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Introduction
Motivation
• Massive MIMO: key enabling technol-

ogy to achieve 5G requirements
• Detector as simple as matched-filter is

asymptotically optimal with perfect CSI
• Channel estimation based on pilots is

standard practice in cellular networks
• Channel coherence time limits the max-

imum number of orthogonal pilots
• Pilots are reused in different cells: con-

tamination arises
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Fig. 1: Conceptual representation of the signal space in the massive
regime. All channels become asymptotically orthogonal in the
a.s. sense; however, for any fixed in-cell user j , both estimated
and error vectors belong to Sj D rangefglj W l > 1g. Thus, their
projections onto other vectors in Sj do not vanish in general,
although projections onto any other vector, that belongs to Sk ,
k ¤ j , do vanish.
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Fig. 2: Interference in the massive regime. During the training phase,
the signal received from each in-cell user is corrupted by the
interference of one user only per interfering cell (users with
label 1 on figure), that causes pilot contamination; remaining
users (users with labels di↵erent from 1 on figure) are nulled
since pilots are orthogonal. In the massive regime, the same
subset of out-of-cell users that caused pilot contamination
continues to interfere, while interference from remaining users
vanishes.

As a consequence, in-cell user k is asymptotically interfered
by out-of-cell users who used the same training sequence only
(see Fig. 2). We can claim that a same conclusion, namely
that in-cell user k is not a↵ected by user j ¤ k in other cells,
remains true with the receiver in (31). In particular, (15) does
not asymptotically depend on users with j ¤ k, irrespective of
the cell. This is evident for the first component of the detector,
Pw1k , that is asymptotically proportional to Og1k (c.f. (28)); the

next Lemma proves the claim for the second component, Mw1k .

Lemma 1. Asymptotically, Mw1k is orthogonal to the channel
of user j ¤ k:
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Proof: (Sketch) By construction, Mw1k belongs to
.range Og1k/? \ S . In general, we can decompose Mw1k into
a component, Mwk

1k
, that belogs to .range Og1k/? \ Sk , and the

orthogonal complement, Mw?
1k

, that belongs to .range Og1k/? \
.S1 ˚ � � �˚ Sk�1 ˚ SkC1 ˚ � � �˚ SK/. Therefore, since glj
belongs to Sj , it results, for any j ¤ k, that
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This expression provides the coe�cient of the symbol xlj after
detection, since the other component of the detector for user
k, that is Pw1k , is asymptotically orthogonal to glj . Therefore,
MSE is minimized by selecting Mw?

1k
D 0 and nulling the

coe�cient of the component xlj . . ⇤
Therefore, (15) is asymptotically equivalent to

1

n
w

é

1k
y ⇣ 1

n
w

é

1k
Ogé

1k
x

é

1k
C 1

n
w

é

1k
Qgé

1k
Qxé

1k

C
X

l>1

1

n
w

é

1k
g

é

lk
x

é

lk
C 1

n
w

é

1k
n: (35)

When w1k D Og1k , it can be shown, using (32), that
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The above result was first obtained (with ML rather than
MMSE detection during training) by Marzetta in [6], and later,
within a much more general framework, in [11], by Hoydis et
al., as a special case of a large-system limit analysis.

In order to compare group-blind vs. non-group-blind (tradi-
tional, Mw1k D 0) detection, we investigate the following ratio,

N⌘1k D
N�1k
N�NGB
1k

; (38)

that is understood as the asymptotic SINR gain achieved by
using the group-blind approach.

B. Performance with One Dominant Interfering Cell

We model a scenarion with one dominant interfering cell
with LD 2. In this case, the variable after detection is (c.f.
(35)):
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Since the orthogonality principle implies that Qg1k is asymp-
totically orthogonal to Og1k , irrespective of ⌫1k , it results
MUk ⇣ Qg1k=k Qg1kk2, hence (29) becomes
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In the following lemma, we find the a.s. limit in the massive
regime.

Problem statement: Pilot contamination limits the asymptotic rate achievable by
massive MIMO. How to increase the asymptotic achievable rate while sticking to
traditional channel estimation based on pilots reused in each cell?

System Model
System parameters and signals

Parameters Signals
• n antennas at the BS
•L cells
•K single-antenna users

per cell

hlk ∼ CN(0, I), Var[xlk] = P , n ∼ CN(0, I)

y =

L∑
l=1

K∑
k=1

hlk
√
βlk xlk + n =

L∑
l=1

Gl xl + n

Channel estimation
Estimation of channel between reference BS (cell 1) and user k (within the cell)

ĝ1k =

(∑
l≥1

glk +
√
εν1k

)
ϕ†1k β

−1
1k ,

where 1/ε is equal to the effective training SNR, ν1k ∼ CN(0, I), and

ϕ1k =
β2

1k

ε+
∑

l>1 βlk
.

In matrix form: channel estimations Ĝl = [ĝl1, . . . , ĝlK] and errors G̃l = Gl − Ĝl .

Achievable rate

R1k = E[ log(1 + γ1k) ]

where expectation is with respect to estimated channels, and SINR γ1k is [3]
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],
having denoted w1k the linear receiver for user k . SINR γ1k is equal to SINR of

y′ = Ĝ1x1 + G̃1x̃1 +
∑
l>1

Glxl + n,

where x̃1 is independent of x1 and has same covariance.

Proposed Group-Blind Detector
• Originally developed for CDMA [1], Group-Blind detection is adapted here to MIMO

w1k = ẇ1k + w̆1k

ẇ1k ∈ range Ĝ1

w̆1k ∈ range Ĝ⊥1 ∩ range [G1 · · ·GL]

• ẇ1k is derived on the basis of yin = Ĝ1x1 + n according to MMSE
ẇ1k = argminw E[ |x1k −w†yin|2 ] = (Ĝ†1Ĝ

†
1 + 1

PI)−1ĝ1k

• w̆1k is derived on the basis of the whole received signal according to MMSE [1]

w̆1k = argminw E[ |x1k − (ẇ1k +w)†yin|2 ] = − Ŭ †
Ĝ1

(
Ŭ †
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C†y′ Ŭ

†
Ĝ1

)−1

Ŭ †
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C†y′ẇ

†
1k

where ŬĜ1 spans range Ĝ⊥1 ∩ range [G1 · · ·GL] and Cy′ is the covariance of y′.

Asymptotic Performance Analysis
Asymptotics (massive regime): n →∞, K,L<∞.

Signal space properties in the massive regime [2,3]:
(i) n−1 g†kl g

†
k ′l ′

a.s.−→ βkl δkk ′ δl l ′, i.e., channels are
asymptotically almost surely orthogonal;

(ii) ĝ1k ∈ Sk = range{glk}l>1 in high-SNR regime.

Results for L = 2 (one dominant interfering cell)
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Theorem
SINR γ1k achieved by the proposed group-blind detector with L = 2 satisfies

γ1k
a.s.−−−→ γ̄1k =

[
1 +

1

(1 + ε/β2k)2

]
γ̄ ′1k

where γ̄ ′1k = β2
1kβ

−2
2k is the SINR achieved with non-group-blind detection.

Define asymptotic SINR gain: η̄1k = γ̄1k/γ̄
′
1k .

Corollary. Asymptotic SINR γ1k and gain η̄1k with L = 2 satisfy:
γ̄1k → 2γ̄ ′1k, η̄1k → 2, as ε→ 0.

In brief: In the high-SNR regime, the asymptotic SINR achieved with group-blind
detection is doubled compared to traditional detection.

Numerical Results
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Fig. 1 Rate (b/s/Hz) vs. no. of
antennas n with and
without group-blind
detection.
Scenario parameters:
L = 2, K = 1, SNR = 20
dB and β11/β21 = 0 dB
(strong interference).
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Fig. 2. Rate (b/s/Hz) vs. no. of
antennas n with and
without group-blind
detection.
Scenario parameters:
L = 2, K = 1, SNR = 10
dB, and β11/β21 = 10 dB
(weak interference).

0 50 100 150 200 250 300
0

1

2

3

4

5

Number of antennas n

A
ch

ie
va

bl
e

ra
te

(b
/s
/H

z)

NGB (K D 1) GB (K D 1)
NGB (K D 10) GB (K D 10)

Fig. 3. Rate (b/s/Hz) vs. no. of
antennas n with and
without group-blind
detection.
Scenario parameters:
L = 4, K = 1 or K = 10,
SNR = 10 dB, β1k/β2k = 10
dB (weak interference).

Asymptotic results in the general case and implementation in [4].
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