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Motivation

v Gaussian noise is widely used in communication systems

v In sensor networks and local spectrum sensing, the deployed
noise is Generalized Gaussian (GG)

v" In UWB, interference and noise can be modeled as GG
distribution

v" Noise + Interference can be modeled as sum of GG random
variables

V' The statistics of the SGG distribution (PDF, CDF, moments,
cumulant...) should be studied

v An approximation of the SGG by a single GG random can be
used to get simplified results
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GG Distribution

Generalized Gaussian Distribution
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GG Distribution

Definition

v" GG distribution is characterized by a parameter «, called
shaping parameter (or exponent parameter)

v The PDF of GGD(u, o) is given as

al\ o o
fx (x) = mexp(*/\ [x —pl®) Vx €R,

where A = Mo — L/ FWQ), a normalization coefficient.
o o (1/e)

v For a =1,2,00, we get Laplacian, Gaussian, and uniform
distributions, respectively.
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GG Distribution

Cumulative Distribution Function

V" The complementary CDF is obtained as

1

) = 3r(/a)

M(1/a,ANgx*), for x>0,

v" The CDF is given by

Fx(x) =1— Qa <X;“).

V' Q, is reduced to the classical Gaussian Q-function for o = 2.
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GG Distribution

Characteristic Function

V' CHF is the Fourier Transform of the PDF

v PDF is even (. = 0) = CHF becomes cosine transform of the
PDF

o0
valt) = / cos(tx)fx (x)dx
0
v" Using alternative expressions of cos and fx, CHF appears as
an integral of 2 Fox H-functions
v Using integral identity!, the CHF is expressed as

VA [rye) | - 12)
Palt) = F(l/a)Hl’é [4r(3/a) "o 1)’(%71)]

!A. Kilbas and M. Saigo. H-Transforms : Theory and Applications KAUST

(Analytical Method and Special Function). 1st edition.-CRC-Press; 2004-
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GG Distribution

MGF, Moment, and Cumulant

v The MGF is obtained from the CHF as M,(t) = ¢, (—it)

v" The odd moments are equal to 0, and the even moments are

onT(1/0)" T(PE)
[(3/a)" T(1/a)

v Cumulant generating function: K,(t) = log M,(t)

man(X) = E[X?" = o

v New results: the even cumulants of zero mean GGD

7 @m)(m+--- 4 m, —1)! o (1/ayT(Z) \"
fanlX) == 3 11 (r(s/ayr(l/a)(zjn)

milmo!. .. m,! )
my+2mo+...nmp=n 1<j<n
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GG Distribution

Kurtosis

v" Measures the tailedness of the distribution (i.e. more kurtosis
means heavier tail)

v" For the GGD, the kurtosis expressed as

Kare(x) — KaX) _ T /0)T(5/0)

(X2 TR

v' Examples:
o Kurt(Laplace) = 3, heavy tail
o Kurt(Gaussian) = 0, normal tail
o Kurt(Uniform) = —1.2, no positive-valued tail

v' Applications: estimate the distribution parameter...
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Sum GG Random Variables

H Sum of Generalized Gaussian RV
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Sum GG Random Variables

Characteristic Function of the Sum

v" CHF of the sum of 2 independent GGD is the product of their
CHFs = ¢z(t) = px(t)ey(t)

v The PDF of the sum, fz(z), is the inverse cosine transform of

the CHF
B 1 o 1,1 | 1=3.2)
= s f, DA mm;n]
it g | G 505) } o,
’ (0,1),(3:1)

oif(1/a) and B=2 r/p)

2 2
where p = p1 + pr2, A= 41r(3/a) 42F(3/ﬁ)

v" The CDF is the primitive of the previous formula that
vanishes at —o0, so it is the inverse sine transform of goz(té KAUST
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Sum GG Random Variables

PDF and CDF of the Sum

v PDF of the sum in terms of the BFHF

) = VT
() = Far ez — vl
o« gOLLLLL 4A 4B [(:1.1),001,1)] 1-%,2)] @ %’ %) (1)
2,0;1,2;1,2 ( _“)2’ (Z_“)2 (071)7(%71) (0’1)’(%71)

v' CDF of the sum

1 /7 sign(z —p)
D=5 s
H0,1;1,1:1,1 4A 4B %7171)7(1=171) (17 év%) (1_ %’%) ( )
2,0;1,2;1,2 (z _ M)z’ (z _ M)2 (0’ 1)’ (%7 1) (O, 1)7 (%7 1)
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Sum GG Random Variables

Statistics of the Sum

v MGF : Mz(t) = gOZ(—I't')
v" Moment: myp41(Z) =0 and

. (3)" & (2n) (o2T(N(E) “ okt 2n — 2k +1
()= ()F(;)F(é)"kz;(M) <a§r(i>r(g)> () ()
v' Kurtosis:
Kor(2) = 74 r(r;()gr)(;) ot r(rﬁ({)(f) vedte s
o B

where 02 = 62 + 03
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Approximation of the PDF of the Sum

Approximation of the PDF of the Sum of two GGRV
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Approximation of the PDF of the Sum

Motivation

v Similar distribution properties of the sum of 2 GGD and one
GGD?

v" Approximation of the sum distribution by one GGD
v Estimation of one shape parameter instead of two

v Reducing the complexity of the expression of the PDF of the
sum (BFHF)

v" Simplification of the PDF/CDF expressions

v’ Less complexity expressions of system performance metrics
(BER, SER...)

2Qian Zhao, Hong-Wei Li, and Yuan-Tong Shen. “On the sum of generalized
Gaussian random signals”. In: Proc. of the 7th International Conference on (&' V5T
Signal Processing (ICSP’2004). Vol. 1. Beijing, China, 2004,-50-53 vol.1.
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Approximation of the PDF of the Sum

Kurtosis Approach

v Equalize the Kurtosis of the sum to the Kurtosis of the new
distribution (Z,) with shape parameter

Kurt(Zy) = Kurt(Z)

—
MG 1 (L@@, rGre)
TR e (5 ey ey 65)’

where § = %
932

V" Solve the system h(vy) = C, with unknown « and C is positive
known value
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Approximation of the PDF of the Sum

Kurtosis Approach (2)

Figure 1: The curve of h() for positive values of +.

v" h(-) is bijection (Fig.1) = the equation h(y) = C has unique
solution Ykt (examples of k. in Table 1)
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Approximation of the PDF of the Sum

Best Tail & CDF Approximation methods

v' Best Tail: Minimizing the square error of the desired tail
(defined for z > no)

oo

i = arg min / (F,(2) — F2(2))? dz
>0 /.

o

v' CDF Approximation: Minimize the error between the exact
and approximated CDF

YepF = argmin/ (F,(2) — Fz(2))* dz
’Y>O 0
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Approximation of the PDF of the Sum

Examples of estimated

Table 1: Shape parameter for the approximated distribution with o7 =1

(Oé, ﬁ: 6) YKurt YCDF Vi

n=20 1 2 3
0.5,0.5,1 0.626 | 0.467 | 0.768 | 0.673 | 0.624 | 0.642
0.5,0.5,2) | 0.604 | 0.492 | 0.762 | 0.656 | 0.603 | 0.584
0.5,0.7,2) | 0.633 | 0.501 | 0.861 | 0.741 | 0.636 | 0.834

( )
05.072)
(0.5,1.2,1) | 0.779 | 0.602 | 1.160 | 1.053 | 0.757 | 1.165
( )
( )
( )
( )

1.5,1.5,2 1.673 | 1.373 | 1.738 | 1.702 | 1.683 | 1.664
1.5,25,1 1.908 | 1.391 | 1.979 | 1.959 | 1.952 | 1.887
1.5,2.5,2 1.753 | 1.443 | 1.842 | 1.799 | 1.771 | 1.741
25, 3,3 2,205 | 1.941 | 2.226 | 2.261 | 2.267 | 2.335

V" Ykurt and 7y, are close to each other (Kurtosis measures the
heavy tail)

V" vcpr is little far from other methods = Each method can b
used according to the scenario in case.

()
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PDF & CDF Simulations

A PDF & CDF Simulations
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PDF & CDF Simulations

Impact of Kurtosis and CDF approaches on the PDF

o v Perfect match b/w
+ Si i H
Smuation simulated and exact PDF
0451 —A— Kurtosis Il ) ) )
oal —e—opimal COFj| " Good tail approximation

for both methods
4=0.5, B=1.5, =4

o f V'« < 2: Tail matching for
; both methods, but big
difference around the
mean

v a > 2: Better PDF
matching using Kurtosis
approach than using CDF
approach which

PDF of Z
o
N
bl

N ’ z i R approximates the CDF
Figure 2: Exact and approximated PDF of rather than the PDF.
the sum of two GGRV. =15, 6 = 2, and
o1 — 1.
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PDF & CDF Simulations

Impact of estimation approaches on the CDF

) S50 G BB 8B sa
095 : 1 v' Kurtosis and Tail
—©— Optimal CDF
0ol —A— Kurtosis , (n = 3) methods
0 Optimal Tail .
0ssl +  Simulation | give very close
Exact COF results to the
g o8 : : 1 exact CDF
w
N L 4 .
5 075 V' In linear scale, all
S o1l — methods are close
vesl | to the CDF at
saturation, i.e.
oer ’ Fz(z) ~ 1.
0.55 B .
v Plot the gap in
0- 0‘5 i 1.‘5 ‘2 2‘.5 é 3‘5 Jt 4‘.5 5 LOg scale.

Figure 3: CDF of the sum using Kurtosis, optimal
tail, and optimal CDF approaches. a = 2.5,
f=150=2ando; =1
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PDF & CDF Simulations

Comparison of the Complementary CDF

v' CDF approach
matches exact

T T T T

+  Simulation
10 : : Exact CCDF || CDF of the sum
—6—Optimal CDF for both values of
—A— Kurtosis
107 —&— Optimal Tail { o

‘a:O.S, p=is v a < 2 Kurtosis

and Tail methods
are far from the
exact CDF

v’ a>2 The gap
decreases and
these methods
become close to

L L - = o the exact (as seen

2 in Fig.2).

Figure 4. Complementary CDF of the sum of two

GGRV. g =15and § = 2.

Complementary CDF of Z
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Summary

H Summary
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Summary

Conclusion

v

Expression of the statistics of the GGD

Derivation of the distribution of the sum of two independent
GG random variables

N

v Expression of the statistics of the sum distribution in terms of
the FHF and BFHF

V' Approximation of the distribution of the sum by single GGD
using 3 methods

V" Different behaviors of these 3 approaches regarding the exact

distribution
v" Choose of the suitable approach depends on the application in
case
% KAUST
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Summary

Thank you for your attention
Questions ?
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