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Ⅰ.  INTRODUCTION
・Problem: Existing EDMD is difficult to reflect

knowledge on spatial structure.
・Purpose: Develop EDMD reflecting the 

knowledge on spatial structure.

Fig. 2：River model(left)，observation device(right)

Application to river bed estimation

Ⅱ. REVIEW OF EDMD ＆ Ⅲ. CONVOLUTIONAL-SPARSE-CODED DMD
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Ⅴ. EXPERIMENTAL RESULT

Ⅵ. CONCLUSIONS
・Proposed applying CSC to EDMD.
・Demonstrated the proposed method

performs better than DMD. 
・Future work: investigate the

tolerance to state change, spatial 
transition and multi-scalability.

Fig. 3：Basic concept of CSC-DMD

Fig. 4：Proposed river bed estimation system

Fig. 8：Experimental results of 
river bed estimation

Ⅳ. PERFORMANCE EVALUATION

Fig. 5：CSC-DMD Examples: dynamic modes in 𝐃𝚽
and placement of  the eigenvalues. 

Fig. 6：Convolutional dictionary kernels (NSOLT)[2].

Decimation factor 𝑀y, 𝑀x, 𝑀z = [2, 4, 2]，

Polyphase order 𝑁y, 𝑁x, 𝑁z = [2, 2, 0].

Fig. 7：Observation of river bed and its
estimation at 440 min after inflow start.

・Training for 100 to 250 min and 
evaluation for 260 to 460 min.

・CSC-DMD (green) performs better 
than normal DMD (red).

(a) Constant mode 1

(b) Decay mode 2

(c) Decay mode 9

(d) Vibration decay mode 3

(e) Vibration decay mode 4 (f) Eigenvalues in Ω.

・Dynamic mode decomposition[1]

(DMD) is a high-dimensional 
time-series data analysis method.

・Convolutional EDMD introduced 
an analysis dictionary to DMD.

➢ How can we choose the analysis 
map？

State： 𝐱𝑘 ∈ ℳ ⊆ ℝ𝑀，
𝐱𝑘 = 𝐅 𝐱𝑘−1

Feature：𝐲𝑘 ∈ ෨ℱ ⊆ ℂ𝐿，
𝐲𝑘 = 𝚿(𝐱𝑘)

Nonlinear map：
𝐅:ℳ →ℳ
𝚿:ℳ → ෨ℱ

𝐲𝑘 time development：𝐲𝑘 ≈ 𝐊𝚿 𝐱𝑘−1

Time evolution ：𝐱 𝑡 = ෩𝐃𝚽𝑒𝛀𝑡𝚽†𝐲o

𝐃, ො𝐲𝑘 = arg min
𝐃,{𝐲𝑘}
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・We modify the analysis approach 
to conventional synthesis one.

・Adopt NSOLT[2], a learnable 
Parseval tight filter bank as 𝐃.

・Assumption: water surface shape 𝐱S𝑘 ∈ ℝ𝑚S can be measured.
・Estimate river bed shape  𝐱B𝑘 ∈ ℝ𝑚B from 𝐱S𝑘.

Extraction matrix：
𝐐 ≜ 𝐎 𝐈
𝐏 ≜ 𝐈 𝐎

State vector：𝐱𝑘 ≜
𝐱S𝑘
𝐱B𝑘

∈ ℝ𝑀

Estimation of river bed：ො𝐱B𝑘 = 𝐐𝐃ො𝐲𝑘 = 𝐐𝐃𝒫𝐃,𝚽, 𝚲(𝐱S𝑘, ො𝐲𝑘−1)

Time evolution equation：ොxB 𝑡 = QD𝛷𝑒Ω(𝑡−𝑘∆𝑡)Φ†ොy𝑘 ，ℓ ≥ 𝑘

Estimator 𝒫𝐃,𝚽, 𝚲(𝐱S𝑘, ො𝐲𝑘−1)：ො𝐲𝑘 = arg min
𝐲∈ℝ𝐿

1

2
𝐱S𝑘 − 𝐏𝐃𝐲

2

2
+ 𝜆𝜌 𝐲 ，
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≤ 𝜀2 ：Tolerance of the prediction error

Solved by primal-dual splitting method (PDS)[3]

[1] J. H. Tu, C. W. Rowley, D. M. Luchtenburg, 
S. L. Brunton, and J. N. Kutz, “On dynamic mode 
decomposition: Theory andapplications,”Journal of 
Computational Dynamics, vol. 1, no.2, pp. 391–421, 
2014
[2]S. Muramatsu, K. Furuya, and N. Yuki, 
“Multidimensional non-separable oversampled 
lapped transforms: Theory and design,” IEEE Trans. 
Signal Process., vol. 65, no. 5, pp. 1251–1264, Mar. 
2017.
[3] S. Ono, “Primal-dual plug-and-play image 
restoration,” IEEE Signal Process. Lett., vol. 24, 
no. 8, pp. 1108–1112, Aug. 2017.

Fig. 1：River meandering

ABSTRACT
Extended dynamic mode decomposition 

(EDMD) with convolutional sparse 
coding(CSC) is proposed.

・EDMD is a data-driven analysis method 
for nonlinear dynamic systems.

・Conventional EDMD is difficult to reflect 
knowledge on spatial structure.

・Modified the analysis approach to 
convolutional synthesis one.

・Applied to estimate river bed state from 
water surface to reduce riverbank erosion.

・Solved by primal-dual splitting method 
(PDS).

・Experimental results show the 
significance of the estimation．

River surface
River bed

River meander causes
riverbank erosion.

We apply CSC-DMD to 
understand the mechanism 
of water flow and river bed 
movement.


