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ABSTRACT

We introduce the orthogonal periodic sequences

(OPSs), a family of deterministic signals, for the iden-
tification of functional link polynomial (FLiP) filters.
The OPSs share many characteristics of the perfect

periodic sequences (PPSs). As the PPSs, they allow
the perfect identification of a FLiP filter on a finite time
interval with the cross-correlation method. In con-
trast to PPSs, OPSs can identify also non-orthogonal

FLiP filters, as the Volterra filters. With OPSs, the
input sequence can be any persistently exciting se-
quence and can also be quantized. OPSs can often
identify FLiP filters with a sequence period and a com-
putational complexity much smaller than that of PPSs.

FLIP FILTERS

FLiP filters are a class of linear-in-the-parameters

(LIP) nonlinear filters. They are a linear combination
of basis functions, product of nonlinear expansions of
delayed input samples. In diagonal form:

y(n) =
R−1
∑

p=0

Np−1
∑

m=0

hp(m)fp(n−m)

where fp(n) are the zero lag basis functions, with
fp(n)∈

{

1, g1[x(n)], g2[x(n)], g1[x(n)]g1[x(n–1)],
..., g1[x(n)]g1[x(n–D)], g3[x(n)], ...

}

.

When gi(ξ), ∀i, satisfy the Stone-Weierstrass theorem,
the FLiP filters are universal approximators.

They include many families of polynomial filters, as
the Volterra for gi(ξ)=ξi, the Legendre nonlinear

(LN), gi(ξ)∈{1, ξ, (3ξ
2 − 1)/2, ξ(5ξ2 − 3)/2, . . . },

the Wiener nonlinear (WN), gi(ξ)∈{1, ξ, ξ
2 − σ2

x,
ξ3 − 3σ2

xξ, . . . }.

Some FLiP filters have orthogonal basis functions for
some input distribution, e.g., LN and WN, thus al-
lowing the identification of the coefficients using the
cross-correlation method.
Orthogonal FLiP filters also admit PPSs, i.e.,
periodic sequences that guarantee the perfect orthog-
onality of the basis functions over a period.
Using a PPS input, an orthogonal FLiP filter can
still be identified with the cross-correlation method,

hi(j) =< y(n)fi(n− j) >L / < f2

i (n) >L .

OPSS

Each OPS allows the estimation of a diagonal hi(j)
of the FLiP filter with the cross-correlation method.
We consider a periodic input sequence x(n) of period
L, persistently exciting the FLiP filter.
We want to find zi(n) of period L such that for any j,
with 0 ≤ j ≤ Ni − 1,

hi(j) =< y(n)zi(n− j) >L .

For i > 0, it can be proved that zi(n) must satisfy

< zi(n) >L = 0,
< fi(n)zi(n) >L = 1,

< fi(n−mi)zi(n) >L = 0,
< fp(n−mp)zi(n) >L = 0,

for all −(Ni − 1) < mi ≤ Ni − 1 and mi 6= 0,
−(Ni−1)≤mp≤Np−1 and 0 < p ≤ R−1 with p 6=i.
The system has Qi equations and L variables. For
L ≥ Qi it always admits a solution.
Let us write the system in matrix form,

Sz = d

The minimum norm solution of the system is
z = S(SST )−1

d.

The elements of SST are cross-correlations between
basis functions with different time delays. By prop-
erly sorting the rows of S, SST is block Toeplitz and
admits efficient algorithms for its inversion [1].
When L ≥ Q = maxi Qi, it is possible to develop a
set of OPSs and estimate with the same input x(n) all

diagonals of the FLiP filter. The same x(n) could be
used for estimating different types of FLiPs filters.

OUTPUT NOISE EFFECT

We study the effect of an additive output noise ν(n).
The mean square deviation (MSD) of fi(n− j) is

MSDi,j = E[(hi(j)− h̃i(j))
2]

= E[(< ν(n)zi(n− j) >L)
2].

MSDi,j is proportional to the noise power σ2

ν and
inversely proportional to <f2

i (n)>L.

To compare the OPSs we define the noise gain,
Gν,i,j = MSDi,j < f2

i (n− j) >L /E[ν2(n)].
For PPSs, it can be proved Gν,i,j is always 1.
On the contrary, for OPSs it is:

Gν,i,j =< z2i (n) >L · < f2

i (n) >L .

EXPERIMENTAL RESULTS

We have considered the identification of a real device,
a Behringer Mic 100 Vacuum Tube Preamplifier.
Working at 8 kHz sampling frequency, the device has
a memory lower than 20 samples.
Different signals have been applied for identification:
- two PPSs for LN and WN filters (with order 3,
memory 20, and period L = 357 956);
- eight periodic sequences with uniform and Gaussian
distributions, quantized with 10 bits, and with periods

[6140, 213, 214, 215, 216, 217, 218]
OPSs for LN, WN and Volterra filters of order 3, me-
mory 20, have been derived and used for identification.
Thirteen different settings have been considered for the
preamplifier. The SNR was around 50 dB.
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Fig. 1. Second, third, and total harmonic distortion.
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Fig. 2. Noise Gain of OPSs for LN, WN and Volterra
filters.
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Fig. 3. NMSEs for (a) LN filter and (b) Volterra filter
on uniform distribution input, and for (c) WN filter and
(d) Volterra filter on Gaussian distribution input.


