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INTRODUCTION

I Vector of unknowns x ∈ D ⊆ Rn and vector of observed data y ∈ Rd

I Posterior pdf

π̃(x|y) = `(y|x)g(x)
Z (y) ∝ π(x|y) = `(y|x)g(x) (1)

where `(y|x) is the likelihood function, g(x) is the prior pdf, and Z (y) is
the normalization factor

I Goal: Estimate a particular moment f of x:

I = 1
Z

∫
D

f (x)π(x)dx (2)

IMPORTANCE SAMPLING

I Set of N samples drawn from a proposal pdf, q(x)
I 1. Sampling:

xn ∼ q(x) n = 1, ...,N
I 2. Weighting:

wn = π(xn)
q(xn), n = 1, . . . ,N (3)

I Estimators:

ÎUIS = 1
NZ

N∑
n=1

wnf (xn), ÎSNIS = 1∑N
j=1 wj

N∑
n=1

wnf (xn) (4)

I Variance related to the discrepancy between π(x)|f (x)| and q(x).
I Finding a good proposal pdf, q(x), is critical and challenging

MULTIPLE IMPORTANCE SAMPLING

I Available set of N proposal pdfs, {q1(x), . . . , qN(x)}
I Several sampling and weighting schemes are valid [2], e.g.,
I 1. Sampling: exactly one sample is drawn from each of them, i.e.,

xn ∼ qn(x), n = 1, ...,N
I 2. Weighting: At least two possible strategies:

I Option 1: Standard MIS (s-MIS): wn = π(xn)
qn(xn), n = 1, . . . ,N

I Option 2: Deterministic mixture MIS (DM-MIS):

wn = π(xn)
ψ(xn) = π(xn)

1
N
∑N

j=1 qj(xn)
, n = 1, . . . ,N , (5)

POPULATION MONTE CARLO [1]
I Population Monte Carlo (PMC) is an adaptive IS algorithm [2].
I DM-PMC: extension in [3] to the standard PMC.

1. [Initialization]: Set σ > 0, (N ,K ,T ) ∈ N+, {νn}N
n=1. For n = 1, . . . ,N , select the initial

parameters µ(1)
n ∈ Rdx . Fix the adaptation matrix Σ = σ2Idx .

2. [For t = 1 to T ]:
2.1 Draw one sample from each proposal pdf,

x(t)
n ∼ q(t)

n (x;µ(t)
n ,Σ,νn), n = 1, . . . ,N (6)

2.2 Compute the importance weights,

w (t)
n = π(x(t)

n )
q(t)

n (x(t)
n )

(7)

2.3 Resample N location parameters {µ(t+1)
n }N

n=1 from the set of N weighted
samples of iteration t.

3. [Output, t = T ]: Return the pairs {x(t)
n ,w (t)

n }, for n = 1, . . . ,N and t = 1, . . . ,T .

LANGEVIN DIFFUSION SCHEME

I Langevin diffusion: continuous-time Markov process with stationary
distribution π̃ [5]

I Unadjusted Langevin algorithm: Discretized Langevin diffusion

x(t+1) = x(t) + θ(t)

2 A1/2(x(t))∇ log(π(x(t))) +
√
θ(t)A1/2(x(t))ω(t) (8)

with θ(t) positive stepsize, A(x(t)) SDP scaling matrix and
(
ω(t))

t∈N
zero-mean Gaussian i.i.d. noise.

I Our contribution: Adapt jointly the means and the covariances
of the proposals in DM-PMC, making use of the ULA strategy.
I Scaling matrix: Infer the local curvature of the target via second-order information
⇒ Increased complexity but assessed performance in the context of MCMC [5].

I Stepsize tuning: Backtracking scheme promotes local increase of the target value.

PROPOSED ALGORITHM: SL-PMC

1. [Initialization]: Set σ > 0, (N ,K ,T ) ∈ N+, {νn}N
n=1. For n = 1, . . . ,N , select the initial

adaptive parameters µ(1)
n ∈ Rdx and Σ(1)

n = σ2Idx .

2. [For t = 1 to T ]:
2.1 Draw K samples from each proposal pdf,

x(t)
n,k ∼ q(t)

n (x;µ(t)
n ,Σ(t)

n ,νn), n = 1, . . . ,N , k = 1, . . . ,K . (9)
2.2 Compute the importance weights,

w (t)
n,k =

π(x(t)
n,k)

1
N
∑N

i=1 q(t)
i (x(t)

n,k)
(10)

2.3 Resample N location parameters {µ̃(t+1)
n }N

n=1 from the set of NK weighted
samples of iteration t using the local resampling strategy [3].

2.4 Adapt the proposal parameters {(µ(t+1)
n ,Σ(t+1)

n )}N
n=1 according toµ

(t+1)
n = µ̃

(t+1)
n + θ

(t+1)
n A(µ̃(t+1)

n )∇ log π(µ̃(t+1)
n )

Σ(t+1)
n =

(
θ

(t+1)
n A(µ̃(t+1)

n )
)1/2

3. [Output, t = T ]: Return the pairs {x(t)
n,k,w

(t)
n,k}, for n = 1, . . . ,N , k = 1, . . . ,K and

t = 1, . . . ,T .

NUMERICAL RESULTS
Example 1.

I Target pdf: mixture of 5 Gaussians, i.e.,

π(x) = 1
5

5∑
n=1
N (x;νi ,Σi), x ∈ R2, (11)

I Goal: Estimate the first and second moments, i.e., Eπ̃[X] =
∫
xπ(x)dx

and Eπ̃[X2] =
∫
xπ(x)dx.

I For GR-PMC and LR-PMC, we set proposal covariances Σn = σ2Idx , with
σ ∈ {1, 3, 5}, while we take σ = 5 in SL-PMC. All methods are run with
N = 50 proposals (randomly initialized in the square [−4, 4]× [−4, 4]),
T = 20 iterations, and K = 20 samples per proposal and iteration.

Example 2. Let us consider the random variable (r.v.) X ∈ Rdx , dx ≥ 2.
This r.v. is a transformation from dx-dimensional multivariate Gaussian
X̄ ∼ N (x; 0dx,C) with C = diag(c2, 1, ..., 1). The transformed r.v. is
computed as Xj = X̄j, j ∈ {1, ..., dx} \ 2, and X2 = X̄2 − b(X̄ 2

1 − c2), with
c = 1 and b = 3. This transformation leads to a complicated banana-shaped
distribution with uncorrelated components. In all methods, we set N = 50,
K = 20 and T = 20.

GR-PMC LR-PMC SL-PMC
σ = 1 σ = 3 σ = 5 σ = 1 σ = 3 σ = 5

Z 0.6419 42.1047 0.0289 0.2807 0.1309 0.1522 0.0014
Eπ̃[X] 41.3552 8.0010 0.3583 5.4810 1.6225 0.4860 0.0238
Eπ̃[X2] 12.0858 10.0200 0.5253 6.5815 2.1486 0.6844 0.0556

Table 1: Example 1. Relative MSE in the
estimation of Z , Eπ̃[X], and Eπ̃[X2].

0 5 10 15 20 25 30 35 40 45 50
10-3

10-2

10-1

100

101

102

M
S

E

Figure 1: Example 2. MSE in the estimation
of Eπ̃[X] of the banana-shaped distribution
versus the dimension dx .

CONCLUSION
I Joint adaptation of the means and the covariances of the proposals;
I Exploit the geometry of the posterior, with limited parameter
tuning;

I Superior performance, especially in high-dimensional problems.
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