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Metric measure spaces for data modelling

Comparing and understanding data

m ‘Are two samples similar?’

Language: positive Radon measures M (X) on metric space (X, d)

[ 1+

du(x) = f(x) dx =30 i 0 neRY

m similarity of samples < metric on M (X)

4/22



Metric measure spaces for data modelling

Comparing and understanding data

m ‘Are two samples similar?’

Language: positive Radon measures M (X) on metric space (X, d)

[ 1+

du(x) = f(x) dx =30 i 0 neRY

m similarity of samples < metric on M (X)

4/22



Couplings and optimal transport

Il A A

1 T v
o
E §) o
Couplings

m M(p,v)={r e My (X x X):Pym=p, Pyymr =v}

m marginals: Pyy7(A) = 7(A x X), P2ym(B) = (X X B)

m rearrangement of mass, generalization of map
Optimal transport [Kantorovich, 1942]

Cuy=int{ [ cluy)inxy)

e I'I(,u,y)}

m cost function ¢ : X x X — R for moving unit mass from x to y
m convex problem: linear program
®m minimizers exist under mild assumptions

Wasserstein distance on probability measures P(X)

W (11, v) = (C(u, )P for c(x,y) = d(x,y)?, p € [L,00)
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Wasserstein distances: basic properties

I T v

W, (i, v) = inf {/XXX d(x, y) dr(x, )| m € N, y)}l/p

Properties
</ intuitive: minimal m = optimal assignment
< ‘respects’ (X, d), robust to discretization errors, positional noise
< flexible: works for (almost) any metric space

Comparison with LP distances

X:Rv NaPaVeP(X) Lp WP

ﬂ/\ S o o o
N P B
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Wasserstein distances: advanced properties
Displacement interpolation
m (X, d) length space = ( W,) is length space

A
.

0.75 1

Barycenter: weighted center of mass in (P(RY), W)

® [Agueh and Carlier, 2011; Cuturi and Doucet, 2014; Benamou et al., 2015]
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Wasserstein distances: summary

Attractive properties
< intuitive, robust, flexible metric for probability measures

< rich geometric structure (displacement interpolation, barycenters,
gradient flows)

< accessible by convex optimization
= Increasingly successful as numerical tool in data analysis

B [Rubner et al., 2000; Pele and Werman, 2009; Wang et al., 2012; Solomon et al.,
2012; Cuturi and Avis, 2014; Peyré et al., 2016; Papadakis and Rabin, 2017;
Mandad et al., 2017; Thorpe et al., 2017; Tameling et al., 2017]. ..

Limitations and open questions
= naive numerical computation expensive
m only for probability measures

m non-scalar data, spatial regularity, ...
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Solvers and algorithms
“Classical” methods in a nutshell
m either </flexible but X slow
m Hungarian method [Kuhn, 1955],
m auction algorithm [Bertsekas, 1979],
m network simplex [Ahuja et al., 1993]
m or /efficient but X not very flexible
m [Aurenhammer et al., 1998; Haker et al., 2004; Benamou et al., 2014]
Entropy regularization and Sinkhorn algorithm
m [Wilson, 1969; Kosowsky and Yuille, 1994; Cuturi, 2013]
m approximate method: introduces some blur (v// X)
< simple algorithm, easy to parallelize
< versatile: generalizes to
m barycenters [Benamou et al., 2015]

= gradient flows [Peyré, 2015]
= unbalanced transport [Chizat, Peyré, Schmitzer, and Vialard, 2016]

X no free lunch: slow for small regularization, memory intensive
Overview: G. Peyré and M. Cuturi. Computational Optimal Transport.
arXiv:1803.00567, 2018.
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Kantorovich formulation in a nutshell

m marginals p, v € P(X), ground cost ¢ : X x X — R, couplings
M(w,v)
C(p,v) = inf Z c(x,y) m(x,y)

en(y,
e (e xx
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Kantorovich formulation in a nutshell

A @
0
«
m marginals y, v € P(X), ground cost ¢ : X x X — R, couplings

M(w,v)
Cluv)= inf > c(xy)7(x,y)

en(y,
TEMY)  Nexxx

= dual problem: prices (a, 3) € (RX,RX)

Cu,v) = sup > al)u(x)+ > B vly) stoa(x)+B(y) < c(x,y)

XGX yeX

m PD optimality condition: [7(x,y) > 0] = [a(x) + 8(y) = c(x,y)]
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Kantorovich formulation in a nutshell
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m marginals y, v € P(X), ground cost ¢ : X x X — R, couplings
M(w,v)
C(p,v) = inf > cly)nlxy)

en(y,
TEMY)  Nexxx

= dual problem: prices (a, 3) € (RX,RX)

Cu,v) = sup > al)u(x)+ > B vly) stoa(x)+B(y) < c(x,y)

XGX yeX

m PD optimality condition: [7(x,y) > 0] = [a(x) + 8(y) = c(x,y)]
m sparse sub-problem: \/ C X x X
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Multi-scale scheme

< Kantorovich: flexibility, simple discretization
X high dimensionality (|X|? variables)

m often: optimal 7 has sparse support
= only sparse subset N C X x X relevant (|| variables)

m (related to polar factorization in continuum [Brenier, 1991])
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[OTTTTTT]
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= only sparse subset N C X x X relevant (|| variables)

m (related to polar factorization in continuum [Brenier, 1991])

Multi-scale scheme
B [Mérigot, 2011; Schmitzer and Schndrr, 2013; Glimm and Henscheid, 2013;
Oberman and Ruan, 2015; Bartels and Schon, 2017; Bartels and Hertzog, 2017]

m estimate /\/ on coarser scale
Challenge: rigorous guarantee of (near) global optimality
B [Schmitzer and Schndrr, 2013; Schmitzer, 2016b]

m entropy regularization: [Schmitzer, 2016a]
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Shortcuts [schmitzer, 2016b]

(U7/8)

(b, @)
m given problem: p, v, cost ¢, neighbourhood N
m locally optimal primal & dual solution on \: (7, a, f3)

N alx SC(va) for(X,y)G.‘\“" *
sptm C NV, ( )+ﬁ(y){: c(x,y) for(x,y) €sptm )
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Shortcuts [schmitzer, 2016b]

(U7/3)

(b, @)
m given problem: p, v, cost ¢, neighbourhood N
m locally optimal primal & dual solution on \: (7, a, f3)

<c(x,y) for (x,y) €N
=c(x,y) for(x,y) €sptm

sptm C N, «a(x)+ B(y) { (*)

m global optimality if all dual constraints satisfied
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Shortcuts [schmitzer, 2016b]
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m given problem: p, v, cost ¢, neighbourhood N
m locally optimal primal & dual solution on \: (7, a, f3)

<c(x,y) for (x,y) €N
=c(x,y) for(x,y) €sptm

strC N\, a(x)+ () { ()
m global optimality if all dual constraints satisfied
m Def: shortcut for (xi,y,): tuple ((x2,¥2),. .., (Xn—1, ¥n—1)) with
(xi,yi) € sptm, (x;,yir1) € N and
n—1

c(x1,y2) + Z[C(Xi;)/i+1) — c(xi, yi)] < e(x1,yn)
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Shortcuts [schmitzer, 2016b]
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X1 X2
(w, @)

m given problem: p, v, cost ¢, neighbourhood N
m locally optimal primal & dual solution on \: (7, a, f3)

<c(x,y) for (x,y) €N
=c(x,y) for(x,y) €sptm

sptr C N, alx)+ B(y) { (+)
m global optimality if all dual constraints satisfied
m Def: shortcut for (x1,y,): tuple ((x2, y2), .-, (Xs—1, Yn—1)) with
(xi,yi) € sptm, (x;,yir1) € N and
/ ) n—1
alxa) + Blya) <elxa,y2) + [0, yir1) = e(xi, yi)] < e(xa, yn)
i=2
m Lemma: local optimality + shortcuts = global optimality
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Shortcut algorithm

X1
m search for shortcuts infeasible

m shielding condition for (\/, 7):
local way to ensure existence of all shortcuts

m algorithm:
until convergence:

m 7 < solve local problem on A/
m N <« generate shielding neighbourhood for 7

m Thm: returns globally optimal solution
m how to implement shield?

m solved for “standard cases”
m ongoing research

solve

(3

shield
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Numerical results

K v
W>
Example data: —_—

104 i T T T ™ 109 . . .
—O(X]%) dense: | X|?
) - - -~ sparse: |Ng|
10° 1 1 g 10° T — 10-|X] 1
£ 100 1 1 107 4 1
£ g0
w0 -
= =}
g | . s
% 10 —dense ; 10° 7 1
[97] - -sparse g
1+ Sub-solver: 1 Z 10° 4+ 1
— CPLEX
r — LEMON-NS
0.1 v \ \ = 101 : : : 1
64° 1282 256° 512° 642 128° 2562 5122

Problem size | X| Problem size | X|

< significant speed-up
X run-time scaling approx. quadratic

< memory demand linear in marginal size
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Sparse Sinkhorn algorithm

€ 101 102 103 104

= regularized problem: 7. := argmin, <, ) [y, x ¢dm 42 KL(7|p)
X 7. is dense

</ [Cominetti and San Martin, 1992]: 7. — 7o exponentially for e — 0,
mo: sparse unregularized solution
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= regularized problem: 7. := argmin, <, ) [y, x ¢dm 42 KL(7|p)
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mo: sparse unregularized solution
Sparse approximation [Schmitzer, 2016a]
m for sparse subset ' C X x X: truncated coupling 7_,/
m Lemma: bound for truncation error A(7Lar, o, ():
small when little mass is truncated
m sparse approximate algorithm:
m sparse Sinkhorn iterations on
m update A when A(7L,, , 3) too large
m more numerical tricks (e.g. e-scaling,...) T
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Sparse Sinkhorn algorithm
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Numerical results: effect of computational adaptations

K v
Wa
Example data: —_—

10

—
(=3
w
T

runtime/s
—
o
R
T

10
10° L L L
10" 10°° 10°?
€
— (i) standard — (iii) + truncation
— (ii) + e-scaling (iv) + multi-scale

m standard Sinkhorn: number of iterations o 1/e
< e-scaling: reduces iterations
< acceleration with truncation (and multi-scale)
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Numerical results: W, barycenter

¢ L 4
Lo X oe
Q0o o XX
O00Oe OOOs
O0O0OO0OER O0OOODO =

[Benamou et al., 2015] [Schmitzer, 2016a]

</ adapted algorithm allows smaller £ = sharper results

< convergence of entropic regularization for ¢ — 0 [Carlier, Duval,

Peyré, and Schmitzer, 2017]
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Conclusion
Optimal Transport
< flexible and robust tool for data analysis
X high naive computational complexity

< steady development of more efficient methods
m best algorithm depends on problem

Multi-scale methods
m Shortcut solver
m Sparse Sinkhorn algorithm
< versatile: barycenters, gradient flows, unbalanced. . .
Further Reading

m B. Schmitzer. A sparse multi-scale algorithm for dense optimal
transport. J. Math. Imaging Vis., 56(2):238-259, 2016

m B. Schmitzer. Stabilized sparse scaling algorithms for entropy
regularized transport problems. arXiv:1610.06519, 2016.

m G. Peyré and M. Cuturi. Computational Optimal Transport.
arXiv:1803.00567, 2018.

Code online: https://github.com/bernhard-schmitzer
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