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Graph Signal Processing: Background

Given a weighted undirected graph G(V, &, W), a graph signal is
defined as the mapping
x:V - RV

The eigendecomposition of the Laplacian of the graph gives us
the Fourier modes of the graph
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GFT: x = U*x
Inverse GFT: x = UXx
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What about time-varying signal on graph?

A great variety of data lying on graph are inherently time-varying

Jan 2015 Apr:2013

* Weather , i
* Electrophysiological signals e L s '@9
e Point clouds or video q d
* Transportation data

 Many others!

Usually we want to analyze complex dynamic processes and
extract relevant information




Time-Vertex Signal Processing

Given a weighted undirected graph G(V, &, W) with associated
time domain of length T, a time-vertex signal is defined as

X € RlVlXT
* Collection of T graph signal X = [x{, x5, ..., X7]

* Collection of N time series X = [x1,x2, ..., x

"]

Note: we assume time-invariance of the underlying graph ¢
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Our work:
1. PDEs as motivation for joint frequency analysis
2. Joint filterbanks and frames based on the wave equation

3. Application to source localization for seismic epicenter
estimation

Waves propagating on graph
T I T




1. PDEs as Motivation to JFT



Eigenvalue [A]

PDEs as Motivation to JFT
Considering the Joint Time-Vertex Fourier Transform
X =JFT(X) = U; XUy

with U the Graph Fourier Basis and U7 the DFT matrix, we show

that JFT domain is able to unveil the structure of the dynamic
process evolving on the graph
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Wave on Graphs

Let consider the Partial Differential Equation (PDE) associated to
the propagation of a wave
0°x
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Wave on Graphs

Let consider the Partial Differential Equation (PDE) associated to
the propagation of a wave

0°x
2172
— =c“V*x
ot?
Discretizing both domains
. azx T
* Time ﬁ= _LT [=E|’. b[=1
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Wave on Graphs

Let consider the Partial Differential Equation (PDE) associated to
the propagation of a wave

0%x
— L2172
F—CVX

Discretizing both domains

. 0%x u, U,
e Time —5 = —Ly Q\ '

ot? WX g
e Space V? = —L, J G ‘
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Wave on Graphs

Let consider the Partial Differential Equation (PDE) associated to
the propagation of a wave

0°x
2172
— =c“V*x
ot?
Discretizing both domains

: 0%x
* Time 55z = —Lr

e Space V4 = —L,
We obtain the discrete wave equation on the graph §
XLy = a’L:X

where a? is related to the speed of propagation of the wave and
to the ratio between the sampling frequency in time and space
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Wave on Graphs: Solution

Assuming that the solution at time t can be written as a
propagator operator K, (L., t) applied to the initial condition x,

xy = Kg(Lg, t)xg
X = [Kq(Lg, )x0li=1 = Kglxo}
Substituting and applying the GFT
Kel%o}Lr = a®Ag Ko (%o}
That is an eigenvalue equation with solution

2

K,(A,,t) = cos (t arccos (1 — a;{))) = cos(t8,)

denoted Wave Filter .



Eigenvalue [A]

Wave Filter

- DFT _. 1
K,(Apt) = cos(tBy) — K, (Ap, wy) = E(c?(a)k +6,) + 6 (wy, — 9{)))
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Wave Filter: Application

azlg

K,(A,t) = cos| tarccos (1 —

Filtered
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Wave Filter: Application

_ 22
K,(A,,t) = cos| tarccos (1 — az !

Original Filtered
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Wave Filter: Application
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2. Dynamic Graph Wavelets



Dynamic Graph Wavelets

Dynamic Graph Wavelets (DGW) allow to represent a
time-vertex process as combination of propagating signals on the

graph G that evolve in time according to a linear PDE, with

parameter a
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Dynamic Graph Wavelets

Dynamic Graph Wavelets (DGW) allow to represent a

time-vertex process as combina
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tion of propagating signals on the

graph G that evolve in time according to a linear PDE, with
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Dynamic Graph Frames

Is possible to find the condition under which the joint time-vertex
filterbank forms a frame S, i.e. the frame bound holds

AXNIE < ISh{X311E < BIIXIIZ
for any || X||2 > 0

The Causal Damped Wave Dynamic Graph Wavelet

_ oy
Wap(Ae,t) = H(t)e Pt cos| tarccos | 1 — >

forms a frameif § > 0
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Dynamic Graph Frame: Example

_ a’ly
W, (A t) = H(t)e Pt cos | tarccos| 1 — >

p
-I'

[
»
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3. Source Localization

22



Seismic Epicenter Estimation

* We analyze waveforms recorded i}\ Y
by seismic stations geographically 2 ‘.9/7
distributed in New Zealand ) a‘)"
connected to the GeoNet Network Rn </

« We want to estimate the epicenter Pt (,/
of the seismic event using the 4 Q'/'b
Damped Wave DGW {\/

 We solve the following optimization prob_lem

argmin ||Sf,c — Y||12? + yllclly
C

Sy is the frame operator of a damped wave filterbank {Wa’ﬁ}
with different speeds a and fixed damping factor B

23



Seismic Epicenter Estimation

argmin ||Sf,c — Y”IZ, +yllcll
Cc

Normalized amplitude

Normalized amplitude
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Seismic Epicenter Estimation: Results

® Real ® Real
® FEstimate 2 ® FEstimate

®  Real
| ® Estimate

We estimate the epicenter for a set of 40 seismic events

Comparison with estimate based on sole signal amplitude
shows a threefold improvement in average

Our method is also robust to noise
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Conclusion

* PDEs provide insight on Joint Time-Vertex Fourier
Analysis and motivate this framework

* Joint time-vertex filters based on PDEs, in particular
the wave equation, can be used to analyze and
process complex signals in the joint domain

 Dynamic Graph Wavelets are able to retrieve or
process information on dynamic phenomena taking
place over graphs that can be modeled approximately
using linear PDEs



Thank you!



