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You	  can	  download	  a	  MATLAB	  implementaFon	  of	  the	  algorithm	  here:	  
hPps://bitbucket.org/wcslspectralesFmaFon/conFnuous-‐frequency-‐esFmaFon/src/NOMP	  



Formulation 

x(!) =
1p
N

h
1 ej! . . . ej(N�1)!

iT

Unit norm sinusoid of frequency ! 2 [0, 2⇡)

Mixture of sinusoids:

Goal: Estimate {(gl,!l), l = 1, 2, . . . ,K} and K

y =
KX

l=1

glx(!l) + z

2 C2 CN ⇠ CN(0,�2I)
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! = kd sin(✓) ! y = gx(!)

Direction of Arrival estimation ! Frequency estimation problem

DoA Estimation 
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Channel impulse response: h(t) =
KX

l=1

gl�(t� ⌧l)

Channel transfer function: H(f) =

KX

l=1

gle
�j2⇡f⌧l

Sample	  Uniformly	  in	  Frequency	  Domain	  

H =
KX

l=1

glx(!l) !l = �2⇡�f⌧l

Multipath Channel Estimation 

Tx	   Rx	  



Single Frequency Estimation 

GLRT:	  first	  maximize	  over	  all	  possible	  complex	  gains,	  then	  maximize	  over	  frequencies.	  
	  

Unknown	  parameters	  are	  frequency	  and	  complex	  gain.	  
	  
Maximum	  Likelihood:	  	   max

{g,!}
2<{yHgx(!)}� |g|2||x(!)||2

max

g
2<{yHgx(!)}� |g|2||x(!)||2 ĝ =

x(!)Hy

||x(!)||2!

Next,	  we	  maximize	  for	  the	  frequency:	  
max

!
Gy(!)

Gy(!) =
|x(!)Hy|2

||x(!)||2
Where,

Grid	  	  
&	  	  

Refine	  



Grid & Refine 

DFT	  Grid	  

Oversample	  



Newtonized OMP (NOMP) 

Gy(!) =
|x(!)Hy|2

||x(!)||2

yr(P) = y �
kX

l=1

glx(!l)

P = {(gl,!l), l = 1, . . . , k}

GLRT	  cost	  funcFon	  

Residual	  response	  

Feedback	  

Pick	  (g,	  ω)	  to	  maximize	  
	  

Refine	  parameters	  in	  

No	  

	  	  	  	  Return	  	  
Yes	  

m
 =

 m
 +

 1
 

Gyr(Pm)(!)

max

!2DFT
Gyr(Pm+1)(!) < ⌧

Update	  gains	  by	  least	  squares	  

[1]	  B.	  Mamandipoor,	  D.	  Ramasamy,	  U.	  Madhow,	  “Newtonized	  Orthogonal	  Matching	  Pursuit:	  Frequency	  EsFmaFon	  over	  the	  	  
ConFnuum,”arXiv	  preprint	  arXiv:1509.01942,	  2015.	  	  	  



Stopping Criteria: CFAR 

•  Common	  strategy	  in	  detecFon	  problems	  à	  use	  noise	  model	  only	  

•  Criteria:	  if	  noise	  can	  explain	  the	  observaFon	  à	  target	  does	  not	  exist!	  

•  We	  develop	  a	  similar	  criteria	  for	  the	  frequency	  esFmaFon	  algorithm:	  

||Fyr(Pm+1)||21 < ⌧

Pr{||Fyr(Pm+1)||21 > ⌧} = Pfa

Probability of false alarm:

max

!2DFT
Gyr(Pm+1)(!) < ⌧

Assuming yr(Pm+1) is pure noise!



Stopping Criteria: CFAR 

Pfa is the nominal false alarm rate.

⌧ = �2
log(N)� �2

log log
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SimulaFon	  result:	  measured	  false	  alarm	  rate	  is	  in	  agreement	  with	  the	  the	  nominal	  value.	  

300 runs of NOMP

#sinusoids K = 16

fixed nominal SNR

�!min = 2.5�dft

#observations N = 256



Probability of Miss and ROC 

Probability of False Alarm [percent]
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Pmiss ⇡ 1�Q1

⇣
0.88

p
2SNR,

p
2⌧/�2

⌘

Taking into account the e↵ect of noise

Ignoring the “interference” from other sinusoids

	  The	  resulFng	  ROC	  turns	  out	  to	  be	  in	  remarkable	  agreement	  with	  simulaFons.	  

300 runs of NOMP

#sinusoids K = 16

fixed nominal SNR

�!min = 2.5�dft

#observations N = 256



Convergence: bounding # iterations 

Pick	  (g,	  ω)	  to	  maximize	  
	  

Refine	  parameters	  in	  

No	  

	  	  	  	  Return	  	  
Yes	  

m
 =

 m
 +

 1
 

Gyr(Pm)(!)

max

!2DFT
Gyr(Pm+1)(!) < ⌧

Update	  gains	  by	  least	  squares	  #observations (N) is a trivial upperbound.

Reduction of the residual energy due to one

iteration of the algorithm is at least ⌧.

min{N, ||y||2/⌧} is an upperbound.



Empirical Convergence Rate 

Iteration count
0 50 100 150 200 250

R
es

id
ua

l p
ow

er
 (d

B)

-160

-140

-120

-100

-80

-60

-40

-20

0

20

NOMP

DOMP

NOMP	  –	  :	  just	  a	  single	  refinement	  step	  for	  the	  newly	  detected	  sinusoid	  	  
DOMP	  	  	  	  :	  discreFze	  the	  parameter	  space	  and	  apply	  OMP	  

#sinusoids K = 16

�!min = 2.5�dft

average over 1000 runs

Cyclic	  refinements	  has	  a	  significant	  impact	  on	  speeding	  up	  the	  convergence!	  

No noise



Performance – Accuracy 

Fixed	  SNR:	  25	  dB	   SNR	  ~	  Uniform[15,35)	  

[2]	  B.	  N.	  Bhaskar,	  G.	  Tang,	  and	  B.	  Recht,	  “atomic	  norm	  denoising	  with	  applicaFons	  to	  line	  spectral	  esFmaFon,”	  arXiv	  preprint	  arXiv:1204.0562,	  2012	  
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Comparison	  with	  state-‐of-‐the-‐art	  algorithm:	  Atomic	  norm	  Sok	  Thresholding	  (AST)	  



Performance – Speed 

MUSIC	   NOMP	   Lasso	   AST	  

3.36 22.5 30 ⇡ 1450

Run	  Fme	  of	  various	  algorithms	  over	  300	  simulaFon	  runs	  	  
(#sinusoids	  in	  the	  mixture	  =16)	  



Model Order (K) Estimation 
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When minimum separation between frequencies is small, Lasso and DOMP make errors!



Questions?? 


