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Background–Network Signal Processing (1/4)

Sensor Network

Social Network

How a node process signals with interaction?
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Background–Network Signal Processing (2/4)

Estimation Problem

 

 

 

 

 

 

 

 

 

  

(a) Time-invarient

Distributed Network Filter

Local

Innovation

Network

Fusion
T T+1

Figure: Structure of a Typical Distributed Network Filter

Local Innovation

update estimators using private information(self observation)

Network Fusion

update estimators using fusion information(neighbors information)
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Background–Network Signal Processing (3/4)

Progress in Research

Distributed Network Filter

Local Innovation Network Fusion

RLS

RLMMSE

RKF

Consensus
[1]

Incremental
[2]

Diffusion
[3]

Network Game

Why introduces Network Game?

[1] S. Kar and J. Moura, ”Consensus + innovations distributed inference over networks: cooperation and

sensing in networked systems”, IEEE Signal Processing Mag., vol. 30, pp. 99-109, May 2013.

[2] H. Feng, Z. Jiang, B. Hu, and J. Zhang, ”The incremental subgradient methods on distributed estimations

in-network”, SCI. CHINA Inf. Sci., vol. 57, no. 9, pp. 1-10, 2014.

[3] A. Sayed, ”Adaptive networks”, Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
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Background–Network Signal Processing (4/4)

i

 

 

(a) Consensus

i

 

 

(b) Incremental

i

 

 

(c) Diffusion

i

 

 

(d) Network game

Figure: Information Quantity Comparison
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Preliminary–Bayesian Network Game (1/1)

A network game where the type of the other players are probabilistic.

Definiton

A set of Player V;

A graph topology G;

A set of types of each player: θ ∈ Θi;

A set of actions (pure strategies) for each player: ai ∈ Ai;

A utility function of each player: ui(ai,a-i, θi,G, θ-i)

Action: ai : Θi 7→ Ai

Bayesian Nash Equilibrium

A profile of pure strategy a = {a1, a2, ..., aN} reaches to a stable state

Eθ-i [ui(ai,a-i,G, θi, θ-i)] ≥ Eθ-i [ui(a
′
i,a-i,G, θi, θ-i)]

for all a
′
i in strategy space of i.

A Big Issue

Does any equilibrium exist?

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 7 / 24
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Preliminary–Quadratic Network Game (1/1)

Consider a game that each node in a network is implemented a quadratic

utility as

ui,t(ai,t, aj,t, θ)

= −
1

2
a2i,t +

∑
j∈V\i

βij,tai,taj,t + δai,tθ

aj,t: the action of node j at t

βij,t: the mutual effect intensity between node i and j

critical for the existence of equilibrium

critical for the interaction manner between nodes: strategy com-

plimentary or strategy substitute

δ: the influence intensity of θ

A Big Issue

aj,t and θ may be unknown

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 8 / 24
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Preliminary–BQNG∗ (1/5)

Scenario

Nodes in a network receive private observations of a random time-invariant

variable θ only once as

si = θ + ni, ∀i ∈ V, ni ∼ N (0, σ2
i )

Try to estimate θ under a sequetial Bayesian Network Game in a distributed

way.

Diagram

i
s

i t
ai

a
i
a i

a

j j i
a j t j i

a

*Ceyhun Eksin, Pooya Molavi, Alejandro Ribeiro and Ali Jadbabaie. ”Bayesian Quadratic Network Game

Filters”. IEEE Trans. Signal Processing. VOL. 62, NO. 9, MAY 1, 2014
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Preliminary–BQNG (2/5)

Game Models

player: nodes i ∈ V = {1, 2, ..., N}

historical information: hi,t = {hi,t-1, aN (i),t-1}, hi,0 = si

Equilibia:

σ∗
i,t : hi,t 7→ ai,t

History information are the types of players!

Best Strategy (Action) in equilibrium:

Define Ei,t[·] = Eh-i,t
[·|hi,t], for any player i

a∗i,t = σ∗
i,t(hi,t) = argmax

ai,t∈R
Ei,t[ui,t(ai,t,a

∗
-i,t, θ)]

⇓ Zeroing the derivative of ui,t on ai,t

a∗i,t =
∑

j∈V\i
βij,tEi,t[a

∗
j,t] + δEi,t[θ]

Question

How to calculate the equilibrium?

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 10 / 24
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Preliminary–BQNG (3/5)

A Tractable Solution

The global observing vector (may not be a shared knowledge)

s = [s1, s2, ..., sN ]T

Linear form (Proved!)

Ei,t[s] = Li,ts, Ei,t[θ] = kTi,ts, Mi,t =

Mθθ,i,t Mθs,i,t

Msθ,i,t Mss,i,t


Best strategy of linear form

ai,t = vTi,tEi,t[s] = vTi,tLi,ts

Ei,t[aj,t] = Ei,t[v
T
j,tLj,ts] = vTj,tLj,tEi,t[s] = vTj,tLj,tLi,ts

Rewrite the best response function

ai,t =
∑

j∈V\i
βij,tEi,t[aj,t] + δEi,t[θ]

⇓ substitute these into the best response function

vTi,tLi,ts =
∑

j∈V\i
βij,tv

T
j,tLj,tLi,ts+ δkTi,ts

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 11 / 24
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Preliminary–BQNG (4/5)

The equilibrium solution

Lt =


LT

1,t -β12,tL
T
1,tL

T
2,t · · · -β1n,tL

T
1,tL

T
n,t

-β21,tL
T
2,tL

T
1,t LT

2,t · · · -β2n,tL
T
2,tL

T
n,t

.

.

. · · ·
. . .

.

.

.

-βn1,tL
T
n,tL

T
1,t -βn2,tL

T
n,tL

T
2,t · · · LT

n,t


kt = [kT1,t, k

T
1,t, . . . , k

T
n,t]

T

vt = [vT1,t, v
T
1,t, . . . , v

T
n,t]

T

⇓ solving the system of equations

Ltvt = δkt

Calculate the action

ai,t = vTi,tLi,ts

Communications and update the estimators

HG
i,t = [LT

j1,t-1
vj1,t-1, ..., L

T
jdi

,t-1vjdi ,t-1
] ∈ RN×di

aN (i),t = (HG
i,t)

T s

Using aN (i),t to update Li,t, ki,t, Mi,t

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 12 / 24
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Preliminary–BQNG (5/5)

Update of estimators

z

z

T

i tv

T

s tK

T

tK

T

i tH

j t j iv

j t j iL

i tas

i t i ta
i t s

i t s

i t

i t i tk

i tL

i ta
T

i tH

What’s the problem for a realization of distributed network filter?

Multiple observations: s → st

Time-varying state: θ → θt

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 13 / 24
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Models–BQNG RF (1/7)

Scenario

Nodes in a WSNs receive private observations as

si,t = θ + ni,t, ∀i ∈ V, ni,t ∼ N (0, σ2
i )

Diagram

i
s

i t
a

i
a i

a
i
a

j j i
a

j t j i
a

i
s

i
s

i t
s
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Models–BQNG RF (2/7)

Structure

i t i t

i t t

i t

j t j i
v

i t
s

i t
a

i t t

i t

i t
v

Filter Layer

Updates the estimation by local and fusion information

Game Layer

Deals with the information fusion by the BQNG

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 15 / 24
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Models–BQNG RF (3/7)

Filter layer

Updates the estimation by local and fusion information

Structure

Local Innovation

RLMMSE

Network Fusion

loc

,i t
q
loc

,i t,
q fus

,i t
q
fus

,i t,
q

fus

,
ˆ
i t
q

,i t
a

,i t
s

RLMMSE

t t+1

loc

,
ˆ
i t
q

 

 

 

 

 

        

   

    

       

 

  

Using the private observation si,t update θ̂

si,t = θ + ni,t

Then implement RLMMSE
Kloc

i,t = Q̂fus
θθ,i,t-1

Hloc
i,t (σ

2 + (Hloc
i,t )

T
Q̂fus

θθ,i,t-1
Hloc

i,t )
−1

θ̂loci,t = θ̂fusi,t-1 +Kloc
i,t (si,t − θ̂fusi,t-1)

Q̂loc
θθ,i,t

= (I −Kloc
i,t (H

loc
i,t )

T
)Q̂fus

θθ,i,t-1

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 16 / 24
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Models–BQNG RF (4/7)

Using the fusion information ai,t update θ̂

ai,t = Hfus
i,t θ + nfus

t

Then implement RLMMSE
Kfus

i,t = Q̃fus
θθ,i,t

Hfus
i,t (σ

fus
t + (Hfus

i,t )
T
Q̃fus

θθ,i,t
Hfus

i,t )
−1

θ̂fusi,t = θ̃fusi,t +Kfus
i,t (ai,t − θ̃fusi,t )

Q̂fus
θθ,i,t

= (I −Kfus
i,t (H

fus
i,t )

T
)Q̃fus

θθ,i,t

Theorem 1

θ̂loci,t and θ̂fusi,t are unbiased estimations on θ at any t.

Proof.

We prove by induction. At initialization, θ̃loci,0 = si,0, which is unbiased estimation

upon θ. Since RLMMSE remains the unbiasedness of an estimator under the

Gaussian Model, Theorem 1 is proved.

TaGS-L @ GlobalSIP 2015 Dec. 15, 2015 17 / 24
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Models–BQNG RF (5/7)

Game Layer

Deals with the information fusion by the BQNG

Structure

t t+

i t
a

i t t

i t

i t t

i t

i t t

i t

j t j i
v

i t
v

Prior Update

Ẽi,t-1[st-1] ∼ N (L̃i,t-1st-1, M̃ss,i,t-1), Ẽi,t-1[θ] ∼ N (k̃Ti,t-1st-1, M̃θθ,i,t-1)

⇓ estimator prediction

Êi,t[st-1] ∼ N (L̂i,t-1st-1, M̂ss,i,t-1), Êi,t-1[θ] ∼ N (k̂Ti,t-1st-1, M̂θθ,i,t-1)

⇓ global vector prediction

Ẽi,t[st] ∼ N (L̃i,tst, M̃ss,i,t), Ẽi,t[θ] ∼ N (k̃Ti,tst, M̃θθ,i,t)
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Model–BQNG RF (6/7)

Estimator Prediction: Ẽi,t-1[st-1] → Êi,t[st-1], Ẽi,t-1[θ] → Êi,t-1[θ]

Observing Function

HG
i,t = [LT

ji,1,t-1
vji,1,t-1, ..., L

T
ji,di

,t-1vji,di ,t-1
] ∈ RN×di

SaN(i),t = (HG
i,t)

T st-1

Prediction by RLMMSE

Gθ,i,t = Mθst-1,i,t-1H
G
i,t((H

G
i,t)

TMst-1st-1,i,t-1H
G
i,t)

−1
,

Gst-1,i,t = Mst-1st-1,i,t-1H
G
i,t((H

G
i,t)

TMst-1st-1,i,t-1H
G
i,t)

−1
,

kTi,t = kTi,t-1 +Gθ,i,t((H
G
i,t)

T − (HG
i,t)

T
Li,t-1),

Li,t = Li,t-1 +Gst-1,i,t((H
G
i,t)

T − (HG
i,t)

T
Li,t-1),

Mθθ,i,t = Mθθ,i,t-1 −Gθ,i,t(H
G
i,t)

T
Mθθ,i,t-1,

Mst-1st-1,i,t = Mst-1st-1,i,t-1 −Gst-1,i,t(H
G
i,t)

T
Mst-1st-1,i,t-1,

Mθst-1,i,t = Mθst-1,i,t-1 −Gθt-1,i,t(H
G
i,t)

T
Mst-1st-1,i,t-1.
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Models–BQNG RF (7/7)

global Vector Prediction: Êi,t[st-1] → Ẽi,t[st], Êi,t-1[θ] → Ẽi,t[θ]

st = st-1 + wt,

Ei,t[st] = Ei,t[st-1] +wt

Ei,t[st] = L̂i,t-1st-1 +mt +wt

⇓ substitute with st-1 = st + wt

Ei,t[st] = L̂i,t-1st +mt +wt + rt

⇓ L̃i,t = L̂i,t-1, M̃ss,i,t = mt + wt + rt

Ei,t[st] = L̃i,tst + M̃ss,i,t

Theorem 2

In the game layer, structure as Ẽi,t[st] ∼ N (L̃i,tst, M̃ss,i,t), Ẽi,t[θ] ∼

N (k̃Ti,tst, M̃θθ,i,t) always hold with initialization

Ẽi,0[s0] ∼ N (L̃i,0s0, M̃ss,i,0), Ẽi,0[θ] ∼ N (k̃Ti,0s0, M̃θθ,i,0).
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Simulation–BQNG RF (1/2)

Initialization

Ẽi,0[s0] ∼ N (L̃i,0s0, M̃ss,i,0)

Ẽi,0[θ] ∼ N (k̃Ti,0s0, M̃θθ,i,0)

whereL̃i,0 = 1eTi , k̃Ti,0 = eTi , M̃θθ,i,0 = σ2
i , M̃θs,i,0 = σ2

i ei
T and

M̃ss,i,0 = σ2
i,0(1ei

T+eiei
T). ei ∈ Rn is the vector where 1 in i’th column

and 0 otherwise, and ei = 1− ei.

Parameters

Target:

θ = 5

Observing function:

si,t = θ + ni,t, ∀i ∈ V, ni,t ∼ N (0, 1)

WSNs:

25 nodes, random topology
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Simulation–BQNG RF (2/2)

WSNs topology

 

Estimating Performances

0 1 2 3 4 5
t

3
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7

8

θ̂
fus

i,t

Estimation trajectory of the triangle node

(a) Estimations of WSNs.
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Estimation covariance of the triangle node
The Cramér−Rao bound

(b) Est variances of WSNs.
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Conclusion (1/1)

The BQNG contains more global information than traditional methods.

The two-layer BQNG framework could be generalized to more filtering sce-

narios.

Future work

In view of the network part

Communicational complexity, robust to varying network topology

In view of the game part

Analyzing the existence and structure of the equilibrium
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