Introduction

Consider a sampling problem, where a spatio-
temporal field governed by a linear constant
coefficient partial differential equation (PDE) is
sampled by a mobile sensor. Contrast the following:

field

classical: uniform sampling  our work: both the location
with known timestamps and timestamps of mobile
sensor are unknown

The sampling process can be depicted via the following plots:
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Analytical setup

Sampling location and sampling time model
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In details

- sensing startsatx =0, t=0 ends beforex =1, ¢ = I

- the intersample distances are a realization of an
unknown renewal process

- the intersample times are a realization of another
independent unknown renewal process

Distortion criterion
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Main Result

Theorem: Let 4,(0), — b < k < b be the output of
our inteference algorithm. Then, the mean-
squared error and therefore the distortion D is

bounded as
b
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The key result of our paper as well as its challenge is
an analytical proof of the above

eorem’s illustration: !
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Bandlimited Spatiotemporal Field Sampling with Location and
Time Unaware Sensors

Simulations

Three different PDEs were examined:

2(x, 0) was generated by uniformly distributed
Fourier series coefficients. The final field was
scaled to ensure |g(x, 0)| <1
The initial field evolved with the following PDEs:
- Eq.1,p=(2,3,0),q=(-0.000125, 0,
0.01, 0, 0)
- Eq.2,p=(1,3,0),q=(0.01, 0, 0)
- Eq.3,p=(1,0),q=(0.01, 0, 0)
A benchmark was also used where locations of
samples were random but known
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Motivation

FEconomic A location-unaware and time-unaware
mobile sensor will avoid the costs of GPS,
other accurate localization mechanisms,
and a precise clock

Social A location-unaware sensor will preserve
the privacy of the mobile sensor (assuming
it is with a social device)

D Academic What is the fundamental impact of not
o0 knowing the sample locations in spatial

ﬁ field reconstruction problems?

Analytical setup

Spatial field model

A finite support field that is spatially bandlimited field with

bandwidth b
b

glz,t) = )  ax(t) exp(j2rka)
k=—b

Field evolves according to a known constant coefficient linear
PDE, such as the heat equation
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or more generally by

Noise model

It is assumed that each measured sample g(x, ?) is
affected by an independent and identically
distributed, zero-mean, finite variance noise W(x, t)

Our inference algorithm

* g(x,t) can be written as an inner product, of
Fourier basis dependent vectors and location
dependent coefficients

g(si,t;) = e(si) " a(t;)
 Using linearity in the Fourier coefficients, the

problem is cast as a linear regression to estimate
the Fourier coefficients at =0

Ar(0) = argmin |lg — Vb3

* where gis a vector formed by measurement-noise
affected samples, Y is a matrix formed by the
location dependent vectors and b is the vector of
target Fourier coefficients

 For regression, the (location-time) pair of samples
are approximated as
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Related works

Mobile sensing:

- Unnikrishnan and Vetterli’2013 (the idea of using a
mobile sensor and associated aliasing/path density
tradeoffs)

- Kumar’2017 (location-unaware mobile sensing
with temporally fixed fields)

Ongoing developments in location-unaware sensing:

- Kumar’2015 (scattered location-unaware sensors
and associated results)

- Pacholska, Haro, Scholefield, Vetterli’2017
(uniqueness constraints for ensuring field
reconstruction)

- SLAM algorithm and its variants

Conclusions and future work

Spatiotemporal and initially bandlimited
fields evolving by a linear PDE can be
reconstructed from location-unaware
samples taken on an unknown renewal
process

The mean-squared error scales as O(1/n),
where n is the average number of samples
The regression framework is universal, since
neither it requires the renewal process
distributions nor the noise distribution

Exploration of two-dimensional spatial fields
is of interest

Exploration of approximately bandlimited
field’s sampling and reconstruction is of
Interest



