Noisy Objective Functions based on the
f-Divergence

Markus Nussbaum-Thom!:2, Ralf Schliiter?, Vaibhava Goell,
Hermann Ney?

1IBM Thomas J. Watson Research Center
Yorktown Heights, NY 10598, USA.
2Computer Science Dept. 6, RWTH Aachen University, Aachen, Germany

March 8, 2017

Nussbaum-Thom: IBM Thomas J. Watson Research Center 1 March 8, 2017

N
&2



Contents

1. Introduction

2. Derivation of Criteria from Error Bounds

3. Experimental Setup

4. Noisy Objective Functions and Experimental Results
5. Conclusion

6. References

\\ ! //
Nussbaum-Thom: IBM Thomas J. Watson Research Center 2 March 8, 2017




Goals

> Derive training criteria from bound on the error difference.
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Goals

> Derive training criteria from bound on the error difference.

» Family of f-divergence based training criteria:
» Conjugate Power Approximation: ﬁ (1-q)°

» How to choose a?
> lteratively minimize over bounds/criteria.

» Randomly choose bound/criteria.
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Statistical Classification Problem

» Bayes' decision rule:

Cpr(x) = argmax {pr(c|x)} (1.1)
cec \~—~—
true

with observations x € X and classes ¢ € C.
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Statistical Classification Problem

» Bayes' decision rule:

Cpr(x) = argmax {pr(c|x)}
cec \~—~—
true

with observations x € X and classes ¢ € C.
» Model-based decision rule:

cq(x) = argmax {q(c[x)} (1.2)
ceC S——
model
» Error difference:

A(x) =1— pr(cpr(x)|x) — (1 — pr(cq(x)|x)) "local”

Bayes error model error
A= /pr(x)A(x) dx " global”
March 8, 2017

Nussbaum-Thom: IBM Thomas J. Watson Research Center 4

\
~

/
[ 95)
&7

-



Relation of the Error and Training Criterion

» What is the relation between the Bayes error,

vy
~ -
Nussbaum-Thom: IBM Thomas J. Watson Research Center 5 March 8, 2017 ({@‘




Relation of the Error and Training Criterion

» What is the relation between the Bayes error, the
model-based error,

vy
~ -
Nussbaum-Thom: IBM Thomas J. Watson Research Center 5 March 8, 2017 ({@‘




Relation of the Error and Training Criterion

» What is the relation between the Bayes error, the
model-based error, and the training criterion ?

vy
~ -
Nussbaum-Thom: IBM Thomas J. Watson Research Center 5 March 8, 2017 ((@‘




Relation of the Error and Training Criterion

» What is the relation between the Bayes error, the
model-based error, and the training criterion ?
> Kullback-Leibler divergence:

vy
~ -
Nussbaum-Thom: IBM Thomas J. Watson Research Center 5 March 8, 2017 ((@‘




Relation of the Error and Training Criterion

» What is the relation between the Bayes error, the
model-based error, and the training criterion ?
> Kullback-Leibler divergence:

82 =2 [0 Y richoes (%5 ) o

error difference ceC

(13)

vy
~ -
Nussbaum-Thom: IBM Thomas J. Watson Research Center 5 March 8, 2017 ((:\D‘
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error difference ceC (C‘X)
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> Kullback-Leibler divergence:
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error difference ceC
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Relation of the Error and Training Criterion

» What is the relation between the Bayes error, the
model-based error, and the training criterion ?
> Kullback-Leibler divergence:

82 =2 [0 Y richoes (%5 ) o

error difference ceC
(13)
» Cross entropy criterion for samples (Xnycn),n=1,...,N:
~ Fee(q) = —— Z log q(cn|xn) (1.4)

» Non-parametric solution:

q(clx) ~ pr(c|x) (1.5)
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Error Bounds based on the f-Divergence

» If f : RT — R is a convex function and (1) = 0 then the
f-Divergence is defined by:

Xprllg) =3 q(c\x)f<"f(°“x)>.

= q(clx)

» Implicit error bounds based on the f-Divergence [2013]:

2D (prlq) > f(1 4 A(x)) + (1 — A(x)).
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Global Classification Error Bound

» Global error bound:

A < /1 — exp(—2Dki(ql|pr)).
"Reversed KL f(u) = — log(u)”

A <2y/1 - exp( DKL(Prllp)) " Bretagnolle-Huber"
2 TR

proposed RKL
Bretagnolle-Huber ---------
Vadja -~ R
Fedotov -~~~

15

0.5

0 0 1 2 3
[NuBbaum-Thom et al., 2013]  bu(aller)
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Explicit Error Bound

» Assume f(1) =0, f’(u), u € [1,2] exists monotonically

increasing:
1
2
A%(x) < f,,(l)Df(erq) (2.6)
(2.7)
(2.8)
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Explicit Error Bound

» Assume f(1) =0, f’(u), u € [1,2] exists monotonically
increasing:

A*(x) < D (prl|q) (2.6)

1
(1)

> Conjugate: f(u) = ug(1/u),u= pr(c|x)/q(c|x), g
monotonically increasing.

(2.7)
(2.8)
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Explicit Error Bound

» Assume f(1) =0, f’(u), u € [1,2] exists monotonically
increasing:

A2(X) <

iy DR erlla) (26)

> Conjugate: f(u) = ug(1/u),u= pr(c|x)/q(c|x), g
monotonically increasing.
» Explicit error bound:

1
2
£ < s [ prtD(erila) dx (2.7)
(2.8)
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Explicit Error Bound

» Assume f(1) =0, f’(u), u € [1,2] exists monotonically
increasing:

A2(X) <

iy DR erlla) (26)

> Conjugate: f(u) = ug(1/u),u= pr(c|x)/q(c|x), g
monotonically increasing.
» Explicit error bound:

1
N_ﬂ)/m X)D; (prl|q) dx (2.7)

(1
< f”t /Zpr x, ¢)g(q(clx)) dx (2.8)
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From Classification Error Bounds to Training Criteria

» Empirical/True distribution for samples (x,,cp),n=1,..., N:
pr(x,c) Zé(x — xn)d(c, cp)
W
Dirac  Kronecker

» Training criterion:

Fr(q)
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From Classification Error Bounds to Training Criteria

» Empirical/True distribution for samples (x,,cp),n=1,..., N:
pr(x,c) Zd(x — xn)d(c, cp)
W
Dirac  Kronecker

» Training criterion:

Ff(q)

ceC

f// /Zpr(x c)g(g(c|x)) dx

"emp. pr(x,c)”
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From Classification Error Bounds to Training Criteria

» Empirical/True distribution for samples (x,,cp),n=1,..., N:

pr(x,c) NZ(S(X—X,, C,Cn)

Dirac  Kronecker

» Training criterion:

Fe(q) = & Zpr(x c)g(g(c|x)) dx "emp. pr(x,c)"
f

- / 3 3t e ot o

ceC
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From Classification Error Bounds to Training Criteria

» Empirical/True distribution for samples (x,,cp),n=1,..., N:
pr(x,c) Zé(x—x,, C,Cn)
W

Dirac  Kronecker
» Training criterion:

Fe(q) = & Zpr(x c)g(g(c|x)) dx "emp. pr(x,c)"
f'

- 7 / 3 3t e ot o

CGC

= f'// Nzg q(cn’Xn

/ h(x)d(x — xn) dx = h(x,)"

\|/
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Conjugate Power Approximation Criterion

» Logarithm:

—log(u) = lim 1 (1—u)*. (2.9)

a—0 o
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Conjugate Power Approximation Criterion

» Logarithm:
.1 @
—log(u) = c!élno o (1—u)”. (2.9)
» The power-approximation f~-Divergence is defined by:
-2
f(u)= UM. (2.10)
e

&(3)

=N
&D-
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Conjugate Power Approximation Criterion

» Logarithm:
1
—1 lim — (1 — 2.
og(u) = lim = (1 - u)°". (29)
» The power-approximation f~-Divergence is defined by:
-2
f(u)= UM. (2.10)
e
&(%)
» Conjugate Power approximation criterion:
0
Fa(q) 1 _a Z(l - Cn|Xn ) j" FCE(q) (2'11)
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Conjugate Power Approximation Criterion

» Logarithm:
1
—1 lim — (1 — 2.9
og(u) = lim = (1 - u)°". (29)
» The power-approximation f~-Divergence is defined by:
-1
f(u)= UM. (2.10)
e
&(%)
» Conjugate Power approximation criterion:
0
Fa(q) 1 _a Z(l - Cn|Xn ) j" FCE(q) (2'11)
r(kly)
» Non-parametric solution: g(k|y) ~~ VP
Z =/ pr(cly)
ceC
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Experimental Setup

Table: Corpus statistics (RW : running words).

Corpus Train/ Dev/ Eval
Datalh] | #Segments |  #Words

[wss0 | 15.28/ 0.76/ 0.66 | 7k/ 410/ 330 | 130k/ 6k/ 5k |

Models:
» Bidirectional Gated Recurrent Units (BGRUs).
» BGRUs with dropout.

Ay
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Overlapping Conjugate Power-Approximation Criteria

1 1Y
Folg) = ———— 1— qg%(calxn How to choose o 7
+(0) = oy 2o~ e
n=1
6
a=0 —_—
a =025 —
5 a =0.5
a =0.75
4
1 o'
a(l—a) (1-4¢%) ’
2
1
0
0 02 0.4 0.6 08 1
q NP
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How to Choose o ?
» Grid search: Evaluate a-CPA and (CE+a-CPA)/2

Nussbaum-Thom: IBM Thomas J. Watson Research Center 13
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How to Choose o ?
» Grid search: Evaluate a-CPA and (CE+a-CPA)/2

44 CE dev |
a-CPA dev
42y CE eval — -
40 | a-CPA eval —F] -
< 381 /E%J
E 1
5 36™
= N #
34 ¢ . . ]
39| = -
3.0 4
1073 1072 1071
@ 1
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How to Choose o ?

» Grid search: Evaluate a-CPA and (CE+a-CPA)/2

» Does only result in no or a very small improvement.

44
42 |
40 |
38 |
3.6\
341 N
32 |
3.0,

WER[%]

CE dev
a-CPA dev

CE eval =—— =
a-CPA eval —F] -

103 102
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Other Strategies to choose «

» Minimize over criteria:

G(q) = min {Fa(q)}

a€l0,1]
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Other Strategies to choose «

» Minimize over criteria:

G(q) = min {Fa(q)}

a€l0,1]
» Randomly choose criteria:
g = min
(@) an N (p,0?)

{Fal(a)}
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Other Strategies to choose «

» Minimize over criteria:

G(q) = min {Fa(q)}

a€l0,1]

» Randomly choose criteria:

9(q) = aNArp(i/gU2){fa(q)}

» Different o per sample / mini-batch.

\
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Other Strategies to choose «

» Minimize over criteria:

G(q) = min {Fa(q)}

a€l0,1]

v

Randomly choose criteria:

9(q) = aNArr;(i/gU2){fa(q)}

v

Different o per sample / mini-batch.

v

Choose a cutoff a € [0, 5].

\
~

/
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Minimum Conjugate Power Approximation
» Minimize per sample over criterion over « € [0, S3]:
N (1~ g*(cnlxn))
— i MR 2 MIN-SAMP-CPA
N nzlag}(')?ﬁl { ol —a) } ( )
» Minimize per batch over criterion over « € [0, A]:

aelo,ﬂ] { N Z L ql (_CI(;';(" )} (MIN-BATCH-CPA)

Choose 3 € {1077|i € {1,2,3,4,5}}.

\|/
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Experimental Results Minimization

34 | CE dev
' CE+MIN-SAMPLE-CPA dev
3.9 CE eval  e—
< CE+MIN-SAMPLE-CPA eval —F] -
3.0 ¢
~
= 28%
M
= 2.6
2.4 12 S ,E~
22 | N, e
2.0 ‘ ‘ ‘
107> 107* 1073 1072 107!
B
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Noisy Conjugate Power Approximation

» Randomly choose criterion with a ~ A (j1, 0%) per sample:

N

1 (1 —q%(cnlxn))

N E amN (11,02) {oz(loz) (RAND-SAMP-CPA)
n=1 aE[O,l]

» Randomly choose criterion o ~ N'(p1, 02) per batch:

(1 —q%(calxn))
o /»\E/[((;hl] { y Z (o) (RAND-BATCH-CPA)

» Choose 1 € {0.1,0.01,...,0.000001}
» and 02 € {0.1,0.01,...,0.000001}.

\|/
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Experimental Results Randomization

v

3.2 CE dev
CE+RAND-SAMP-CPA dev
3.0 ¢ CE eval  e—
CE+RAND-SAMP-CPA eval —F] -
2.8
X,
e
§ 2.6
248 =1 |
RS \‘ E]
221 \. / o
& - —8
2.0 ‘ ‘ ‘ ‘
107% 107> 107* 1073 1072 107!
0?1 =107°)
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Experimental Results for BGRUs

» Among the single criteria the minimization per samples

performs best.

MODEL | CRITERION WER[%]
DEV | EVAL

BGRU CE 2.6 2.4
MIN-SAMP-CPA 2.7 2.0
MIN-BATCH-CPA 2.7 2.2
RAND-SAMP-CPA 2.6 2.2
RAND-BATCH-CPA | 25 2.2

Nussbaum-Thom: IBM Thomas J. Watson Research Center
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Experimental Results for BGRUs

» In combination with cross-entropy the randomization per
sample performs best.

MODEL | CRITERION WER[%]
DEV EVAL
BGRU | CE 26 | 24
CE+MIN-SAMP-CPA 27 | 22
CE+MIN-BATCH-CPA | 2.7 | 21
CE+RAND-SAMP-CPA | 26 | 2.0
CE+RAND-BATCH-CPA | 25 | 22

Nussbaum-Thom: IBM Thomas J. Watson Research Center
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Experimental Results for BGRUs and Dropout

» With dropout the error rate increases.

MODEL CRITERION WER[%]
DEV | EVAL
BGRU CE 26 | 24
+Dropout(0.1) | CE 26 | 23
CEFMIN-SAMP-CPA | 2.7 | 21
CE+RAND-SAMP-CPA | 2.6 | 21

vy
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Conclusion

» Scheme to derive training criteria from error bounds.

> Novel regularization schemes to avoid local minima.

> Application to sequence training in automatic speech
recognition 7

-

~
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Thanks for your attention.
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Experimental Setup

Table: Corpus statistics (RW : running words).

Corpus

Train/ Dev/ Eval

Datalh]

| #Segments |

#Words

[WsJ0 | 15.28/ 0.76/ 0:66 | 7k/ 410/ 330 | 130k/ 6k/ 5k |

5k recognition lexicon,

vV vV v Y

3-gram recognition language model.
1500 context-dependent states,
alignment for DNN training derived from a speaker

independent gaussian mixture model,

» 200k GMM densities,

» GMM features: 40 dimensional LDA-PLP features,

» DNNs: 40 dimensional VTLN-warped Log-Mel features
augmented with delta 4+ double-delta.

Nussbaum-Thom: IBM Thomas J. Watson Research Center 24

March 8, 2017



Recurrent Neural Network Training Recipe

» Truncated back-propagation through time:

» Utterances sorted by length.

v

Split into subsequences of 21 frames.

v

Uniform sampling with overlap of 10 frames.

v

Starting point shifted by offset of 0 to 9.

v

Minibatch composed of subsequences from same time period.

vy
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Recurrent Neural Network Training Recipe

» Back-propagation through time truncated to 21 frames.
» Minibatch composed of subsequences from same time period
of utterances with similar length.
» Training:
» Bidirectional RNNs are unrolled on sequence of 21 frames.
» Alignment target presented to each frame.
» Testing:
» Unrolled on spectral window.
» Center is returned from the last BRNN layer.
[Mohamed et al., 2015, Deep Bi-directional Recurrent
Networks over Spectral Windows]
\\ l"/
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Recurrent Neural Network Training Recipe

» Stochastic Gradient Descent Optimizer:

> ADAM.
> Initial learning rate 0.001.

» Clock reset after decay on heldout set.

» Learning rate schedule:

» 50 epochs.
» Newbob.
» Decay 0.85

» Early stopping.

Nussbaum-Thom: IBM Thomas J. Watson Research Center 27
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@ Mohamed, A., Seide, F., Yu, D., Droppo, J., Stolcke, A., /\
Zweig, G., and Penn, G. (2015).
Deep bi-directional recurrent networks over spectral windows.
In 2015 IEEE Workshop on Automatic Speech Recognition and
Understanding, ASRU 2015, Scottsdale, AZ, USA, December
13-17, 2015, pages 78-83.

@ NuBbaum-Thom, M., Beck, E., Alkhouli, T., Schliter, R., and
Ney, H. (2013).
Relative Error Bounds for Statistical Classifiers Based on the
f-Divergence.
In Interspeech, Lyon, France.
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Two Class f-Divergence Aggregation

! I
> Assumeal,...,a/,bl,...b/ZO,a:Za;,b:Zb,-:

be<3’> Zb f( ) (6.12)

‘ Jensens inequality: E(f(X)) > f(E(X))‘

(6.13)
/ b; 2
> bf <Z 3y b’;) (6.14)
i=1 ~ b
a ! a;
_bf<b;a) (6.15)
— bf (Z) (6.16)
(6.17)
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Two Class f-Divergence Aggregation (1)

» Jensens inequality:

f (/Xp(x) dx> < /p(x) F(x) dx

» Define for m € {pr,q} and r € R = {cpr, cq }:

7(r) = / 7(x, r(x)) dx

> Then:
D¢ (prllq) /E qXC)f< )>
ceC
(6.18)
Nussbaum-Thom: IBM Thomas J. Watson Research Center 29 March 8, 2017
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Two Class f-Divergence Aggregation (I1)

/Z st (H?ﬁ)

rer
pr(x,c)
E E X C ( )
reR c#r(x)
\\ ! I/
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Two Class f-Divergence Aggregation (l11)

) 1> pr(r)
>3 "q(nf (2L 1-S"g(r) | F| —=E2—
%?”(QM>+< Zﬁ”) =S a0

rer

"aggregation”

- (1 B Z’;q(r)> 1— ;?Pf(r)
> q(nf | 22 2 = 2
Zd)( >+ : S0

rerR
2

"aggregation”
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Two Class f-Divergence Aggregation (1V)

"aggregation”

v

/
N
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Two Class f-Divergence Aggregation (V)

v

/
N
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Two Class f-Divergence Aggregation (V1)

%
ro1 1 3 + 3P7(cq) — 5PT(Cpr)
# (3 59ten) - g ‘”)>f<é+éq(cq)—§q<cpr)>
fwith A7 — g(cy) — d(cp)]

1 1 i+1in 1 11
=(Z-ZA9|f| 23— SN 22—
<2 2 )> (;;m>+<2+2 ) <;+;Aq

\|/
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Taylor's theorem

> Let k € Nand f : R — R be k times differentiable in yp € R.

» Then exists a p, € [yo,y] with

f(k+1) L
Ruly) = (- oy
such that:

k—1

FO )y — y0)"
fy)=> py + Ri(y)
n=0
Nussbaum-Thom: IBM Thomas J. Watson Research Center 35 March 8, 2017 \’7\ jlr/
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Explicit Classification Error Bound (1)

» Assume f(1) =0, f”(u), u € [1,2] monotonically increasing.
» Then the following explicit bound can be formulated:

F'(1)A%(x) < DF (prllq)

» Proof by Taylor expansion in in yp = 1:

2D7 (prllq)
> (1+ A(x))+ (1 - A(x))

F1(1)A2(x) (111 a0))

=f(1) + f(1)A(x) + A3(x)

2! 3!
A1) - F(1)ap) + TDATI T a) pagy
3 X
=2(1) + 2 ()A%06) + 2N iy a) — 711 a)
N !

/
N
Nussbaum-Thom: IBM Thomas J. Watson Research Center 36 March 8, 2017 4:{‘)

v



Explicit Classification Error Bound (1)

A3(x)
>2f"(1)A? —f"(b
22F(DA(x) + 3! a€[1,1+A(x)] bE[ng)((x),l] (b)
> (1)
3
>2f"(1)A%(x) + A3( x)
=2f"(1)A%(x)
——
>0
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Explicit Classification Error Bound (llI)

gy | Pro0Dierlia) ax " f0) = ug ()
:f”tl) /pr(x) Z a(clx) pr(c[x)g( q(c|x) > dx

2 NPV qtcl) &\ pr(el)
sl 2 prixcle (i)
_f”tl /;Cpr X, C) < C1’X)> dx

" g monotonically decreasing”

gy | 3 prix.(atel) ax

ceC

M /
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Optimal Non-parametric Solution (1)

N
. 1
» pr(x,c) = Nlinoo N ; d(c, cn)o(x — xn)
» Constrained training criterion F¢(q) in y € X.

F(q) =Fr(q) — <Z alcly) — 1>

ceC

N
:f// Z q(enlxn)) = <Z q(cly) — 1)

= ceC
"h(xn) = [ 0(x — xa)h(x) dx"

f// 1)/\/22/ q(c[x))d(c, cn)d(x — xp) dx

n=1 ceC

— (Z qlcly) — 1)
ceC
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Optimal Non-parametric Solution (Il)

N
o 2 etateb) g Yo e )it x0) x
ceC n=1
— (Z q(cly) - 1)
1 ceC N
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Optimal Non-parametric Solution (111)

» Derivative w.r.t g(k|y) and p and consider N — oo:

Va(kly) Frlq) = f”(l) k|y)— Z d(k,cn)o(y —xn) — 1
= kel k) - 0
_f"(l)q y)priy, u=
- !
V. Fr(q) = (Z q(cly) - 1) =0
ceC
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Optimal Non-parametric Solution (IV)

» Recombine

1
—o| Fry Py, Kk
g(kly) = "{/ T u( ) (6.19)

1=y —a fu pr(y, c) (6.20)

ceC
1— l1—a
= /u = E f” ) pr(y,c) (6.21)
ceC
\\ I"/
Nussbaum-Thom: IBM Thomas J. Watson Research Center 42 March 8, 2017 ((\‘ 7



Optimal Non-parametric Solution (V)

» Optimal non-parametric solution:

1
11— k
f”(l) pr(y7 )
q(kly) = ;
11—«
T Pry,c)
ceC f (1)
_ Vpr(kly)
> %/pr(cly)
ceC
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