A Random Matrix and Concentration Inequalities framework for Neural Networks Analysis
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Context:
»(Classification task performed by non-linear one-layer feed-forward neural net.

» Theoretical asymptotic performances for large dimensions (data size, number of
data and neurons).

Objective:
»Formalize “data regularity”.
»Introduce efficient framework for neural net understanding.

Results:
»Concentration of measure as solution to understand neural net output stability.
» Theoretical formulas for asymptotic classification error.

LSS, CentraleSupélec, Université ParisSaclay, France.

Il - System Model

2GSTATS DataScience Chair, GIPSA-lab, Université Grenoble Alpes, France.

Theorem (Central limit theorem for S(x))

A feed-forward neural network

| — Concentration of measure basics

Definition (Concentration of a random vector)

(E,||-|[) normed vector space ; Z € E random vector ;a: R, - R, ;f: E—-R:
With inequality Z(X) < P (|f(£) — X| > t) < a(t), define:

»Lipschitz concentration Z « « : Z(f(Z')) true for any f 1-Lipschitz
with Z’ independent copy of Z.

» Convex concentration Z oc; o : Z(f(Z')) true for any f 1-Lipschitz
and convex.

»Linear concentration around deterministic equivalent ZcE
Z e Z+a:I(f(Z))true for flinear s.t. ||f|| = sup |[f(x)]| < 1.

Ix[|<1

Concentration preserved through layers
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L (Z1,11), ... (20, ¥n) € RY x {0, 1}%, data-label pairs from Cy, . . ., Cx.
J > X = [X1, -

., Xp| € RP*" output of previous-to-last layer.
»Regression 8 € RP*X min of E.in(3) = ,172,’.’:1 lyi — B'xi||2 + n||B]|%,
1
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»For x € RP, neural net output S(x) = 3'x = 1YXTQxx € R,

5= QeXYT, Qx= (

S(x) x Ce /° and v, (S() = &/) =55 N(0, k)

Nn—00
Where, for A = diag((1 + 5.)_1), J = U1, C ,jk] - RnXk, Ué]i — 5X,'ECW
ég — %YJA)_(TQ)_Q,

Vi=h(6,24,...,2k) for some h (see article).

Application: extreme learning machines x = o(Wz), W random

Hypotheses

Theorem (Concentration of some random vectors Z € RF)

»Gaussian vectors: Z ~ N'(0,l,) = Z < Ce (/)
2

»Bounded vectors: Z; c [a, b] i.id. = Z x. Ce~{"/°),

»n — oo and p = O(n).

»X; = f((;) + g(&;) where:

e (; € RP Gaussian, & € RP with i.i.d. bounded entries; all independent
e f : RP — RP Lipschitz, g : RP — RRP affine.

(= XoxeCe ™ in (RP".|1))
»For X, = E[x] with x € Cy, || x/|| = O(\/Pp)-

Proposition (Operations on concentrated random £ < R)

Il — Main Results
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For Zy,Z> € R such that Z;, Z, x Ce~{-/9)" :
e Z1+Zx Ce /) oZ2c Cle/9F2) 4 Cle= /"
o IfZ, < K: 22> x Ce U/ (KFEZ) | crg=-/c”

Proposition (Deterministic equivalent of Q)

Implies Hanson-Wright inequality: for x oc, Ce~(-/¢)";
xTAx = || Aéx||? o C'e (/CIAIEIXI® | rg=+ /eIl

Ty T - k  #C ¥ -
Lety,=E[xx"'], forx € C;,, and Q, = (ZH e nlp) .
k

. admits a unique solution and

Qx € Q= Ce™ Ve in (RP"P. |1|s,)

Then, the system {56 = %tr(Z,Qs)}

»MNIST: good match with concentration predictions:

—Simulation
— Theory
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o(t) = ReLU(t) o(t) = erf(t)

Figure: [S(x)]1 (blue dotted) and [S(x)]2 (blue solid) of 2-class MNIST ELM as a
function of n € [10~4, 10%] (digits 3 for C; and 8 for C,) for x € C4, versus theory (red).
Here n = 2048, p = g = 784, W random unitary.

»For symmetrical distribution, no classification if 6(—z) = ¢(2)
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o(t) = ReLU(t) o(t) = erf(t)

Figure: [S(x)]1 (blue dotted) and [S(x)]2 (blue solid) of Gaussian 2-mixture ELM
(C1 =N(0, I) and C> = N (0, 21p)) for x € Cy, versus theory (red). Here n = 4096,
p = qg = 256, W random unitary.
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