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Structured Low-rank Decomposition
Minimize f(Y) + i [|xk||2
k=1

Subjectto Y = > awxy, ax €D, k=1,...,r
k=1

» variables: Y € C"" q;, € C", x;, € C", r
» equivalent SDP with variables Y € C"*" X € H", Z € H"™
Min. f(Y) + (tr X 4+ trZ) /2
X Y
Y? 7 ~ 0 2)
& FXF! + &, FXG" + ®,GXF! + ®,GXG" = 0
U FXFY 4+ U, FXG" + W,GXF" 4 U,,GXG" < 0

S.1.

Lemma: Conic Decomposition

For X > 0 with rank r satisfying the last two constraints in (2)
= X = Zﬂkakaf, 0,...,0,>0, a,...,a, €D
k=1

» follows from decompositions in the proofs of KYP lemma (PV13)
» efficiently computed via SVD and Schur decompositions

Minimize f(y) + > |x| 0w, w, w, 2
k=1 | 1
r | 1 0
Subjectto y = >  xpay S I =
k=1 el W;
ar, €« D, k=1,...,r eiz_“’z
- .
> Va”ables Yy, ag - Cn, X © Cs r el m-1)W, |/ M X3 2
» /1 convex (penalty or indicator) 7
» D: set of atoms (dictionary) =
» extends lasso, (noisy) basis pursuit, etc. to non-finite D
Matrix Pencil Dictionary
D=4{acC"||la|l=1, ( A\G—F)a=0, A\ € C}
» A\G — FIs ap X n matrix pencll
» C: a segment of a line or circle in the complex plane
» normalizations other than ||a||, = 1 are possible
» example: complex exponentials
a = L(l,ej“’,ejz“’, oD e =
Vn
take C the unitcircle, F = [0 1,_y|,and G = |I,_; 0
Set C
Al A Al A
C=cAe€CU{oo} | . b . = 0, . \ . <0

» & and ¥ are 2 x 2 Hermitian matrices with det ® < ()
» C Includes A = co when ®;; = 0 and ¥, < 0
» C Is a circle or straight line if ¥ = 0

» examples:
P v set C
10 -
— elv
0 _1 0 A = ¢ (unit circle)
100 e | s
0 —1| | —e 7> 2cos3 =& jw—als

Proof of Equivalence

» SDP as relaxation of (1): if a;, x;, r are feasible in (1) then

- 1T 1 H

Xv| Z il a a
Yz | = L/ Nl ||/ ]2

s feasible in (2) with the same objective value
» exactness of relaxation: decompose feasible X of rank r as

X = Z HkakakH, 0, >0, a,€D
k=1

first constraint in (2) implies there exist x; such that
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Example: DOA estimation

» Sparse linear sensor array on a uniform grid of size n = 50

» Use measurements by, b, from 2 groups of sensors

» group I; measures 6 € ©; U O,, and group I,, 60 € O, U O3
» can be solved via SDP formulation of:

3 I
Minimize > > |xj]

j=1k=1 ) _
1
| rj eI (Ojk)
Subjectto yi = ) xjx : , w(@) = sinb
k=1 '
el (n—1)w (6ir)

ij -~ @j, k = 1,...,I’j,j: 1,2,3
(yl ‘|‘)’2)Il = by, (J’2 +y3)12 = b
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Figure : DOA estimation with and without interval constraints
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