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Motivation — Dirichlet Problem on the Disk Signal Spaces of Finite Energy Energy Blowup — Approximations
Dirichlet problem on the unit disk Seminorms measuring energy concentration Theorem: Let 0 < 8 < 1 be arbitrary and let A = {An} yon be @ sampling-
o Let f € C(OD) be a given function on the unit circle G Let f € C(OD) be a continuous function on the unit circle with Fourier coefficients based approximation method satisfying Properties (A) and (B). Then the set
o Dirichlgt problem: Find an u which is harmonic in o (f) = i/” F(e?) e g ne7 R(A)={f €& : limsupy_ [[AN(f)|p = +o0}
the unit disk D = {z € C: |z| < 1} and whose 2T J is a residual set in &g (i.e. its complement is a meager set).
boundary values u|gp coincide with the given For 8 > 0 define the seminorms Remark
function f € C(OD). 5 , _ . o .
2 : Au = 0 Hf||5 — \/ZnEZ n| (1 +log |n|)” |en(F)I - @ For any sampling-based approximation method A there always exist
(M) (2) = @(z) 0 u(z) 0 forallzeD  (1a) functions f € &3 for which the Dirichlet energy of the approximation
0x? O0y? Banach spaces of finite energy An(f)||;; tends to infinity as N — oo.
u(().: f(¢) o for all ¢ E. oD .(lb) | Es = {f cC(aD) : |Ifll, < oo} with Hngﬁ — max (HfHoo7 HfHﬁ) | o Thi§ is even true for energy concentrat.ions 0 §.6 < 1. -
@ The unique solution is known to be the Poisson integral of f: @ Conjecture: For 8 > 1 there always exist sampling-based approximation
(2) = (PF) () 1 /Wf( . 1 —7r? | 2 Properties methods A = {An} o Which satisfy (3) for all f € &s.
u(z) = z) = — e’ ) — — sdr
: y 2T L= 2rcos(f —7)+7 o |fI5 = IIf |%:O corresponds to the (Dirichlet) energy of f.
or every z = rev € . . . o c
o [|flls = Ifll5 = A5, forall B2 > 51 > 0. Application — Dirichlet Problem
Dirichlet principle and Dirichlet energy o By, C By, C By C C(OD) for all By > B > 0.

We consider the following general algorithm for calculating the solution u of the

Dirichlet problem (1) for arbitrary boundary values f € €3 with 8 € |0, 1]:

~Interpolate the given samples {f((,) :n=1,2,..., N} of f by an
appropriate continuous function (e.g. spline or trigonometric polynomial) to
obtain an approximation fy = Anx(f) of f.

Any solution of the Dirichlet problem can be obtained by minimizing a particular

_ | | @ Parameter 8 characterize the smoothness (or energy concentration) of f.
energy functionals under the side constraint (1b):

@ £ are appropriate Banach spaces for the boundary functions f of the 1

U = 32%[1(1%5[)[10] s. t. w(¢) = f(¢) forall ¢ € 0D Dirichlet problem (1). Then D(u) = HfHQE

wherein D|w] represents the Dirichlet energy of w, defined by

| R S . : 2. Calculate the Poisson integral (2) of fy to obtain an approximation of the
D[w| = %//D ngad(w)HIQR@ dA — Z n| ‘Cn(w)‘Q | Sampllng based ApprOleatl()n Problem <olution 11
o | " 7?62 s it possible to find a sequence A = {An} v Of operators Ay : €5 — £, each un(z) = (Pfy) (2) = PIAN(F)) (2), ze€D.
and w(e") = lim, ., w(re”) is the boundary function of w, and Ay concentrated on a finite set Zy = {¢, )}, C 9D so that for all f € &,
Hp(D) = {w € H(D) with Djw] < +o0} lim fF— ANl =0 (3
N—00 N oo a) ..
is the set of all harmonic functions in ID with finite Dirichlet energy. nd lim Av(Olle = £l ? (3b) Energy BIOWUp — Dirichlet Problem
—00 R = E
Remark Eorzllary: I_Iet (Jz <p ?hl be sr?it.rarypand Ii’.c A(AT) {AdN(}éV)ENTl;e atiamlecing-
Sampling-based Slgnal PrOCESSing o It is easy to find methods {A N}y such that (3a) holds for all f € &s. A>EE APPIOXIMation me ocﬁsa S1YING TTOPETHES o e IR S
| o | o We show: There is no method {Ax} . Which satisfies additionally (3b). {f €& : limsupy_,o D[P[AN(f)] ] = +oo}
Computations on digital signal processors are always sampling-based s a residual set in &j.
Sampling-based Dirichlet problem F(C))
@ The Poisson integral (2) can not be calculated ' Sampllng-based Approxumatlon Methods ] _ .
exactly but it can only approximated from finitely Gn o | Discussion and Extensions
many samples Zy = {¢,}Y | C oD Definition: Let 8 > 0 be arbitrary and let A = {Anx} . be a sequence of — — |
N . lower semicontinuous operators Ay : &g — £3. We say that A is a sampling- @ We showed a fundamental limitation of digital signal processing methods.
un(z) = (Pnf)(2) = 3y F(G) Kn(Gn, 2) - Ay =0 based approximation method on £ it it satisties the following two properties. @ Similar results exist for Hilbert transtorm approximations.

@ Example: 1. Approximate f from the given samples

(A) Concentration on finite sampling set: To every N € N there exists a finite @ Dirichlet problem: Straightforward extension to arbitrary regions with a

{/(Cn)} by a polynomial or spline: fy = An(f) sampling set Zy = {Cn}N_1 C OD such that for all fy, f> € & Jordan curve as boundary (Riemann mapping theorem).

2. Apply Poisson integral: @y = Py (f) = PAx(f) @ Dirichlet energy can not be calculated by a single limit limy o0 ||AN(f)]|:

. f1(n) = Jln) ':or 2l G € 2N Do there exist sampling-bases algorithms which involve multiple limits
implies [An(f1)] (¢) = [An(/2)] (€) or all ¢ € O . lim ... lim Ay, 5 () ?
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Problem Statement

Ni1—00 Np—00

(B) Convergence on a dense subset: There exists a dense subset M C &3 so that N | |
= Solvability Complexity Index and Towers of Algorithms

s it possible to find a sequence of sampling-based operators {Px} ey, €ach lim || f — AN(f)Hgﬂ =0 forall fe M.
concentrated on a finite sampling set ZN — {Cn}N_l C 0D so that N0 a H. Boche, V. Pohl, “Investigations on the approximability and computability of the Hilbert transform with
n= Remark applications,” Appl. Comput. Harmon. Anal., in press, Sep. 2018, DOI: 10.1016/j.acha.2018.09.001.
lim HU — PN(f) || = () and Iim D [PN(f)] — D[U] fe : : a J. Ben-Artzi, A. C. Hansen, O. Nevanlinna, M. Seidel, “"New barriers in complexity theory: On the solvability
N—o00 > N—o0 Some or even all operators AN ' 55 — gﬂ mlght be non-linear. complexity index and the towers of algorithms,” Comp. Rendus Math., 353, 10, 2015, pp. 931-936.
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