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Classification: General Idea

Feature extraction Feature processingFeatures OutputInput

Figure: Two-stage classification process.

I Feature extraction: Deep Convolutional Neural Network
I Feature processing: e.g., Support Vector Machine
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Notion of Deformation Stability
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I Input: f ∈ L2(Rd) with norm ‖f‖2 =
√∫

Rd |f(t)|2 dt <∞
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Notion of Deformation Stability

I For f ∈ L2(Rd), the deformation operator Tτ is defined via

Tτ f = f(· − τ(·)).

I A mapping τ : Rd → Rd is called deformation if it is twice
differentiable and obeys

‖τ‖∞ := sup
t∈Rd

‖τ(t)‖E <∞

and
‖Dτ‖∞ := sup

t∈Rd

|(Dτ)(t)|∞ ≤
1

2

where Dτ is the Jacobian.
I It holds ‖Tτ f‖2 ≤ 2d‖f‖2 and thus Tτ f ∈ L2(Rd).

The supremum norm of a matrix M is defined as |M|∞ := supi,j |Mi,j |.
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Network Architecture

I The set of functions {hout} ∪ {hλ}λ∈Λ with a countable
index set Λ and hout, hλ ∈ L1(Rd) ∩ L2(Rd) is called
semi-discrete frame if there exist constants 0 < A ≤ B
such that

A‖f‖22 ≤ ‖f ? hout‖22 +
∑
λ∈Λ

‖f ? hλ‖22 ≤ B‖f‖22

holds for all f ∈ L2(Rd).
I A semi-discrete frame is admissible if

B ≤ 1.
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Network Architecture
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I Feature vector S(f): set of all features

Technische Universität München – Lehrstuhl für Theoretische Informationstechnik 6



Network Architecture

. . .

. . .

. . .

...
...

layer 3

layer 2

layer 1

layer 0

...

f

|f ? hλ1 | |f ? hλ2 |

||f ? hλ1 | ? hλ1 |

. . .

f ? hout

|f ? hλ1 | ? hout

||f ? hλ1 | ? hλ1 | ? hout

I Feature vector S(f): set of all features

Technische Universität München – Lehrstuhl für Theoretische Informationstechnik 6



Network Architecture
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I Path p = (λ1, λ3) corresponds to ||f ? hλ1 | ? hλ3 | ? hout

I Path: ordered sequence of indices p = (λ1, . . . , λm)
I Path length: |p| = m (corresponds to layer m)
I Set of all paths: P
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Network Operators

I Feature corresponding to a path p ∈ P:

Sp(f) = fp ? hout

I Feature vector: set of all features

S(f) = {Sp(f)}p∈P

I “Energy” of layer m:

E2(f ;m) :=

√ ∑
p∈P:|p|=m

‖fp‖22

I “Total network energy”

E1(f) :=

∞∑
m=0

E2(f ;m)
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Definition of Deformation Stability

I Input: f ∈ L2(Rd)
I Corresponding feature vector: S(f)

I Deformed input: Tτ f = f(· − τ(·))
I Corresponding feature vector: S(Tτ f)

I Measure feature dissimilarity of feature vectors S(f) and
S(Tτ f) by means of

E2(S(Tτ f)− S(f)) :=

√∑
p∈P
‖ Sp(Tτ f)− Sp(f)‖22

I Deformation stability: We want to observe

E2(S(Tτ f)− S(f))→ 0 for ‖τ‖∞ → 0

for a large set of f in L2(Rd).
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On Deformation Stability of General DCNNS

Theorem (Equation (24) of [WB15])
The feature extraction is Lipschitz, meaning,

E2(S(g)− S(f)) ≤ ‖g − f‖2

holds for all f, g ∈ L2(Rd).

I This is in particular true for g = Tτ f . Thus, if we can prove
‖Tτ f − f‖2 → 0 if ‖τ‖∞ → 0 for a signal class C, then we
have deformation stability for C.

Theorem (Theorem 2 of [WB15])
There exists a constant C <∞ such that for all
f ∈ PW2

σ(Rd), we have

E2(S(Tτ f)− S(f)) ≤ Cσ‖τ‖∞‖f‖2.

I A similar result exists for cartoon functions.
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Definition of the Sobolev Space H2(Rd)

I The Sobolev space H2(Rd) contains all functions
f ∈ L2(Rd) satisfying∫

Rd
(1 + |ω|2)2|f̂(ω)|2 dω <∞.

I Hence, f , all first-order derivatives, and all second-order
derivatives of f are in L2(Rd).

I The gradient ∇f of f ∈ H2(Rd) exists and it holds

‖∇f‖2 <∞.

I The Sobolev space H2(Rd) contains all bandlimited
functions.
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On Deformation Stability of General DCNNs

Theorem
For all f ∈ H2(Rd), we have

E2(S(Tτ f)− S(f)) ≤ 2d‖τ‖∞‖∇f‖2.

I The Sobolev space H2(Rd) is dense in L2(Rd).

Theorem (Weak deformation stability)
For all f ∈ L2(Rd) and ε > 0, there exists a δ > 0 such that

∀τ : ‖τ‖∞ < δ : E2(S(Tτ f)− S(f)) < ε.

I The last (weak deformation stability) result can also be
derived by making use of the network structure. It might be
possible to show (strong) deformation stability for all
f ∈ L2(Rd) by choosing a suitable semi-discrete frame.
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Bounded Uniform Partition of Unity

Definition
A set of functions {ϕ̂j}j∈I on R is a bounded uniform
partition of unity (BUPU), if
1.

∑
j∈I ϕ̂j ≡ 1

2. supj ‖ϕ̂j‖∞ <∞
3. there exists a compact set U ⊂ R with nonempty

interior and points yi ∈ R such that supp(ϕ̂j) ⊂ U + yj
for all j ∈ I

4. for each compact K ⊂ R

sup
x∈R
|{j ∈ I : x ∈ K + yj}|

= sup
i∈I
|{j ∈ I : K + yi ∩K + yj 6= ∅}| <∞.
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Bounded Uniform Partition of Unity
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Figure: A BUPU.
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Constructing Admissible Frames
I Let f̂ ∈ L2(R). The Wiener amalgam spaceW (L2, l2) is

equivalent to L2(R) and can be equipped with the norm

‖f̂‖W (L2,l2) =
∑
j∈I
‖f̂ ϕ̂j‖22.

I For a BUPU {ϕ̂j}j∈I norm equivalence holds:

‖f̂‖22 � ‖f̂‖2W (L2,l2) =
∑
j∈I
‖f̂ ϕ̂j‖22

I BUPUs are admissible semi-discrete frames:

Theorem
Let {ϕ̂j}j∈I be a BUPU. Then, there exist constants
0 < A ≤ B <∞ such that

A‖f‖22 ≤
∑
j∈I
‖f ? ϕj‖22 ≤ B‖f‖22, ∀f ∈ L2(R).
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Definition of B-Splines
I We define the box function

β̂(0)(ω) =


1, −1

2 < ω < 1
2

1
2 , |ω| =

1
2

0, ω /∈ [−1
2 ,

1
2 ]

.

I It holds: ∑
k∈Z

β̂(0)(ω − k) = 1, ∀ω ∈ R .

I A B-spline of degree n ≥ 1 is given by

β̂(n) := β̂(0) ? β̂(0) ? · · · ? β̂(0)︸ ︷︷ ︸
(n+1) times

.

I B-splines form a partition of unity:∑
k∈Z

β̂(n)(ω − k) = 1, ∀ω ∈ R .
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Equivalent Definition of Semi-discrete Frame

I The condition

A‖f‖22 ≤ ‖f ? hout‖22 +
∑
λ∈Λ

‖f ? hλ‖22 ≤ B‖f‖22, ∀f ∈ L2(R)

is equivalent to

A ≤ |ĥout(ω)|2 +
∑
λ∈Λ

|ĥλ(ω)|2 ≤ B, a.e. ω ∈ R .
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Admissible Frame: B-Splines of Degree n = 3
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Figure: Left: B-splines of degree n = 3 form a BUPU. Right: B-splines
of degree n = 3 form an admissible frame.
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Outlook
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Outlook

I Incorporate other nonlinearities
I Incorporate pooling
I Use the network structure and properties of the

semi-discrete frame to prove (strong) deformation stability
on the whole L2(Rd)?

I The semi-discrete frame has a strong influence on the
energy decay over consecutive layers. Find frames such
that only few layers are necessary in an implementation.
⇒ [WGB17]

Technische Universität München – Lehrstuhl für Theoretische Informationstechnik 20



References I

Thomas Wiatowski and Helmut Bölcskei, A mathematical
theory of deep convolutional neural networks for feature
extraction, CoRR (2015).

Thomas Wiatowski, Philipp Grohs, and Helmut Bölcskei,
Energy propagation in deep convolutional neural networks,
CoRR abs/1704.03636 (2017).

Technische Universität München – Lehrstuhl für Theoretische Informationstechnik 21


