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What is tensor?

Generalization of an n-dimensional array.

vector: 1st-order tensor matrix: 2nd-order tensor 3rd-order tensor

What can tensor do?

A matrix can represent a 2-order relation.
A tensor can represent a high-order relation.
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Tensor-train Decomposition (TTD)

Decompose a tensor X € RI1x{2xxIn to TT format:

) _
g g® g g™
: : 1
X :
p — | AP | %
(1) (2) (N-1) )
Gil Gi2 GiN_l GiN
. (n> Tn—1X1p X7y
Core tensor: G\"" € R : For each element:
Silce: G(™ € R7—1%"n, al
TT-rank: {ro,r, - ,r5t,r0 =rn = 1, Lig-in = H GEZ)
n:1’2’...’N. n=1

[Oseledets 2011]
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Tensor completion by TT model

Observed entry Missing entry

9 O @ﬁ i — m
5 7/ 7 Low-rank G
Dy 7| 7
approxmatlon Tensor completlon
-

g0 5| . =
?
T T |

G

Incomplete tensor TT decomposition Completed tensor

Find the low-rank TT decomposition by observed entries.
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For one observed entry:

N
The approximation of TTD: @ = || G117
n=1
. 1
Loss function: f(Gf;o}?,G%?, s ,Gﬁg)) =5 |[Ym ~

The gradient for according slice of core tensor:

8f n n
o = (m —ym)(GEIGE,
N n—1
Where G = I G§nﬁ), G = [I G,EZ”).

n=n-+1 n=1
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For all the observed entries:

1
Loss function:  f(¢\V,¢® ... g™ = 5 > ym — zmll7
m=1
: . 0f = >ney<n\T
Gradient accumulation: o > (@m = ym) (GG
' 1

Computational complexity: o(nmnN2R3) Overcome the curse

of dimensionality

Algorithm implementation:

1. Initialize core tensors.
2. Do gradient descent until stopping condition is satisfied.
3. Use optimized tensor cores to approximate missing entries.
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(a) three-way tensor

(b) five-way tensor

1e-4 - -—E--a-m 10 B - - -—§ - -&u
| /
P S
/|- FBCP / =)
W |/ = cP-woPT| &
M |/ |==STTO /é O
i 1 o i "
iy — @ — E _ —
—& // 102.— —&-
/
/23
1e-5 //‘3'
Xr‘\/

10°

0O 02 04 06 08 0 O.
missing rate

0 0.2 04 06 08
missing rate

(c) seven-way tensor
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(d) nine-way tensor
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Simulation results

2 04 0.6 0.8
missing rate

Synthetic data:
1. produced from a highly
oscillating function.

2. Experiments by 3D, 5D, 7D, 9D
tensors.

Conclusions:

1. STTO performs well in 3D cases.

2. STTO outperforms others in high-
order cases.




2 Image data experiment  saio AT

RIK=N HIA
High-order tensorization for visual data
] ] ] ]
| | | |
=1 |ia=3i=1]i=3 r ! |
i =1 iy =3 2 :
Hia=2a-1]ii=2]:-1 High-.ordfar I ;
PR P PR R tensorization
1 e
] i =2 iy =4
c—3 4| .
6_2—‘3.12'2 -1 |y =2 ] -1
c=1
Tensorization for a 256x256x3 image Better data structure
From 3-way to 9-way The first order represent a 2x2 pixel block.
1.Reshape 256x256x3 to 2x2x...x2x3 (17-way tensor). The second order represent four 2x2 pixel block.

2.Permuteby{192103114125136147 158 16 17}.

3.Reshape 10 4x4x4x4x4x4x4x4x3 (9-way tensor). This can catch more structure relation of data.

Improve performance of STTO.
Able to deal with irregular missing.
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Image completion overview:

Observed Yi;---in

/

High-order ||| Lo’ [ Lo ™ 4
o H [ 1 iN A
tensorization =1 i2=3
el |1 e e (N-1) 4
-_- 1 G’iN—1 :
] iy =2 i =4 e y ] _
[l (N e
Observed data ] . -
Higher-order tensor y AR '
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R :
1 & .
F(GM, 6@, .6™) = =7 |y — Approxmat%\cfi
m=1
_ (n)
Liy-viny — H Gin
n=1

Recovered missing data

Low-rank TT approximation
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Image data experiment
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Random missing results

15% 10% 5% 2% 1%

Observed
Rate

STTO

CP-WOPT

Ground truth

| 85% 90% 95% 8% 99%
, S| 0.1233 0.1297 0.1416 | 0.2202 | 0.2638
S~ PSNR|[23.4877 22.6076 21.5282|18.9396(17.0029
: RS | 01891 0.3169  0.5348 | 1.0918 | 1.1309
CP-WOPT PSNR| 188578 18.0389 12.5649 | 7.8015 | 6.4971
LROP RSl | 01440 0.1867  0.2432 | 0.3052 | 0.3372
’ PSNR| 22,2853 19.9410 17.5166 | 15.4784 | 14.5841
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Special missing cases results
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rOW missing block missing

' lena |peppers|sailboat| lena |peppers|sailboat
RSE [0.1138| 0.1661 | 0.1767 |0.1323| 0.1611 | 0.1704
PSNR| 24.00 | 20.80 | 19.93 | 22.649 | 21.06 | 20.25
RSE [0.5401| 0.5546 | 0.5545(0.1746| 0.2252 | 0.2082
PSNR| 10.86 | 10.85 | 10.34 | 20.61 | 18.27 | 19.00
RSE [0.5503] 0.5594 [ 0.5586 [0.1498| 0.1671 [ 0.1764
PSNR| 1046 | 1058 | 10.18 | 21.66 | 20.79 | 20.01

STTO

CP-WOPT

FBCP
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Contributions:

1. Propose STTO algorithm with low computational complexity.
Provide tensorization method to transform low-order tensor

visual data to high-order.
3. Obtain superior results in simulation and image data completion.

Future works:

1. Develop more scalable completion algorithm based on TTD.
2. Automatically determine TT-rank.
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Comparison of applying tensorization

TT-WOPT TT-SGD CP-WOPT FBCP HalLRTC TLnR

Three-order

Nine-order

Nine-order VDT




Loss function
Gradient

1
f(g(l)7g(2)7 e ’g(N)) =5 [ Yw — X’wH%‘

TT-WOPT o
aGEn)) — (Xw(n) — Yw(n))(G(>17)l & G(<n7;)T
2
M
FGD, 6%, G = =3 g —
stTo =
_ >n n\T
5G ™ mz_:l (Tm — Ym ) (Gim GZ? )
J m:i, ' =j
1 2 N 1 al 2
- n= F
o/ = (Tm — ym)(GZnntmn)Ta

Computational complexity

O(NIN + NIN-1R?)

O(MN?R3)

O(N2R3)



