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Signals on graphs
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Signals on graphs
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Vertex domain and spectral domain
representations based on Laplacian
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Graph Laplacian L = UAUT ' A =diag(A)  Graph spectrum

Signal f — f =UTf Signal Spectrum



Single-frequency signals: Classical vs. Graph

_ Classical signal processing Signal processing on graphs
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Graph signal coarsening

- Joint dimensionality reduction for graph and signal
with vertex domain and spectral domain similarities

Given: Original graph Find: Coarsened graph signal
signal (', f'™) (G, ) with n vertices

representation
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Graph signal coarsening

- Joint dimensionality reduction for graph and signal
with vertex domain and spectral domain similarities

Given: Original graph Find: Coarsened graph signal
signal (', f'™) (G, ) with n vertices

representation

f(1) Ao
Spectral domain
representation | ‘ |
ANy
1 1 >l i

« Question: How to evaluate the quality of graph signal
coarsening?

Vertex domain J'Ilj, l .I T




Spectral Diversity

« Objective:
— Measure the similarity of variation speeds for signals across
the graphs
« Assumption

— Single frequency signals with the same frequency have the
same variation speeds, even for signals reside on different
graphs



Spectral Diversity

« Spectral Energy Cumulative Distribution Function
(SECDF)
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— Cumulative distribution function of signal energy in the
spectral domain

« Spectral Diversity
D[(G1,£1), (G2, f2)] =JO | F1(4) — F2(A)|dA
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Spectral Diversity
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Optimizing Spectral Diversity for
Graph Signal Coarsening

 This problem can be formulated into

mmD f), (G",f™)], subject to |V| = n,
Coarsened Original Expected

graph signal graph signal vertex count



Optimizing Spectral Diversity for
Graph Signal Coarsening

 This problem can be formulated into

min D[(J, f), (G™,f™)], subject to |V| = n,

« It can be split into two subproblems

— Obtain the spectra of the coarsened graph and coarsened
signal
— Get the graph signal satisfying expected spectra



Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

Original graph the new graph with

signal % ‘ I|. AR /L greedy method
@ﬁ @ Get the spectrum of the
' coarsened signal with
@ spectral bin method
@ Construct the coarsened

r (A) (@M Obtain the spectrum of

NS

f(4) graph with ADMM
Coarsened @ Acquire the coarsened
graph signal \ l\ I | | S|gnaI_W|th inverse
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Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

ie @ Obtain the spectrum of
Original ‘ the new graph with
graph signal %Q I|. ANy greedy method

Coarsened ?
graph signal ?
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Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

@ @ Obtain the spectrum of
Original ‘ the new graph with
graph signal %Q I|. ANy greedy method

Coarsened ?
graph signal ?

« The new graph spectrum should be a subset of the
original one
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Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

@ @ Obtain the spectrum of
Original graph | the new graph with
signal %:j ||. 1l AT greedy method

. @ Get the spectrum of the
coarsened signal with
spectral bin method*

f(4)
Coarsened _ .
graph signal ? l\ | | |
-i—an L i i ’i |

*Method proposed in P. Liu, X. Wang, and Y. Gu, Graph Signal Coarsening: Dimensionality Reduction
in Irregular Domain, IEEE Global Conference on Signal and Information Processing (GlobalSIP),

966-970, Dec. 3-5, 2014, Atlanta, Georgia, USA. T



Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

@ @ Obtain the spectrum of
Original graph | the new graph with
signal %:j ||. 1l AT greedy method

. @ Get the spectrum of the
coarsened signal with
spectral bin method*

f(4)
Coarsened _ .
graph signal ? l\ | | |
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« Spectral bin method always gets the optimal solution
for such problem
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Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

f(ﬂ) (@M Obtain the spectrum of

Original graph | the new graph with
signal nl NI greedy method
2 | @ Get the spectrum of the
coarsened signal with
spectral bin method

@ Construct the coarsened
lf (1) graph with ADMM

Coarsened ? \ _ .
1

graph signal Qp -.Hl 1 1 : 3
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@ Construct the coarsened graph
with ADMM

 Constraint: the new graph should satisfy the new spectrum

« Objective: Ensure the similarity of the coarsened graph and a
template graph in the vertex domain. The template graph is
obtained with topology coarsening method

New spectrum

Coarsened graph

|
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Topology Template graph § \ a ]

Original graph
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@ Construct the coarsened graph
with ADMM

- Laplacian of the original graph and the template graph are L' and
L, respectively

- Laplacian of the new graph is L = UAUT, where A = diag(2), A is
the expected graph spectrum

« The problem can be formulated into:

min F(U,t) = ||L — tL||§ + t||L||;
subject to

L = UAUT

U€EO,={XeRY™"|XXT =XTX =1}

LeM; ={XeRY"|X1,x1 = 0,x1}

LEN. ={XER™™ |x,, <0,p+q)




@ Construct the coarsened graph
with ADMM

Laplacian of the original graph and the template graph are L' and

L, respectively
Laplacian of the new graph is L = UAUT, where A = diag(2), A is
the expected graph spectrum

The problem can be formulated into:

Ensure topological similarity Induce sparsity

min F (U, t) =|||L — tL||§|+7lILll,
subject to

L = UAUT — Graph spectrum constraint

Ue0,={XeR"™"|XXT = XTX = I} Eigenvalue decomposition
LeM; ={X€R™"|X1;x1 = Opxs}
LEN. ={XeRY"|x,,<0,p+#q}

— L is Laplacian of a graph

Solved with ADMM
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Optimizing Spectral Diversity for
Graph Signal Coarsening

Vertex domain Spectral domain
representation Representation

Original graph the new graph with

signal % ‘ I|. AR /L greedy method
@ﬁ @ Get the spectrum of the
' coarsened signal with
@ spectral bin method
@ Construct the coarsened

r (A) (@M Obtain the spectrum of

NS

f(4) graph with ADMM
Coarsened @ Acquire the coarsened
graph signal \ l\ I | | S|gnaI_W|th inverse
/ Fournier transform on
-Hi—as L L i >
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Experiments

 Original and coarsened graph signal in the vertex domain
— From a 150-vertex graph with 3 communities
— To a graph with 13 vertices

Original graph signal Coarsened graph signal

* \ertex domain similarity:
— Preserve community structures
— Preserve signal properties inside each community
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Experiments

Original and coarsened graph signal in the spectral domain
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Spectral domain similarity:
— New graph spectrum is approximately a subset of that of the original one

— Small spectral diversity between the original graph signal and the
coarsened one 24



Comparisons

 Spectral diversity of original and coarsened graph signals when aiming
for different density levels of graphs
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Summary

« Spectral Diversity

— Measure the similarity of variation speeds for signals
across the graphs

— Used for evaluating the quality of graph signal
coarsening
 Optimizing Spectral Diversity for Graph Signal
Coarsening

— Achieve both vertex and spectral domain similarities
between the original and coarsened graph signals
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