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Examples of uses:

Low rank approximation.

Figure: Frequency estimation experiment.
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Compressed sensing

Problem 1; minimize [|x||o given Ax = d. (Matrix A and
measurement d known.)
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Compressed sensing

Problem 1; minimize [|x||o given Ax = d. (Matrix A and
measurement d known.)

Problem 2; minimize rank(X) given AX = d. (Operator A and
measurement d known.)
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Compressed sensing

Problem 1; minimize [|x||o given Ax = d. (Matrix A and
measurement d known.)

Problem 2; minimize rank(X) given AX = d. (Operator A and
measurement d known.)

x +— ||x]lo and X + rank(X) are highly discontinuous and
non-convex. Convex envelopes are identically 0.
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Compressed sensing

Problem 1; minimize [|x||o given Ax = d. (Matrix A and
measurement d known.)

Problem 2; minimize rank(X) given AX = d. (Operator A and
measurement d known.)

x +— ||x]lo and X + rank(X) are highly discontinuous and
non-convex. Convex envelopes are identically 0.

Popular approach; replace ||x|jo by |x|1, replace rank(X) with
X e
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Oracle solution

We consider vector case first. Let xp be sparse, let d be given by
Axg + noise. Let T be the support of xg and A+ the matrix
obtained by deleting all rows in A outside T. Then xs is obtained
by solving

d= ATX.

xs # xg but is the best possible!
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Finding the “oracle solution” xs

Two methods based on the quadratic envelope applied to the vector
sparse recovery problem.

Figure: Distance to oracle solution xs as a function of noise. Here
[x0] ~ 10 and A is 100x200 with normalized random columns.
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Finding the “oracle solution” xs

Two methods based on the quadratic envelope applied to the vector
sparse recovery problem.

Figure: Distance to oracle solution xs as a function of noise. Here
[x0] ~ 10 and A is 100x200 with normalized random columns.

For every sparse vector method there is a corresponding low rank
method for matrices!
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Dual formulation

Solve 1
argmin  A|x]o + EHAX —d|3
X

(impossible)
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Dual formulation

Solve )
argmin  A|x]o + EHAX — dH%
X

(impossible) or convex problem
: 1 2
argmin  Alx|1 + =|Ax — d|3
X 2

where \ is a parameter.
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Similar but different problems

Consider )
argmin rank(X) + EHX —D|2 (1)
X

where X € M, , (the space of m x n-matrices with the Frobenius
norm).
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Similar but different problems

Consider )
argmin rank(X) + EHX —D|2 (1)
X

where X € M, , (the space of m x n-matrices with the Frobenius
norm). rank(X) can be replaced by e.g.

tk(X) =

{ 0 rank(X) < K, 2)

0 else.
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Similar but different problems

Consider )
argmin rank(X) + EHX —D|2 (1)
X

where X € M, , (the space of m x n-matrices with the Frobenius
norm). rank(X) can be replaced by e.g.

| 0 rank(X) <K,
tr(X) = { o0 else. (2)
Maybe we only know scalar products (X, Y;) ~ d;,j =1...m.
This leads to
1
argmin rank(X) + E”A(X) —d|z (3)
X
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General question

Given a problem
: 1 2
argmin  f(x) + EHAX —d|?,
X

where x is in some linear space, how to replace f to get a convex
(or at least continuous) functional with same or similar global
minima’?
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General setting:
1
Fx) + 5lx = d[ (4)

V- Hilbert space, f -bounded below.
“New" transform, quadratic envelope Q(f). The (l.s.c) convex
envelope of the functional in (4) is

O(F)(x) + 3]x — dI3. )

Note: form independent of data d.
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original functional f
quadratic minorants
quadratic envelope
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Example 1: Q of cardinality (CE/

Ol o)) =1~ (max{1 ~ 2.0}

SZ(card)(x)
card(x)

1.6 x| -
log , ,(0.1+|x])-log, ;(0.1))

1 1 1 1 1
-2 -1.5 -1 -0.5 o 0.5 1 1.5 2

Figure: lllustration of |x|o (red) along with its Q-transform (blue).
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The proximal operator

3
prox of [Ixll,
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Toy example
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Examples 2, known rank K:

2

Q(fK)(X):zi* > lojl —% > ol

j>K—ks j>K—ks

where k, is a particular number between 1 and K and o the
singular values.
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Use of Q(f):

Two types, different challenges:
. 1 >
argmin f(x) + EHAX— d||5 (6)
X
(compressed sensing)
. 1 >
argmin f(x) + =[x —d|53 (7)
xeM 2

(structured low rank approximation)
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Use of Q(f):

Two types, different challenges:
. 1 >
argmin f(x) + EHAX —d|5 (6)
X
(compressed sensing)

1
argmin  f(x) + =[x — d|3 (7)
xeM 2

(structured low rank approximation)
(6): convex envelope not computable.
(7): convex envelope

O(F)(x) + 2 x — ®)
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M subspace. Consider

1
argmin  Q(f)(x) + §HX - de
xXEM
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No A, minimization over subspace
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No A, minimization over subspace
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Matrix A in the />-misfit

1
argmin f(x) + EHAX — dle/v 9)
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Matrix A in the />-misfit

1
argmin f(x) + EHAX — dle/v 9)

Note that Q(f)(x) + %|x — d|3 is the convex envelope of
F(x) + 3lx = [
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Matrix A in the />-misfit

1
argmin f(x) + EHAX —d|3, 9)

Note that Q(f)(x) + %|x — d|3 is the convex envelope of
F(x) + 3lx = [
Can we use )

Q) + 1 1Ax — dlfy?

By rescaling, we may assume that A*A< [ or A*A>|.
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Case A*A > |

\ /
3r original functional 1
convex envelope
functional (10) with |A|?>~
25 )
I*-convex relaxation
oL
15r
1k
0.5
0.5

Figure: lllustration. Left graph A =2 and d = 1.
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Case A*A < |/

original functional
convex envelope

functional (10) with |A]><~y
I*-convex relaxation

Figure: lllustration. A=1/2, d = 1.
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O(F)(x) + lAx — dl3y

is not convex. Minima does not move.
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O(F)(x) + lAx — dl3y

is not convex. Minima does not move.
And often are fewer in number.
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Theorem
Suppose that |A| < 1 and that f is a weakly I.s.c [0, c0]-valued
functional. Set

1
g(x) = F(x) + 5 |Ax — di3y

and )
hx) = Q(F)(x) + S| Ax — d[$y-
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Theorem
Suppose that |A| < 1 and that f is a weakly I.s.c [0, c0]-valued
functional. Set

1
g(x) = F(x) + 5 |Ax — di3y

and )
hx) = Q(F)(x) + S| Ax — d[$y-

If x is a local minimizer of h, then it is also a local minimizer of g,
and h(x) = g(x). In particular the global minimizers coincide.
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ICASSP paper

» We provide formulas for working with @ and tensor weights,
which increases the flexibility and uses of Q.

» We study low rank Hankel approximation by minimizing
variants of

Q(prank)(X) + | X — D3

over the space of Hankel matrices.
» Application; frequency estimation when number of frequencies
K, a.k.a. model order, is known.
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Numerical test, correct model order

Name ly —d| | Conv. Rate | Rank

O-weights 11.40 315 8
HC-weights | 11.67 429 8
Q-standard 11.96 86 8
HC-standard | 11.96 86 8
ESPRIT 12.00 1 8
nuclear 13.18 iter%92 8

Table: Performance with SNR = 5 and K = 8. Tests use a function d
with 8 exponential functions plus noise (noise level |e| = 12.5), see
Figure 6. Second column displays distance to input signal, interesting to
note is that most methods beat “ground truth” (i.e. 12.5). The third
column displays the amount of iterations for each method, where iter is
the number of times “nuclear’ needs to be repeated to find a suitable \.
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Numerical test, wrong model order

Name |y —d| | Conv. Rate | Rank

Q-weights 23.23 288 5
HC-weights | 26.69 352 5
Q-standard 21.56 150 6
HC-standard | 23.72 diverges 5
ESPRIT 40.43 1 5
nuclear 26.71 iter«236 5

Table: Same as before but K = 5.

The code is available at:
https://github.com/J-Son89/QuadraticEnvelopeTransform
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