N N _ o _ _ 2 2 2
given by "= =k =-11j=—Ji=K, Jk==-K]j=1Lki=-lk = H (2) ¥ (b) ¥ (C)
21 ¢ (1) : 2 Remark: . . .
| @=t)?|f(0) dt [ (w—wp)®|F(w)[ dw o | | : D 0
R . IR 2 > The main difference between common complex and quaternion number Is
\ 4 05 -05 -05
IR‘ f (t)‘ at _[R‘F (W/‘ dw that the latter has the non-commutative property of quaternion multiplication. ! i i
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* ty, Wo: mean time and mean frequency; E=| |f(t)dt: the energy of signal; + Quaternion linear canonical transform: ] . : : 2 . . 1 > 2 . . 1 :

e UP means a function and its FT cannot both be higher concentrated. 2
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: 40 L o, {f}(u):JRZ f(X)Ky (U, % ) Ky (U, %, )dX  (Right-sided QLCT) o

.:;%- {%30- . ] 1.5
o 2 oo {TH(U)= LK (uy, % )KL (Uy, %) F(X)dX  (Leftsided QLCT) 2 N
107 e Lemmal (component-wise UP of the QFT) Fig. 4 2-D Gaussian signal in the QLCT domain under different parameter matrices. According to the
-1 ' ' ' ' Qr—e—o—e—= & o & o 4 flexiblity of the QLCT, it can provide much more information of quaternionic signal, and the UP can

’ - . Time - o8 1 ° Freqﬁncy 5 ) ) 1 ) 2 achieve tighter results than that of the QFT.
2 2
i ine si i . (b) si i Xo | F (X)) dx-| uZ[F{fi(u duz—( f (X dx) k=172 : .
Fig. 1 (a) cosine signal with 30Hz; (b) signal after Fourier transform (FT). j K ‘ ( )‘ r2 K ‘ { }( )‘ A ij ( )‘ Contrlbutlons
We mainly investigate the mathematical aspects of UPs for the two-sided _ _
quaternion linear canonical transform (QLCT) in this paper. IV Main Results > T:c/vohnovel UPs of the _tWO'LSJ'Sed %L%T arehpres_ented. One ISI_a gc_aneralfforr:n
: : : of the component-wise and the other I1s a generalization of the
I1. Linear Canonical Transform (LCT) directional UP
2 * Theorem 1 (component-wise UP of the QLCT) > Both of new derived results describe lower bounds of spreads of a
, , (a,b, —ab )2 guaternion-valued signal in arbitrary two different QLCT domains, which
IRZ Uf"—ﬂfb% {f}(u)‘ du- 2 Vf‘LHi,AA {f}(V)‘ dv > -—— 1 : Include those of UPs iIn the spatial and frequency domain as its special
Cases.
J- UZ‘LH f}(u)rdu- VZ‘LH f}(v)‘zdvz (a,b, —a,b,) » The potential appllcatl_ons of the derived r_esults mamly exist In _slgnal
4 energy concentration, time-frequency analysis and signal recovery in the
quaternion setting.
e Theorem 2 (directional UP of the QLCT)
Fig. 2 Time-frequency distributions of (a) Gaussian-weighted sinusoidal signal; (b) signal after the FT; (c) A k | d t
signal after the LCT. In the time-frequency plane, it is noted that FT means a 90 rotation and the LCT is an oy ® 2 o |y |1 2 cknowieaaemen
affine transformation. j 2 u ‘LAL,AZ { f }(U)‘ du- 2 v ‘L A, { f }(V)‘ dv g
| . | . . . 15 . . . This work 1s supported by the National Natural Science Foundation of

I i _ _ 2 _ _ .

(8) W (b) o (€) S (jasb, —a,b;| +]a,b, —a,b, ) China (No. 61671063), and also by the Foundation for Innovative Research
- ol - N 4 Groups of the National Natural Science Foundation of China (No. 61421001).
:% | ;‘éj e Corollary 1 (directional UP of the QLCT)
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Fig. 3 (a) waveform of a chirp signal; (b) signal after the FT; (c) signal after the LCT.
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1
FA(u):<f (t), K, (u, t)> 7 ; b'[ f(t)ejb(oIu e )dt,b;tO,det(A):l can derive corresponding forms of UPs in the QFT and the QFRFT
Jem domain
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