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2GSTATS DataScience Chair, GIPSA-lab, Université Grenoble Alpes, France.

Abstract

Context:
IClassification task performed by non-linear one-layer feed-forward neural net.
ITheoretical asymptotic performances for large dimensions (data size, number of

data and neurons).

Objective:
IFormalize “data regularity”.
IIntroduce efficient framework for neural net understanding.

Results:
IConcentration of measure as solution to understand neural net output stability.
ITheoretical formulas for asymptotic classification error.

I – Concentration of measure basics

Definition (Concentration of a random vector)

(E , ‖·‖) normed vector space ; Z ∈ E random vector ; α : R+ → R+ ; f : E → R :

With inequality I(X )⇔ P (|f (Z )− X | ≥ t) ≤ α(t), define:

ILipschitz concentration Z ∝ α : I(f (Z ′)) true for any f 1-Lipschitz
with Z ′ independent copy of Z .

IConvex concentration Z ∝c α : I(f (Z ′)) true for any f 1-Lipschitz
and convex.

ILinear concentration around deterministic equivalent Z̃ ∈ E
Z ∈ Z̃ ± α : I(f (Z̃ )) true for f linear s.t. ‖f‖ = sup

‖x‖≤1
|f (x)| ≤ 1.

Theorem (Concentration of some random vectors Z ∈ Rp)

IGaussian vectors: Z ∼ N (0, Ip) =⇒ Z ∝ Ce−( · /c)2

IBounded vectors: Zi ∈ [a,b] i.i.d. =⇒ Z ∝c Ce−( · /c)2.

Proposition (Operations on concentrated random Z ∈ R)

For Z1,Z2 ∈ R such that Z1,Z2 ∝ Ce−( · /c)2 :

• Z1 + Z2 ∝ C ′e−( · /c′)2 • Z 2
1 ∝ C ′e−( · /c′EZ1)2

+ C ′e− · /c
′2

• If Z1 ≤ K : Z1Z2 ∝ C ′e−( · /c′ (K +EZ2))2
+ C ′e− · /c

′2

Implies Hanson-Wright inequality: for x ∝c Ce−( · /c)2:

xTAx = ‖A
1
2x‖2 ∝ C ′e−( · /c′‖A‖E‖x‖)2

+ C ′e− · /c
′2‖A‖2

II – System Model

A feed-forward neural network

I(z1, y1), . . . , (zn, yn) ∈ Rq × {0,1}k , data-label pairs from C1, . . . , Ck .
IX = [x1, . . . , xn] ∈ Rp×n output of previous-to-last layer.
IRegression β ∈ Rp×k , min of Etrain(β) ≡ 1

n

∑n
i=1 ‖yi − βTxi‖2

F + η‖β‖2
F ,

β =
1
n

QXXY T, QX ≡
(

1
n

XX T + ηIp

)−1

, Y ≡ [y1, . . . , yn] ∈ Rk×n.

IFor x ∈ Rp, neural net output S(x) ≡ βTx = 1
nYX TQXx ∈ Rk .

Hypotheses

In→∞ and p = O(n).

Ixi = f (ζi) + g(ξi) where:

• ζi ∈ Rp Gaussian, ξi ∈ Rp with i.i.d. bounded entries; all independent
• f : Rp → Rp Lipschitz, g : Rp → Rp affine.(

=⇒ X ∝c Ce− ·
2/c in

(
Rp×n, ‖·‖F

))
IFor x̄` = E[x ] with x ∈ C`, ‖x̄`‖ = O(

√
p).

III – Main Results

Proposition (Deterministic equivalent of Q)

Let Σ` = E[xxT ], for x ∈ C`, and Q̃γ ≡
(∑k

`=1
#C`
n

Σ`

1+γ`
+ ηIp

)−1
.

Then, the system
{
δ` = 1

n tr(ΣlQ̃δ)
}k

`=1
admits a unique solution and

QX ∈ Q̃δ ± Ce− (·) 2/c in (Rp×p, ‖·‖Sp).

Theorem (Central limit theorem for S(x))

S(x) ∝ Ce−t2/c and V−
1
2

`

(
S(x)− S̃`

)
L−→

n→∞
N (0, Ik)

where, for ∆ = diag((1 + δ·)
−1), J = [j1, . . . , jk ] ∈ Rn×k , [j`]i = δxi∈C`,

S̃` ≡
1
n

YJ∆X̄ TQ̃x̄`,

V` = h(δ,Σ1, . . . ,Σk) for some h (see article).

Application: extreme learning machines x = σ(Wz), W random

IMNIST: good match with concentration predictions:
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Simulation
Theory

σ(t) = ReLU(t) σ(t) = erf(t)

Figure: [S(x)]1 (blue dotted) and [S(x)]2 (blue solid) of 2-class MNIST ELM as a
function of η ∈ [10−4,104] (digits 3 for C1 and 8 for C2) for x ∈ C1, versus theory (red).
Here n = 2048, p = q = 784, W random unitary.

IFor symmetrical distribution, no classification if σ(−z) = σ(z)
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Figure: [S(x)]1 (blue dotted) and [S(x)]2 (blue solid) of Gaussian 2-mixture ELM
(C1 ≡ N (0, Ip) and C2 ≡ N (0,2Ip)) for x ∈ C1, versus theory (red). Here n = 4096,
p = q = 256, W random unitary.
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