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How do we remove noise and fill in missing 
values?

GenomicsClimatology



Matrix completion



Matrix completion
▸ We assume the data is inherently low rank.



Matrix completion
▸ We assume the data is inherently low rank.

▸ Allows us to impute missing data with convex optimization. 
[Candès, Tao, 2009].



Matrix completion
▸ We assume the data is inherently low rank.

▸ Allows us to impute missing data with convex optimization. 
[Candès, Tao, 2009].

▸ Extensions allow for missing data and noise. 
[Voltchinskii, 2011] [Klopp, 2012]



Matrix completion
▸ We assume the data is inherently low rank.

▸ Allows us to impute missing data with convex optimization. 
[Candès, Tao, 2009].

▸ Extensions allow for missing data and noise. 
[Voltchinskii, 2011] [Klopp, 2012]



Matrix completion
▸ We assume the data is inherently low rank.

▸ Allows us to impute missing data with convex optimization. 
[Candès, Tao, 2009].

▸ Extensions allow for missing data and noise. 
[Voltchinskii, 2011] [Klopp, 2012]

= +

http://perception.csl.illinois.edu/matrix-rank/home.html
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Issue: Most data is not low rank.
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Union of subspaces model
▸  Data matrix                      .X = Y + Z

<latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit>



Union of subspaces model
▸  Data matrix                      .

▸         corruption matrix.

X = Y + Z
<latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit>

Z =
<latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit>



Union of subspaces model
▸  Data matrix                      .

▸         corruption matrix.

▸      comes from a union of d-dimensional subspaces:

X = Y + Z
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<latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit>



Union of subspaces model
▸  Data matrix                      .

▸         corruption matrix.

▸      comes from a union of d-dimensional subspaces:

X = Y + Z
<latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit>

Z =
<latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit>

Y
<latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit>

S1 [ S2 [ · · · [ SL
<latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit>



Union of subspaces model
▸  Data matrix                      .

▸         corruption matrix.

▸      comes from a union of d-dimensional subspaces:

X = Y + Z
<latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit>

Z =
<latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit>

Y
<latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit>

S1 [ S2 [ · · · [ SL
<latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit>

▸ Cluster      by the subspaces, reduce to low-rank matrix 
completion.

X
<latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit>



Union of subspaces model
▸  Data matrix                      .

▸         corruption matrix.

▸      comes from a union of d-dimensional subspaces:

X = Y + Z
<latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit><latexit sha1_base64="7EdESF9G6mZCbn9IhRqeemJ2QF0=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARBCDMi6EWIePEYwWwmQ+jp9CRNehm6e4QwJD/hxYMiXv0cb/6NneWgouCDgsd7VVTVixLOjPX9D29hcWl5ZTW3ll/f2NzaLuzs1oxKNaFVorjSjQgbypmkVcssp41EUywiTuvR4Gri1++pNkzJWztMaChwT7KYEWyd1GygC9QcH4/vOoViUPKnQH+TIsxR6RTe211FUkGlJRwb0wr8xIYZ1pYRTkf5dmpogskA92jLUYkFNWE2PXiEDp3SRbHSrqRFU/XrRIaFMUMRuU6Bbd/89Cbib14rtfF5mDGZpJZKMlsUpxxZhSbfoy7TlFg+dAQTzdytiPSxxsS6jPL/C6F2Ugr8UnBzWixfzuPIwT4cwBEEcAZluIYKVIGAgAd4gmdPe4/ei/c6a13w5jN78A3e2yd2sI+F</latexit>

Z =
<latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit><latexit sha1_base64="ZX0cV/DVfcA6gmd/8mI7jv5WGv4=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8eKxgmmLbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWl7UFHwwcDjvRlm5oWJ4Ma67odTWlpeWV0rr1c2Nre2d6q7ey0Tp5qhz2IR605IDQqu0LfcCuwkGqkMBbbD8VXht+9RGx6rWztJMJB0qHjEGbWFdEcuSL9a8+ruDORvUoMFmv3qe28Qs1SiskxQY7qem9ggo9pyJnBa6aUGE8rGdIjdnCoq0QTZ7NYpOcqVAYlinZeyZKZ+ncioNGYiw7xTUjsyP71C/M3rpjY6DzKuktSiYvNFUSqIjUnxOBlwjcyKSU4o0zy/lbAR1ZTZPJ7K/0JondQ9t+7dnNYal4s4ynAAh3AMHpxBA66hCT4wGMEDPMGzI51H58V5nbeWnMXMPnyD8/YJ6pmNew==</latexit>

Y
<latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit><latexit sha1_base64="/nl+fNQj9rJMC/pyChC+0UXJ5C8=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmERJljA76U3GzMwuM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuilLBjfX9D6+wtLyyulZcL21sbm3vlHf3WibJNMMmS0SibyJqUHCFTcutwJtUI5WRwHY0upz67XvUhifq2o5TDCUdKB5zRq2TGre9ciWo+jOQv0kFFqj3yu/dfsIyicoyQY3pBH5qw5xqy5nASambGUwpG9EBdhxVVKIJ89mhE3LklD6JE+1KWTJTv07kVBozlpHrlNQOzU9vKv7mdTIbn4c5V2lmUbH5ojgTxCZk+jXpc43MirEjlGnubiVsSDVl1mVT+l8IrZNq4FeDxmmldrGIowgHcAjHEMAZ1OAK6tAEBggP8ATP3p336L14r/PWgreY2Ydv8N4+AbtVjN8=</latexit>

S1 [ S2 [ · · · [ SL
<latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit><latexit sha1_base64="nhH8adRbBEFoBom01hckysKYe6k=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gRXJWZIuiy4saFi0rtA9phyGQybWhmMiR3hDJ07ca/4saFIm79Be78N6YPQUXBA4HDd+4lyQlSwTU4zrtVWFhcWl4prpbW1jc2t+ztnZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GJ5P8vYNU5rL5BpGKfNi0k94xCkBg3x7v+G7uEezFDf86sz0aChBf8JL3y67FWcq/Lcpo7nqvv3WCyXNYpYAFUTrruuk4OVEAaeCjUu9TLOU0CHps66xCYmZ9vLpV8b40JAQR1KZkwCe0q8bOYm1HsWBmYwJDPTPbAJ/y7oZRKdezpM0A5bQ2UVRJjBIPOkFh1wxCmJkDKGKm7diOiCKUDDtlf5XQqtacZ2Ke3Vcrp3N6yiiPXSAjpCLTlANXaA6aiKKbtE9ekRP1p31YD1bL7PRgjXf2UXfZL1+AIQ7mOE=</latexit>

▸ Cluster      by the subspaces, reduce to low-rank matrix 
completion.

X
<latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit><latexit sha1_base64="clM9moFZCeGMG/RTL29Sp7JfooU=">AAAB6HicjVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF48JmAckS5id9CZjZmeWmVkhLPkCLx4U8eonefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLaMyzbDJlFC6E1GDgktsWm4FdlKNNIkEtqPx9cxv36M2XMlbO0kxTOhQ8pgzap3U6PTLlaDqz0H+JhVYot4vv/cGimUJSssENaYb+KkNc6otZwKnpV5mMKVsTIfYdVTSBE2Yzw+dkhOnDEistCtpyVz9OpHTxJhJErnOhNqR+enNxN+8bmbjyzDnMs0sSrZYFGeCWEVmX5MB18ismDhCmebuVsJGVFNmXTal/4XQOqsGfjVonFdqV8s4inAEx3AKAVxADW6gDk1ggPAAT/Ds3XmP3ov3umgteMuZQ/gG7+0TudGM3g==</latexit>

New problem: Subspace clustering
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▸ Key idea: self-expressivity [Elhamifar, Vidal, 2009].
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Subspace clustering
▸ Key idea: self-expressivity [Elhamifar, Vidal, 2009].
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Subspace clustering
▸ Key idea: self-expressivity [Elhamifar, Vidal, 2009].

▸ Each column is a sparse linear combination of other columns 
from the same subspace.

▸ Optimization formulation:

min
c

kck0 s.t. xi = Xc, ci = 0
<latexit sha1_base64="CX7YXLFDx98b+z+cSfyHKGltI2U=">AAACF3icjVBNS8NAEN34WetX1KOXxSJ4kJCIoBehoAePClYLTQib6VYXN5uwO5GWNP0VXvwrXjwo4lVv/hvT2oOKgg8GHu/NMDMvSqUw6Lrv1sTk1PTMbGWuOr+wuLRsr6yemyTTwBuQyEQ3I2a4FIo3UKDkzVRzFkeSX0TXh0P/4oZrIxJ1hr2UBzG7VKIjgGEphbbjx0KFORTU74PfD10feRfzgXHQGRTdUNAD2oTtAYyYG9o1z3FHoH+TGhnjJLTf/HYCWcwVgmTGtDw3xSBnGgVIXlT9zPCUwTW75K2SKhZzE+Sjvwq6WSpt2kl0WQrpSP06kbPYmF4clZ0xwyvz0xuKv3mtDDv7QS5UmiFX8Lmok0mKCR2GRNtCc0DZKwkDLcpbKVwxzQDLKKv/C+F8x/FcxzvdrdWPxnFUyDrZIFvEI3ukTo7JCWkQILfknjySJ+vOerCerZfP1glrPLNGvsF6/QCqtJ7q</latexit><latexit sha1_base64="CX7YXLFDx98b+z+cSfyHKGltI2U=">AAACF3icjVBNS8NAEN34WetX1KOXxSJ4kJCIoBehoAePClYLTQib6VYXN5uwO5GWNP0VXvwrXjwo4lVv/hvT2oOKgg8GHu/NMDMvSqUw6Lrv1sTk1PTMbGWuOr+wuLRsr6yemyTTwBuQyEQ3I2a4FIo3UKDkzVRzFkeSX0TXh0P/4oZrIxJ1hr2UBzG7VKIjgGEphbbjx0KFORTU74PfD10feRfzgXHQGRTdUNAD2oTtAYyYG9o1z3FHoH+TGhnjJLTf/HYCWcwVgmTGtDw3xSBnGgVIXlT9zPCUwTW75K2SKhZzE+Sjvwq6WSpt2kl0WQrpSP06kbPYmF4clZ0xwyvz0xuKv3mtDDv7QS5UmiFX8Lmok0mKCR2GRNtCc0DZKwkDLcpbKVwxzQDLKKv/C+F8x/FcxzvdrdWPxnFUyDrZIFvEI3ukTo7JCWkQILfknjySJ+vOerCerZfP1glrPLNGvsF6/QCqtJ7q</latexit><latexit sha1_base64="CX7YXLFDx98b+z+cSfyHKGltI2U=">AAACF3icjVBNS8NAEN34WetX1KOXxSJ4kJCIoBehoAePClYLTQib6VYXN5uwO5GWNP0VXvwrXjwo4lVv/hvT2oOKgg8GHu/NMDMvSqUw6Lrv1sTk1PTMbGWuOr+wuLRsr6yemyTTwBuQyEQ3I2a4FIo3UKDkzVRzFkeSX0TXh0P/4oZrIxJ1hr2UBzG7VKIjgGEphbbjx0KFORTU74PfD10feRfzgXHQGRTdUNAD2oTtAYyYG9o1z3FHoH+TGhnjJLTf/HYCWcwVgmTGtDw3xSBnGgVIXlT9zPCUwTW75K2SKhZzE+Sjvwq6WSpt2kl0WQrpSP06kbPYmF4clZ0xwyvz0xuKv3mtDDv7QS5UmiFX8Lmok0mKCR2GRNtCc0DZKwkDLcpbKVwxzQDLKKv/C+F8x/FcxzvdrdWPxnFUyDrZIFvEI3ukTo7JCWkQILfknjySJ+vOerCerZfP1glrPLNGvsF6/QCqtJ7q</latexit><latexit sha1_base64="CX7YXLFDx98b+z+cSfyHKGltI2U=">AAACF3icjVBNS8NAEN34WetX1KOXxSJ4kJCIoBehoAePClYLTQib6VYXN5uwO5GWNP0VXvwrXjwo4lVv/hvT2oOKgg8GHu/NMDMvSqUw6Lrv1sTk1PTMbGWuOr+wuLRsr6yemyTTwBuQyEQ3I2a4FIo3UKDkzVRzFkeSX0TXh0P/4oZrIxJ1hr2UBzG7VKIjgGEphbbjx0KFORTU74PfD10feRfzgXHQGRTdUNAD2oTtAYyYG9o1z3FHoH+TGhnjJLTf/HYCWcwVgmTGtDw3xSBnGgVIXlT9zPCUwTW75K2SKhZzE+Sjvwq6WSpt2kl0WQrpSP06kbPYmF4clZ0xwyvz0xuKv3mtDDv7QS5UmiFX8Lmok0mKCR2GRNtCc0DZKwkDLcpbKVwxzQDLKKv/C+F8x/FcxzvdrdWPxnFUyDrZIFvEI3ukTo7JCWkQILfknjySJ+vOerCerZfP1glrPLNGvsF6/QCqtJ7q</latexit>



Sparse subspace clustering (SSC):



Sparse subspace clustering (SSC):
▸ SSC [Elhamifar, Vidal, 2009]:

min
c

kck1 s.t. xi = Xc, ci = 0
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▸ Prior work focused on the amount of noise this can tolerate.

▸ Success criteria: no false positives.
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▸          dimensional randomly selected subspaces from 
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<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit> Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.
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<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.

▸                                     .
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<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>

d = O(n/# of samples)

<latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.

▸                                     .

Main results
L d�

<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Additive noise 
of norm �

<latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit>

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>

d = O(n/# of samples)

<latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.

▸                                     .

Main results
L d�

<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Additive noise 
of norm �

<latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit>

OR

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>

d = O(n/# of samples)

<latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.

▸                                     .

Main results
L d�

<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Additive noise 
of norm �

<latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit>

     missing entries 
per sample   

M
<latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit>OR

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>

d = O(n/# of samples)

<latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit>



▸          dimensional randomly selected subspaces from 

▸         samples are drawn randomly on the unit sphere from 
each subspace.

▸                                     .

Main results
L d�

<latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit><latexit sha1_base64="/DFXwXj6BBzmlKTAnTBWEMJsETc=">AAAB63icjVBNS8NAEJ34WetX1aOXxSJ4sSQi6LHixYOHCvYD2lA2m0m7dHcTdjdCCfUnePGgiFf/kDf/jUnbg4qCDwYe780wMy9IBDfWdT+chcWl5ZXV0lp5fWNza7uys9sycaoZNlksYt0JqEHBFTYttwI7iUYqA4HtYHRZ+O071IbH6taOE/QlHSgecUZtIV3fh8f9StWruVOQv0kV5mj0K++9MGapRGWZoMZ0PTexfka15UzgpNxLDSaUjegAuzlVVKLxs+mtE3KYKyGJYp2XsmSqfp3IqDRmLIO8U1I7ND+9QvzN66Y2OvczrpLUomKzRVEqiI1J8TgJuUZmxTgnlGme30rYkGrKbB5P+X8htE5qnlvzbk6r9Yt5HCXYhwM4Ag/OoA5X0IAmMBjCAzzBsyOdR+fFeZ21LjjzmT34BuftE7Nxjf8=</latexit>

⌦(d)
<latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit><latexit sha1_base64="KQyNDUdzjms0f8O790rMFkRrGGk=">AAAB8HicjVDLSgNBEOyNrxhfUY9eFoMQL2FXBD1GvHgzgnlIsoTZ2d5kyMzsMjMrhCVf4cWDIl79HG/+jZPHQUXBgoaiqpvurjDlTBvP+3AKS8srq2vF9dLG5tb2Tnl3r6WTTFFs0oQnqhMSjZxJbBpmOHZShUSEHNvh6HLqt+9RaZbIWzNOMRBkIFnMKDFWuutdCxyQanTcL1f8mjeD+zepwAKNfvm9FyU0EygN5UTrru+lJsiJMoxynJR6mcaU0BEZYNdSSQTqIJ8dPHGPrBK5caJsSePO1K8TORFaj0VoOwUxQ/3Tm4q/ed3MxOdBzmSaGZR0vijOuGsSd/q9GzGF1PCxJYQqZm916ZAoQo3NqPS/EFonNd+r+TenlfrFIo4iHMAhVMGHM6jDFTSgCRQEPMATPDvKeXRenNd5a8FZzOzDNzhvn+v/j9A=</latexit>

Additive noise 
of norm �

<latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit><latexit sha1_base64="Bz8Ah635VmqnTHRysZmGwXmhTbA=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjx4jGCeUCyhNnZ3mTM7Mwy0yuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKJPCou9/eEvLK6tr66WN8ubW9s5uZW+/ZXVuODS5ltp0ImZBCgVNFCihkxlgaSShHY2upn77HowVWt3iOIMwZQMlEsEZOqnVi0Ei61eqQc2fgf5NqmSBRr/y3os1z1NQyCWzthv4GYYFMyi4hEm5l1vIGB+xAXQdVSwFGxazayf02CkxTbRxpZDO1K8TBUutHaeR60wZDu1Pbyr+5nVzTC7CQqgsR1B8vijJJUVNp6/TWBjgKMeOMG6Eu5XyITOMowuo/L8QWqe1wK8FN2fV+uUijhI5JEfkhATknNTJNWmQJuHkjjyQJ/Lsae/Re/Fe561L3mLmgHyD9/YJlaSPHg==</latexit>

     missing entries 
per sample   

M
<latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit><latexit sha1_base64="9psbQhByWjMlqVTFt7sNZqmE0kM=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjx4kVIwDwgWcLspDcZMzO7zMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zRJphk2WCIS3Y6oQcEVNiy3AtupRiojga1odDX1W/eoDU/UrR2nGEo6UDzmjFon1W96pXJQ8Wcgf5MyLFDrld67/YRlEpVlghrTCfzUhjnVljOBk2I3M5hSNqID7DiqqEQT5rNDJ+TYKX0SJ9qVsmSmfp3IqTRmLCPXKakdmp/eVPzN62Q2vghzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwK8E9bNy9XIRRwEO4QhOIIBzqMI11KABDBAe4AmevTvv0XvxXuetS95i5gC+wXv7BKkljNM=</latexit>

 Wang, Xu 

 C., Jalali, Willett

�
<latexit sha1_base64="9foL6bP/Dw1UrIMsQY6AD1N09lM=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmZne5MxszPLTK8QlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7okwKi77/4S0tr6yurZc2yptb2zu7lb39ltW54dDkWmrTiZgFKRQ0UaCETmaApZGEdjS6nPrtezBWaHWL4wzClA2USARn6KRWLwaJrF+pBjV/Bvo3qZIFGv3Key/WPE9BIZfM2m7gZxgWzKDgEiblXm4hY3zEBtB1VLEUbFjMrp3QY6fENNHGlUI6U79OFCy1dpxGrjNlOLQ/van4m9fNMbkIC6GyHEHx+aIklxQ1nb5OY2GAoxw7wrgR7lbKh8wwji6g8v9CaJ3WAr8W3JxV61eLOErkkByRExKQc1In16RBmoSTO/JAnsizp71H78V7nbcueYuZA/IN3tsnlouPIQ==</latexit><latexit sha1_base64="9foL6bP/Dw1UrIMsQY6AD1N09lM=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmZne5MxszPLTK8QlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7okwKi77/4S0tr6yurZc2yptb2zu7lb39ltW54dDkWmrTiZgFKRQ0UaCETmaApZGEdjS6nPrtezBWaHWL4wzClA2USARn6KRWLwaJrF+pBjV/Bvo3qZIFGv3Key/WPE9BIZfM2m7gZxgWzKDgEiblXm4hY3zEBtB1VLEUbFjMrp3QY6fENNHGlUI6U79OFCy1dpxGrjNlOLQ/van4m9fNMbkIC6GyHEHx+aIklxQ1nb5OY2GAoxw7wrgR7lbKh8wwji6g8v9CaJ3WAr8W3JxV61eLOErkkByRExKQc1In16RBmoSTO/JAnsizp71H78V7nbcueYuZA/IN3tsnlouPIQ==</latexit><latexit sha1_base64="9foL6bP/Dw1UrIMsQY6AD1N09lM=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmZne5MxszPLTK8QlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7okwKi77/4S0tr6yurZc2yptb2zu7lb39ltW54dDkWmrTiZgFKRQ0UaCETmaApZGEdjS6nPrtezBWaHWL4wzClA2USARn6KRWLwaJrF+pBjV/Bvo3qZIFGv3Key/WPE9BIZfM2m7gZxgWzKDgEiblXm4hY3zEBtB1VLEUbFjMrp3QY6fENNHGlUI6U79OFCy1dpxGrjNlOLQ/van4m9fNMbkIC6GyHEHx+aIklxQ1nb5OY2GAoxw7wrgR7lbKh8wwji6g8v9CaJ3WAr8W3JxV61eLOErkkByRExKQc1In16RBmoSTO/JAnsizp71H78V7nbcueYuZA/IN3tsnlouPIQ==</latexit><latexit sha1_base64="9foL6bP/Dw1UrIMsQY6AD1N09lM=">AAAB7XicjVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmZne5MxszPLTK8QlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7okwKi77/4S0tr6yurZc2yptb2zu7lb39ltW54dDkWmrTiZgFKRQ0UaCETmaApZGEdjS6nPrtezBWaHWL4wzClA2USARn6KRWLwaJrF+pBjV/Bvo3qZIFGv3Key/WPE9BIZfM2m7gZxgWzKDgEiblXm4hY3zEBtB1VLEUbFjMrp3QY6fENNHGlUI6U79OFCy1dpxGrjNlOLQ/van4m9fNMbkIC6GyHEHx+aIklxQ1nb5OY2GAoxw7wrgR7lbKh8wwji6g8v9CaJ3WAr8W3JxV61eLOErkkByRExKQc1In16RBmoSTO/JAnsizp71H78V7nbcueYuZA/IN3tsnlouPIQ==</latexit>

M
<latexit sha1_base64="LWp//pajIRvMigoBovC/Pu4UZCo=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQgxchAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZPHQUXBgoaiqpvurigV3Fjf//CWlldW19YLG8XNre2d3dLeftMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0eXUb92jNjxRt3acYijpQPGYM2qdVL/plcpBxZ+B/E3KsECtV3rv9hOWSVSWCWpMJ/BTG+ZUW84ETordzGBK2YgOsOOoohJNmM8OnZBjp/RJnGhXypKZ+nUip9KYsYxcp6R2aH56U/E3r5PZ+CLMuUozi4rNF8WZIDYh069Jn2tkVowdoUxzdythQ6opsy6b4v9CaJ5WAr8S1M/K1atFHAU4hCM4gQDOoQrXUIMGMEB4gCd49u68R+/Fe523LnmLmQP4Bu/tE6oMjNY=</latexit><latexit sha1_base64="LWp//pajIRvMigoBovC/Pu4UZCo=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQgxchAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZPHQUXBgoaiqpvurigV3Fjf//CWlldW19YLG8XNre2d3dLeftMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0eXUb92jNjxRt3acYijpQPGYM2qdVL/plcpBxZ+B/E3KsECtV3rv9hOWSVSWCWpMJ/BTG+ZUW84ETordzGBK2YgOsOOoohJNmM8OnZBjp/RJnGhXypKZ+nUip9KYsYxcp6R2aH56U/E3r5PZ+CLMuUozi4rNF8WZIDYh069Jn2tkVowdoUxzdythQ6opsy6b4v9CaJ5WAr8S1M/K1atFHAU4hCM4gQDOoQrXUIMGMEB4gCd49u68R+/Fe523LnmLmQP4Bu/tE6oMjNY=</latexit><latexit sha1_base64="LWp//pajIRvMigoBovC/Pu4UZCo=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQgxchAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZPHQUXBgoaiqpvurigV3Fjf//CWlldW19YLG8XNre2d3dLeftMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0eXUb92jNjxRt3acYijpQPGYM2qdVL/plcpBxZ+B/E3KsECtV3rv9hOWSVSWCWpMJ/BTG+ZUW84ETordzGBK2YgOsOOoohJNmM8OnZBjp/RJnGhXypKZ+nUip9KYsYxcp6R2aH56U/E3r5PZ+CLMuUozi4rNF8WZIDYh069Jn2tkVowdoUxzdythQ6opsy6b4v9CaJ5WAr8S1M/K1atFHAU4hCM4gQDOoQrXUIMGMEB4gCd49u68R+/Fe523LnmLmQP4Bu/tE6oMjNY=</latexit><latexit sha1_base64="LWp//pajIRvMigoBovC/Pu4UZCo=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQgxchAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZPHQUXBgoaiqpvurigV3Fjf//CWlldW19YLG8XNre2d3dLeftMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0eXUb92jNjxRt3acYijpQPGYM2qdVL/plcpBxZ+B/E3KsECtV3rv9hOWSVSWCWpMJ/BTG+ZUW84ETordzGBK2YgOsOOoohJNmM8OnZBjp/RJnGhXypKZ+nUip9KYsYxcp6R2aH56U/E3r5PZ+CLMuUozi4rNF8WZIDYh069Jn2tkVowdoUxzdythQ6opsy6b4v9CaJ5WAr8S1M/K1atFHAU4hCM4gQDOoQrXUIMGMEB4gCd49u68R+/Fe523LnmLmQP4Bu/tE6oMjNY=</latexit>

O(1/
p
d)

<latexit sha1_base64="rtlXkQZYKTdgNXLNpA80Ws7f/FM=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDiJe6KoMeAHrwZwTwgWcLs7CQZMju7mekNhCXf4cWDIl79GG/+jZPHQUXBgoaiqpsuKkikMOi6H87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBldTvzHi2ohY3eM44X5Ee0p0BaNoJf+25J22zVBjFk5OOoWiV3ZnIH+TIixQ7RTe22HM0ogrZJIa0/LcBP2MahRM8km+nRqeUDagPd6yVNGIGz+bhZ6QY6uEpBtrOwrJTP16kdHImHEU2M2IYt/89Kbib14rxe6lnwmVpMgVmz/qppJgTKYNkFBozlCOLaFMC5uVsD7VlKHtKf+/EupnZc8te3fnxcr1oo4cHMIRlMCDC6jADVShBgyG8ABP8OyMnEfnxXmdry45i5sD+Abn7RPedJGD</latexit><latexit sha1_base64="rtlXkQZYKTdgNXLNpA80Ws7f/FM=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDiJe6KoMeAHrwZwTwgWcLs7CQZMju7mekNhCXf4cWDIl79GG/+jZPHQUXBgoaiqpsuKkikMOi6H87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBldTvzHi2ohY3eM44X5Ee0p0BaNoJf+25J22zVBjFk5OOoWiV3ZnIH+TIixQ7RTe22HM0ogrZJIa0/LcBP2MahRM8km+nRqeUDagPd6yVNGIGz+bhZ6QY6uEpBtrOwrJTP16kdHImHEU2M2IYt/89Kbib14rxe6lnwmVpMgVmz/qppJgTKYNkFBozlCOLaFMC5uVsD7VlKHtKf+/EupnZc8te3fnxcr1oo4cHMIRlMCDC6jADVShBgyG8ABP8OyMnEfnxXmdry45i5sD+Abn7RPedJGD</latexit><latexit sha1_base64="rtlXkQZYKTdgNXLNpA80Ws7f/FM=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDiJe6KoMeAHrwZwTwgWcLs7CQZMju7mekNhCXf4cWDIl79GG/+jZPHQUXBgoaiqpsuKkikMOi6H87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBldTvzHi2ohY3eM44X5Ee0p0BaNoJf+25J22zVBjFk5OOoWiV3ZnIH+TIixQ7RTe22HM0ogrZJIa0/LcBP2MahRM8km+nRqeUDagPd6yVNGIGz+bhZ6QY6uEpBtrOwrJTP16kdHImHEU2M2IYt/89Kbib14rxe6lnwmVpMgVmz/qppJgTKYNkFBozlCOLaFMC5uVsD7VlKHtKf+/EupnZc8te3fnxcr1oo4cHMIRlMCDC6jADVShBgyG8ABP8OyMnEfnxXmdry45i5sD+Abn7RPedJGD</latexit><latexit sha1_base64="rtlXkQZYKTdgNXLNpA80Ws7f/FM=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDiJe6KoMeAHrwZwTwgWcLs7CQZMju7mekNhCXf4cWDIl79GG/+jZPHQUXBgoaiqpsuKkikMOi6H87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBldTvzHi2ohY3eM44X5Ee0p0BaNoJf+25J22zVBjFk5OOoWiV3ZnIH+TIixQ7RTe22HM0ogrZJIa0/LcBP2MahRM8km+nRqeUDagPd6yVNGIGz+bhZ6QY6uEpBtrOwrJTP16kdHImHEU2M2IYt/89Kbib14rxe6lnwmVpMgVmz/qppJgTKYNkFBozlCOLaFMC5uVsD7VlKHtKf+/EupnZc8te3fnxcr1oo4cHMIRlMCDC6jADVShBgyG8ABP8OyMnEfnxXmdry45i5sD+Abn7RPedJGD</latexit>

O(1/d)
<latexit sha1_base64="D5BH04xTXkT7PnPqAORfRXuCkxE=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqBkfxYb9cCWr+FOhvUoE5Gv3yey9WJBNUWsKxMd3AT22YY20Z4XRc6mWGppjc4QHtOiqxoCbMp9eO0YFTYpQo7UpaNFW/TuRYGDMSkesU2A7NT28i/uZ1M5uchTmTaWapJLNFScaRVWjyOoqZpsTykSOYaOZuRWSINSbWBVT6Xwit41rg14Lrk0r9Yh5HEfZgH6oQwCnU4RIa0AQCt/AAT/DsKe/Re/FeZ60Fbz6zC9/gvX0CDR2OHw==</latexit><latexit sha1_base64="D5BH04xTXkT7PnPqAORfRXuCkxE=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqBkfxYb9cCWr+FOhvUoE5Gv3yey9WJBNUWsKxMd3AT22YY20Z4XRc6mWGppjc4QHtOiqxoCbMp9eO0YFTYpQo7UpaNFW/TuRYGDMSkesU2A7NT28i/uZ1M5uchTmTaWapJLNFScaRVWjyOoqZpsTykSOYaOZuRWSINSbWBVT6Xwit41rg14Lrk0r9Yh5HEfZgH6oQwCnU4RIa0AQCt/AAT/DsKe/Re/FeZ60Fbz6zC9/gvX0CDR2OHw==</latexit><latexit sha1_base64="D5BH04xTXkT7PnPqAORfRXuCkxE=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqBkfxYb9cCWr+FOhvUoE5Gv3yey9WJBNUWsKxMd3AT22YY20Z4XRc6mWGppjc4QHtOiqxoCbMp9eO0YFTYpQo7UpaNFW/TuRYGDMSkesU2A7NT28i/uZ1M5uchTmTaWapJLNFScaRVWjyOoqZpsTykSOYaOZuRWSINSbWBVT6Xwit41rg14Lrk0r9Yh5HEfZgH6oQwCnU4RIa0AQCt/AAT/DsKe/Re/FeZ60Fbz6zC9/gvX0CDR2OHw==</latexit><latexit sha1_base64="D5BH04xTXkT7PnPqAORfRXuCkxE=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqBkfxYb9cCWr+FOhvUoE5Gv3yey9WJBNUWsKxMd3AT22YY20Z4XRc6mWGppjc4QHtOiqxoCbMp9eO0YFTYpQo7UpaNFW/TuRYGDMSkesU2A7NT28i/uZ1M5uchTmTaWapJLNFScaRVWjyOoqZpsTykSOYaOZuRWSINSbWBVT6Xwit41rg14Lrk0r9Yh5HEfZgH6oQwCnU4RIa0AQCt/AAT/DsKe/Re/FeZ60Fbz6zC9/gvX0CDR2OHw==</latexit>

O(n/d)
<latexit sha1_base64="0yQrz8EWebGOqD+N+wohG/660rM=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqyqP4sF+uBDV/CvQ3qcAcjX75vRcrkgkqLeHYmG7gpzbMsbaMcDou9TJDU0zu8IB2HZVYUBPm02vH6MApMUqUdiUtmqpfJ3IsjBmJyHUKbIfmpzcRf/O6mU3OwpzJNLNUktmiJOPIKjR5HcVMU2L5yBFMNHO3IjLEGhPrAir9L4TWcS3wa8H1SaV+MY+jCHuwD1UI4BTqcAkNaAKBW3iAJ3j2lPfovXivs9aCN5/ZhW/w3j4BakiOXA==</latexit><latexit sha1_base64="0yQrz8EWebGOqD+N+wohG/660rM=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqyqP4sF+uBDV/CvQ3qcAcjX75vRcrkgkqLeHYmG7gpzbMsbaMcDou9TJDU0zu8IB2HZVYUBPm02vH6MApMUqUdiUtmqpfJ3IsjBmJyHUKbIfmpzcRf/O6mU3OwpzJNLNUktmiJOPIKjR5HcVMU2L5yBFMNHO3IjLEGhPrAir9L4TWcS3wa8H1SaV+MY+jCHuwD1UI4BTqcAkNaAKBW3iAJ3j2lPfovXivs9aCN5/ZhW/w3j4BakiOXA==</latexit><latexit sha1_base64="0yQrz8EWebGOqD+N+wohG/660rM=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqyqP4sF+uBDV/CvQ3qcAcjX75vRcrkgkqLeHYmG7gpzbMsbaMcDou9TJDU0zu8IB2HZVYUBPm02vH6MApMUqUdiUtmqpfJ3IsjBmJyHUKbIfmpzcRf/O6mU3OwpzJNLNUktmiJOPIKjR5HcVMU2L5yBFMNHO3IjLEGhPrAir9L4TWcS3wa8H1SaV+MY+jCHuwD1UI4BTqcAkNaAKBW3iAJ3j2lPfovXivs9aCN5/ZhW/w3j4BakiOXA==</latexit><latexit sha1_base64="0yQrz8EWebGOqD+N+wohG/660rM=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5wRQY8BPXgzglkgGUJPT0/S2svQ3SOEIf/gxYMiXv0fb/6NneWgouCDgsd7VVTVi1LOjPX9D6+wsLi0vFJcLa2tb2xulbd3WkZlmtAmUVzpToQN5UzSpmWW006qKRYRp+3o7nzit++pNkzJGztKaSjwQLKEEWyd1LqqyqP4sF+uBDV/CvQ3qcAcjX75vRcrkgkqLeHYmG7gpzbMsbaMcDou9TJDU0zu8IB2HZVYUBPm02vH6MApMUqUdiUtmqpfJ3IsjBmJyHUKbIfmpzcRf/O6mU3OwpzJNLNUktmiJOPIKjR5HcVMU2L5yBFMNHO3IjLEGhPrAir9L4TWcS3wa8H1SaV+MY+jCHuwD1UI4BTqcAkNaAKBW3iAJ3j2lPfovXivs9aCN5/ZhW/w3j4BakiOXA==</latexit>

OR

O(n/d2)⇤
<latexit sha1_base64="AzuhQ05eD7oSeEfzLhFaMZoVPQA=">AAAB8XicjVBNSwMxEJ2tX7V+VT16CRaheqi7RdBjQQ/erGBbsd2WbDbbhibZJckKZem/8OJBEa/+G2/+G9OPg4qCDwYe780wMy9IONPGdT+c3MLi0vJKfrWwtr6xuVXc3mnqOFWENkjMY3UbYE05k7RhmOH0NlEUi4DTVjA8n/ite6o0i+WNGSXUF7gvWcQINla6uyrL47BbPewe9Yolr+JOgf4mJZij3iu+d8KYpIJKQzjWuu25ifEzrAwjnI4LnVTTBJMh7tO2pRILqv1sevEYHVglRFGsbEmDpurXiQwLrUcisJ0Cm4H+6U3E37x2aqIzP2MySQ2VZLYoSjkyMZq8j0KmKDF8ZAkmitlbERlghYmxIRX+F0KzWvHcind9UqpdzOPIwx7sQxk8OIUaXEIdGkBAwgM8wbOjnUfnxXmdteac+cwufIPz9gmvKI+c</latexit><latexit sha1_base64="AzuhQ05eD7oSeEfzLhFaMZoVPQA=">AAAB8XicjVBNSwMxEJ2tX7V+VT16CRaheqi7RdBjQQ/erGBbsd2WbDbbhibZJckKZem/8OJBEa/+G2/+G9OPg4qCDwYe780wMy9IONPGdT+c3MLi0vJKfrWwtr6xuVXc3mnqOFWENkjMY3UbYE05k7RhmOH0NlEUi4DTVjA8n/ite6o0i+WNGSXUF7gvWcQINla6uyrL47BbPewe9Yolr+JOgf4mJZij3iu+d8KYpIJKQzjWuu25ifEzrAwjnI4LnVTTBJMh7tO2pRILqv1sevEYHVglRFGsbEmDpurXiQwLrUcisJ0Cm4H+6U3E37x2aqIzP2MySQ2VZLYoSjkyMZq8j0KmKDF8ZAkmitlbERlghYmxIRX+F0KzWvHcind9UqpdzOPIwx7sQxk8OIUaXEIdGkBAwgM8wbOjnUfnxXmdteac+cwufIPz9gmvKI+c</latexit><latexit sha1_base64="AzuhQ05eD7oSeEfzLhFaMZoVPQA=">AAAB8XicjVBNSwMxEJ2tX7V+VT16CRaheqi7RdBjQQ/erGBbsd2WbDbbhibZJckKZem/8OJBEa/+G2/+G9OPg4qCDwYe780wMy9IONPGdT+c3MLi0vJKfrWwtr6xuVXc3mnqOFWENkjMY3UbYE05k7RhmOH0NlEUi4DTVjA8n/ite6o0i+WNGSXUF7gvWcQINla6uyrL47BbPewe9Yolr+JOgf4mJZij3iu+d8KYpIJKQzjWuu25ifEzrAwjnI4LnVTTBJMh7tO2pRILqv1sevEYHVglRFGsbEmDpurXiQwLrUcisJ0Cm4H+6U3E37x2aqIzP2MySQ2VZLYoSjkyMZq8j0KmKDF8ZAkmitlbERlghYmxIRX+F0KzWvHcind9UqpdzOPIwx7sQxk8OIUaXEIdGkBAwgM8wbOjnUfnxXmdteac+cwufIPz9gmvKI+c</latexit><latexit sha1_base64="AzuhQ05eD7oSeEfzLhFaMZoVPQA=">AAAB8XicjVBNSwMxEJ2tX7V+VT16CRaheqi7RdBjQQ/erGBbsd2WbDbbhibZJckKZem/8OJBEa/+G2/+G9OPg4qCDwYe780wMy9IONPGdT+c3MLi0vJKfrWwtr6xuVXc3mnqOFWENkjMY3UbYE05k7RhmOH0NlEUi4DTVjA8n/ite6o0i+WNGSXUF7gvWcQINla6uyrL47BbPewe9Yolr+JOgf4mJZij3iu+d8KYpIJKQzjWuu25ifEzrAwjnI4LnVTTBJMh7tO2pRILqv1sevEYHVglRFGsbEmDpurXiQwLrUcisJ0Cm4H+6U3E37x2aqIzP2MySQ2VZLYoSjkyMZq8j0KmKDF8ZAkmitlbERlghYmxIRX+F0KzWvHcind9UqpdzOPIwx7sQxk8OIUaXEIdGkBAwgM8wbOjnUfnxXmdteac+cwufIPz9gmvKI+c</latexit>

Rn.
<latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit><latexit sha1_base64="JaYeBClcJk/yU5LoS0wbtJYCUgs=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgadkVQY8RLx6jmAcka5iddJIhs7PrzGwgLPkOLx4U8erHePNvnE1yUFGwoKGo6qaLChPBtfG8D6ewtLyyulZcL21sbm3vlHf3GjpOFcM6i0WsWiHVKLjEuuFGYCtRSKNQYDMcXeZ+c4xK81jemkmCQUQHkvc5o8ZKQSeiZhiG2c30TrrdcsV3vRnI36QCC9S65fdOL2ZphNIwQbVu+15igowqw5nAaamTakwoG9EBti2VNEIdZLPQU3JklR7px8qONGSmfr3IaKT1JArtZh5S//Ry8TevnZr+eZBxmaQGJZs/6qeCmJjkDZAeV8iMmFhCmeI2K2FDqigztqfS/0ponLi+5/rXp5XqxaKOIhzAIRyDD2dQhSuoQR0Y3MMDPMGzM3YenRfndb5acBY3+/ANztsnuMuSDA==</latexit>

d = O(n/# of samples)

<latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit><latexit sha1_base64="FfuTOlRvRhmfuDMZSNXdyR0BeaI=">AAACBnicjVBNS8NAEN3Ur1q/qh5FWCxCvdREBL0IFS/erGBboQlls520SzebsDsRS+jJi3/FiwdFvPobvPlvTD8OKgo+GHi8N8PMPD+WwqBtf1i5mdm5+YX8YmFpeWV1rbi+0TBRojnUeSQjfe0zA1IoqKNACdexBhb6Epp+/2zkN29AGxGpKxzE4IWsq0QgOMNMahe3O/SEXpTVvltyEW4xpVFADQtjCWa41y6WnIo9Bv2blMgUtXbx3e1EPAlBIZfMmJZjx+ilTKPgEoYFNzEQM95nXWhlVLEQjJeO3xjS3Uzp0CDSWSmkY/XrRMpCYwahn3WGDHvmpzcSf/NaCQbHXipUnCAoPlkUJJJiREeZ0I7QwFEOMsK4FtmtlPeYZhyz5Ar/C6FxUHHsinN5WKqeTuPIky2yQ8rEIUekSs5JjdQJJ3fkgTyRZ+veerRerNdJa86azmySb7DePgH+TpeP</latexit>
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▸ We guarantee success for additive noise bounded by:

▸ The alignment of the subspaces (subspace incoherence).

▸ The distribution of points in a subspace (inradius).

▸ Novel subspace incoherence definition leads to better 
bounds.

▸ Extend additive noise case to missing data.

▸ Randomly zeroing out entries     projecting on to random 
axis-aligned subspaces.

Contributions

⌘
<latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit>



▸ We guarantee success for additive noise bounded by:

▸ The alignment of the subspaces (subspace incoherence).

▸ The distribution of points in a subspace (inradius).

▸ Novel subspace incoherence definition leads to better 
bounds.

▸ Extend additive noise case to missing data.

▸ Randomly zeroing out entries     projecting on to random 
axis-aligned subspaces.

▸ Apply Johnson-Lindenstrauss style results.

Contributions

⌘
<latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit><latexit sha1_base64="Fh+PmjfSsZ8bZPRT72hC0Uptb0s=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJEmYnvcmY2Zl1ZjYQlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olRwY33/w1taXlldWy9sFDe3tnd2S3v7DaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh5dRvjlAbruStHacYJrQvecwZtU5qdPA+46NuqRxU/BnI36QMC9S6pfdOT7EsQWmZoMa0Az+1YU615UzgpNjJDKaUDWkf245KmqAJ89m1E3LslB6JlXYlLZmpXydymhgzTiLXmVA7MD+9qfib185sfBHmXKaZRcnmi+JMEKvI9HXS4xqZFWNHKNPc3UrYgGrKrAuo+L8QGqeVwK8EN2fl6tUijgIcwhGcQADnUIVrqEEdGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE8c6j0E=</latexit>



Subspace incoherence



Subspace incoherence
Primal: min

c
kck1 +

�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>



Subspace incoherence
Primal:

max

⌫
hx, ⌫i � 1

2�

k⌫k22 s.t. kAT
⌫k1  1

<latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit>

Dual:

min
c

kck1 +
�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>



Subspace incoherence
Primal:

max

⌫
hx, ⌫i � 1

2�

k⌫k22 s.t. kAT
⌫k1  1

<latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit>

Dual:

min
c

kck1 +
�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>

⌫/k⌫k2 = Dual direction

<latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit>



Subspace incoherence
Primal:

max

⌫
hx, ⌫i � 1

2�

k⌫k22 s.t. kAT
⌫k1  1

<latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit>

Dual:

min
c

kck1 +
�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>

Our subspace incoherence: Maximum inner product of the 
dual vectors and the uncorrupted samples.

⌫/k⌫k2 = Dual direction

<latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit>



Subspace incoherence
Primal:

max

⌫
hx, ⌫i � 1

2�

k⌫k22 s.t. kAT
⌫k1  1

<latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit>

Dual:

min
c

kck1 +
�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>

Our subspace incoherence: Maximum inner product of the 
dual vectors and the uncorrupted samples.

Prior subspace incoherence: Maximum inner product of the 
projected dual vectors and the uncorrupted samples.

⌫/k⌫k2 = Dual direction

<latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit>



Subspace incoherence
Primal:

max

⌫
hx, ⌫i � 1

2�

k⌫k22 s.t. kAT
⌫k1  1

<latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit><latexit sha1_base64="9y40sRy44gkWUJjP9EqXxYu01cc="></latexit>

Dual:

min
c

kck1 +
�

2
kAc� xk22

<latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit><latexit sha1_base64="2TEG+vBV0Cb9M4ltD2wM1ijXH7g=">AAACGnicjVDLSsNAFJ3UV62vqEs3g0UQxJIEQZctblxWsA9oYphMJu3QySTMTMSS5jvc+CtuXCjiTtz4N04fCxUFD1w4nHPvnbknSBmVyrI+jNLC4tLySnm1sra+sbllbu+0ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMzyd+54YISRN+pUYp8WLU5zSiGCkt+abtxpT7OS6gO8bu2LfhEXTDSCCcu0yvCVGRO4U7buDjW207145vVu2aNQX8m1TBHE3ffHPDBGcx4QozJGXPtlLl5UgoihkpKm4mSYrwEPVJT1OOYiK9fHpaAQ+0EsIoEbq4glP160SOYilHcaA7Y6QG8qc3EX/zepmKzryc8jRThOPZQ1HGoErgJCcYUkGwYiNNEBZU/xXiAdK5KJ1m5X8htJ2abdXsy5NqvTGPowz2wD44BDY4BXVwAZqgBTC4Aw/gCTwb98aj8WK8zlpLxnxmF3yD8f4JauugdA==</latexit>

Our subspace incoherence: Maximum inner product of the 
dual vectors and the uncorrupted samples.

Prior subspace incoherence: Maximum inner product of the 
projected dual vectors and the uncorrupted samples.

By avoiding projection, we can better measure the affinity 
between the corrupted and the true subspaces.

⌫/k⌫k2 = Dual direction

<latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit><latexit sha1_base64="EvwTRyDRfykj6XqofcvQFyGePpU=">AAACDnicjVBLSwMxGMzWV62vVY9egqXgqe4WQS9CRQ8eK9gHdJclm6ZtaDa75CGWbX+BF/+KFw+KePXszX9jtt2DioIDCcPMfCTfhAmjUjnOh1VYWFxaXimultbWNza37O2dloy1wKSJYxaLTogkYZSTpqKKkU4iCIpCRtrh6Dzz2zdESBrzazVOiB+hAad9ipEyUmBXPK4PvYm5vUlQg6fQU+RWpRcaMdijguAsNg3sslt1ZoB/kzLI0Qjsd68XYx0RrjBDUnZdJ1F+ioSimJFpydOSJAiP0IB0DeUoItJPZ+tMYcUoPdiPhTlcwZn6dSJFkZTjKDTJCKmh/Oll4m9eV6v+iZ9SnmhFOJ4/1NcMqhhm3eQLs7EhCAtq/grxEAmElWmw9L8SWrWq61Tdq6Ny/Syvowj2wD44AC44BnVwCRqgCTC4Aw/gCTxb99aj9WK9zqMFK5/ZBd9gvX0C8KmcCg==</latexit>



Contributions



▸ LS-SSC can be used location agnostically.

Contributions

min
c

kck1 +
�

2
kXc� xik22

<latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit>



▸ LS-SSC can be used location agnostically.

Contributions

▸ Assume missing entries are set to zero.

min
c

kck1 +
�

2
kXc� xik22

<latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit>



▸ LS-SSC can be used location agnostically.

Contributions

▸ Assume missing entries are set to zero.

▸ Zeros may be a observed zeros or missing.

min
c

kck1 +
�

2
kXc� xik22

<latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit><latexit sha1_base64="onQIMUp+9Gt638tlTCq2f5/tors=">AAACHHicjVBLS8QwGEzX17q+qh69BBdBEJe2Cnpc0IPHFdwHbGtJ03Q3bJqWJBWXbn+IF/+KFw+KePEg+G/MPg4qCg4Ehpn5viQTpIxKZVkfRmlufmFxqbxcWVldW98wN7daMskEJk2csER0AiQJo5w0FVWMdFJBUBww0g4GZ2O/fUOEpAm/UsOUeDHqcRpRjJSWfPPIjSn3c1xAd4TdkW/DA+iGkUA4d5leE6Iidwp31MGHtz7VAefa8c2qXbMmgH+TKpih4ZtvbpjgLCZcYYak7NpWqrwcCUUxI0XFzSRJER6gHulqylFMpJdPPlfAPa2EMEqEPlzBifp1IkexlMM40MkYqb786Y3F37xupqJTL6c8zRTheHpRlDGoEjhuCoZUEKzYUBOEBdVvhbiPdDNK91n5Xwktp2ZbNfvyuFo/n9VRBjtgF+wDG5yAOrgADdAEGNyBB/AEno1749F4MV6n0ZIxm9kG32C8fwIuiKFq</latexit>
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Contributions

▸ Assume missing entries are set to zero.

▸ Zeros may be a observed zeros or missing.
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▸ LS-SSC can be used location agnostically.

Contributions

▸ Assume missing entries are set to zero.

▸ Zeros may be a observed zeros or missing.

▸ Allows use in presence-only data settings:

▸ Population sampling.

▸ Disease screening.
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▸ Low rank assumptions may not hold true in general.

▸ Union of subspaces model can explain full rank data.

▸ Convex analysis, high-dimensional statistics can guarantee 
subspace clustering methods succeed.

Conclusion

Open problems:
▸ How do we guarantee clustering accuracy?

▸ Information-theoretic limits?

▸ What about unions of low-dimensional non-linear spaces?



Fin.


