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Robust PCA

Candés et al.1'2:
M=L+E+N

L € Rm*M . [ow-rank matrix;

E € R™*M : gparse matrix that captures outlier corruptions;
N € R™*"2 - inlier noise.

LE. J. Candés et al. “Robust Principal Component Analysis?". In: J. ACM 58.3 (June
2011), 11:1-11:37.

2Z. Zhou et al. “Stable Principal Component Pursuit”.  In: 2610 ISIT. June 2010,
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Robust PCA: M=L+E+ N

[ rlr_1ib[1rank(L)+7L|\EHO sit. [M—L—E|r<$é ] (1)
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Robust PCA: M=L+E+ N

[ rlr_1ib[1rank(L)+7L|\EHO sit. [M—L—E|r<$é ] (1)

Equivalent to (n = min(ny,n)):

i t. — Udi T <
U7$;QO7E|\S||0+1||EIIO s.t. |[M—Udiag(s)V"' — E||[r <, (2)

UcR™*" and V € R™*" orthonormal.
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Robust PCA: M=L+E+ N

[ rlr_1ib[1rank(L)+7L|\EHO sit. [M—L—E|r<$é ] (1)

Equivalent to (n = min(ny,n)):

i t. — Udi T <
U7W;QO7E|\S||0+/1||EIIO s.t. |[M—Udiag(s)V"' — E||[r <, (2)

UcR™*" and V € R™*" orthonormal.

Further denote m = vec(M), e = vec(E), U;: ith column of U

min |sllo+Alleflo s.¢. |Im—As—efl> <, (3)

to7e

A; =vec(U; V"), Vi, U € R™*" and V € R™*" orthonormal.
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Robust PCA: M=L+E+ N

minrank(L) +A[|Eflo st [|[M—L—E||r <& (1)

(Candes et al., Chandrasekaran et al.):

[ minlLl. +A[Ely st [M—L—E[r <8
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Robust PCA: M=L+E+ N

minrank(L) +A[|Eflo st [|[M—L—E||r <&

(Candes et al., Chandrasekaran et al.):

[ minlLl. +A[Ely st [M—L—E[r <8

i .t. = — <
Aﬁ@;g7e||sll3g(1+z||e||)z(l s.t. |m—As—el|], <8,

A; =vec(U; V"), Vi, U € R™*" and V € R™*" orthonormal.

(1)
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Robust PCA: M=L+E+ N

[ Tinrank(L)—i—?LHEHo sit. [M—L—E|g<é ] (1)

E

(Candes et al., Chandrasekaran et al.):

[ minl|Ll+AIE: st [M—L—E|r < ] @)

Liu & Rao: Sparsity Regularized Principal Component Pursuit (SRPCP)3

min [|L[}. + Bl Ello +A[|M — L - E]ly (6)

Exact recovery when no inlier noise, bounded error in the noisy case
3J. Liu and B. D. Rao. “Robust PCA via £o-£1 Regularization”s In: TSP {£Jan. 2019).
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[ rlr_1ib[1rank(L)+7L|\EHO sit. [M—L—E|r<$é ] (1)

min ||sllo+ 2| e]lo s.t. |[m—As—e|2<3, (3)
A ;s>

>0,e

A; =vec(U; V"), Vi,U € R™*" and V € R™*" orthonormal.
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[ Tigrank(L)—i—?LHEHO sit. [M—L—E|r<$é ]

min ||sllo+ 2| e]lo s.t. |[m—As—e|2<3,

A;s>0.e

A; =vec(U; V"), Vi,U € R™*" and V € R™*" orthonormal.

Amin IIsllo+Allello s-t. |[m—As—e|> <3,

»S €

A =vec(U;V."), |Uilla = || Villa =1, Vi, U e R"*¢ v e R2*¢

(1)
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[ T?rank(L)—i—?LHEHO sit. [M—L—E|r<$é ] (1)

min ||sllo+A|ello s.t. |[m—As—e|2 <3, (3)
,s-0,e

A; =vec(U; V"), Vi,U € R™*" and V € R™*" orthonormal.

Amin IIsllo+Allello s-t. ||[m—As—e|]2 <9, (7)
e

S 5

A =vec(U;V.N),||Ujll2 = || Vil =1, Vi,U e R"*? VvV e R™*9,

Proposition

Set d = n = min(n1,ny) in (7). Then (1), (3) and (7) have the same global

optimal solution(s) in terms of L and E.
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[ T?rank(L)—i—?LHEHO sit. [M—L—E|r<$é ] (1)

min ||sllo+A|ello s.t. |[m—As—e|2 <3, (3)
,s-0,e

A; =vec(U; V"), Vi,U € R™*" and V € R™*" orthonormal.

Amin IIsllo+Allello s-t. ||[m—As—e|]2 <9, (7)
e

S 5

A =vec(U;V.N),||Ujll2 = || Vil =1, Vi,U e R"*? VvV e R™*9

Proposition

Set d=Tmin{wss1m) € [rank(Lopt), min(ni, np)] in (7). Then (1), (3) and (7)
have the same global optimal solution(s) in terms of L and E.
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Previous SBL approaches

M=L+E+N

Ding et al. 2011: L = D(diag(z)diag(s))W, E = Bo X. Where z,
B ~ Bernoulli-Beta; s, X, N ~Gaussian-Gamma; D, W ~ Gaussian.
Babacan et al. 2012: L = ABT, the columns of A and

B~ 4 (0,7 1), i ~ Gamma distribution. E ~ Gaussian-Jeffrey.
Wipf 2012: columns of L i A(0,®); E,N ~ Gaussian.

Jansson et al. 2015: vec(L) ~ A (0, ¥ 5' @ ¥ '), Wg, ¥ c ~Wishart.
E + N ~Gaussian-Gamma.

o Wipf et al. 2016 (Pseudo-Bayes): vec(L) ~ A4 (0,Pr & Pc); E,N ~
Gaussian.
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Sparse Bayesian Learning model

minslo+2efo s.t. m—As el < 5. (7)
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4
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Sparse Bayesian Learning model

minslo+2efo s.t. m—As el < 5. (7)
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:
m=As+e+n,s.t. A, = vec(U,-VI-T), HU,||2 = ||V,||2 =1,i=1,..,d.
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Sparse Bayesian Learning model

minslo+2efo s.t. m—As el < 5. (7)
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:
m=As+e+n,;s.t A = vec(U,-VI-T), HU,||2 = ||V,H2 =1,i=1,..,d.

@ A: a deterministic parameter that lies in the above constrained space .«
e s~ #(0,T),T = diag(v)
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Sparse Bayesian Learning model

(7)

min [Isllo+Alello s.t. |[m—As—e|l2 <8,
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:
m=As+e+n,;s.t A = vec(U,-VI-T), HU,||2 = ||V,H2 =1,i=1,..,d.

@ A: a deterministic parameter that lies in the above constrained space .«

e s~ #(0,T),T = diag(v)
e e~ 1 (0,A), A= diag(a)
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Sparse Bayesian Learning model

minslo+2efo s.t. m—As el < 5. (7)
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:

m=As+e+n,s.t. A;=vec(U;V.7), |Uill2=||Vil.=1, i=1,...,d.

A: a deterministic parameter that lies in the above constrained space </
s~ 4(0,T),T = diag(v)

e~ A4 (0,A), A= diag(a)

n~ (0, B1)
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Sparse Bayesian Learning model

Isllo+2llello s-t. [m—As—el2 <, (7)

»S €

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:
m=As+e+n,s.t. A;=vec(U;V.7), |Uill2=||Vil.=1, i=1,...,d.
A: a deterministic parameter that lies in the above constrained space </
s~ 4(0,T),T = diag(v)
e~ A4 (0,A), A= diag(a)
n~ JV(O B1)

(A,4,&) from the data m

Goal: Infer
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Sparse Bayesian Learning model

minslo+2efo s.t. m—As el < 5. (7)
e

S 5

A =vec(U;V.) ||Ui|l2 = || Vil =1, Vi,U e R"*9, V e R"™*4

Observation model:
m=As+e+n,;s.t A = vec(U,-VI-T), HU,||2 = ||V,H2 =1,i=1,..,d.

A: a deterministic parameter that lies in the above constrained space </
s~ #(0,T),T £ diag(v)

e~ A4 (0,A), A= diag(a)

n~ /(0,81

Goal: Infer (f\,’y,é) from the data m. A

Then s and e can be estimated via the posterior mean of p(s|m; A,4, &)
and p(e|m; A,4,&).
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Inference

Goal: Infer (A,4,&) from the data m via MAP-EM.
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Inference

N

Goal: Infer (A,%,&) from the data m via MAP-EM.
o E-Step:

Q( Av’y,a‘A(k)av(k)va(k)) = Es7e‘m;A(k),—y(k)7a(k)7ﬁ{_ |ogp(m,s, e‘Aa77aaﬁ)}

=E; ejm;at0) A0 ot g{—log p(m]s. e, A, B)—log p(e|a)—log p(s|v)}
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Inference

Goal: Infer (A,4,&) from the data m via MAP-EM.
o E-Step:
Q( Av’y,a‘A(k)av(k)va(k)) = Es7e‘m;A(k),—y(k)7a(k)7ﬁ{_ |ogp(m,s,e\A,'y,a,ﬁ)}

=E; ejm;at0) A0 ot g{—log p(m]s. e, A, B)—log p(e|a)—log p(s|v)}

o M-Step: min, o acs Q(A, 7, | AW 4 () o)) —log p(~)

e?
i 3 m = As el Klosor+ 2

2
<fyﬂ>) +) ((a+1)log~y)+ const

! i

)
+EE (log~yi +
24 g7i
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Inference

Goal: Infer (A,4,&) from the data m via MAP-EM.
o E-Step:
Q( Av’y,a‘A(k)/y(k)va(k)) = Es7e‘m;A(k),—y(k)7a(k)7ﬁ{_ |ogp(m,s,e\A,'y,a,ﬁ)}

=E; ejm;at0) A0 ot g{—log p(m]s. e, A, B)—log p(e|a)—log p(s|v)}

o M-Step: min, o acs Q(A, 7, | AW 4 () o)) —log p(~)

(e?)
:%;n)\rédzﬁmm As —el|3)+= Zloga,+ o

(s?)

i

)

1
+5 ;(logvi - )+;((a+ 1)log;) + const

Employ Inverse-gamma prior on =, i.e., p(v;) =1G(a, b), with b — 0.
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Update rules

Update o o = (€f) = pi3),,, (i) + Zejml(i, ), Vi.
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Update rules

Update a: «; = (€?) = ug‘m(i)JrEe‘m(i,i),VI.
Update v: ;= (s7)/(2a+3) = (13, (1) + Zgm(i, 1)) /(22 +3), Vi
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Update rules

Update o o = (€f) = pi3),,, (i) + Zejml(i, ), Vi.
Update v: ;= (s7)/(2a+3) = (13, (1) + Zgm(i, 1)) /(22 +3), Vi
Update A;: Given A{Y A0 ... ALK

2
k+1 )
A(1 +1) arg min Hh—A1||% (8)
Ai=vec(U.V{)
[|Us]2=1
[[Vi]2=1

here f — (s1)m—(s1)(€) =2, (1) -ELo[(s1)(5)+ Zgjm(1.)] A
where = (1) m(L1) '

(U§k+1), Vl(kJrl)) =arg r71'||\|'/]1 ||Mat(h) - Ul V1T||% (9)
|Us[l2=1
[ Vill2=1
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Update rules

Update o o = (€f) = pi3),,, (i) + Zejml(i, ), Vi.
Update v: ;= (s7)/(2a+3) = (13, (1) + Zgm(i, 1)) /(22 +3), Vi
Update A;: Given A{Y A0 ... ALK

2
k+1 )
A(1 +1) arg min Hh—A1||% (8)
Ai=vec(U.V{)
[|Us]2=1
[[Vi]2=1

here fy — (S (s0(€) =BT (1)L olls1)(5) + Bym(LIAT
where i = (512 + S gim(L.1) '

(U§k+1), Vl(kJrl)) =arg r71'||\|'/]1 ||Mat(h) - Ul VlTH% (9)
|Us[l2=1
[Vi]2=1

Solution: the 1st singular vector pair of Mat(h)
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Complexity & guarantee

Update a: @(d%nin,)
Update ~: ¢(d%nin,)
Update A: 0(d?nyny)
Initialize d to the same order of the rank r for large-scale problems.
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Complexity & guarantee

Update a: @(d%nin,)
Update ~: ¢(d%nin,)
Update A: 0(d?nyny)
Initialize d to the same order of the rank r for large-scale problems.

Under MAP-EM framework (Chen et al.'10)

p(AKTD (1) o) m) > p(AW), 4K, o9 m)
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Underlying SBL objective function

Type-Il MAP, i.e., maximize p(A,vy,a|m) < p(m|A,~v,a)p(~)
Apply —2log(-) transformation:

min —2log[p(m|A,~,c)p()]

v¥,o,Ae
= min m'E'm+log|Zm|+2(a+1)log|T|+C
v, Ac o/

1
= i inl— — As — 2 Tl'\*l TAfl
%Orm\r;ﬂ{rggn[ﬁﬂm s—e|5+s s+e e]
+log|Xm|+2(a+1)log|T|} + C
1

= mi Zllm— As — el|?

573"2%{[3\@ s—el3
+min[sTI‘_1s+eTA_1e+Iog|2m|+2(a+1)|og|I‘|]}+C

v

~

gssL(A;s.e)

where 3, = ATA” + A+ BI
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Underlying SBL objective function

Type-Il MAP, i.e., maximize p(A,~,a|m) o< p(m|A,~v,a)p(~)

min ||s|lo+Allello s-t. [[m—As—el2 <S$. (7)
Acd/

99

1
min {Hm—As—eH%
s,e,Acd/ [5’

+min[s' T 's+e’ A le+log|ATAT + A+ BI|+2(a+1) |og|r\]} +C
v,

gssL(A;s.e)
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L—Lo|2 :
% of each method in log scale
OllF

Lo=ABT; A"™*", B"™*": standard Gaussian matrices; Corruptions drawn from U[0,100]

SPCP IR_PCP
2 2 = 2
4 0 0
-2 -2 -2
-4 -4 -4
6 - 6

110 20 30 40 50 60 110 20 30 40 50 60 110 20 30 40 50 60
Corruption rate % Corruption rate % Corruption rate %
AltProj

6
1 10 20 30 40 50 60 1 10 20 30 40 50 60 1 10 20 30 40 50 60
Corruption rate % Corruption rate % Corruption rate %
SRPCP SBL VB_RPCA
40 2 2
30 0 0
€
2 -2
g 20
10 -4 -4
. L o
1 10 20 30 40 50 60 1 10 20 30 40 50 60 1

10 20 30 40 50 60

Corruption rate % Corruption rate %

Corruption rate %
Matrix Completion

40 2
0
2
-4
6

1 10 20 30 40 50 60
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[L—Lol[Z

5£ of each method in log scale
ILoll7

Lo=ABT; A" B"*": standard Gaussian matrices; Corruptions drawn from U[-100,100]

PCP SPCP IR_PCP
40 40 2 2
£ %0 £ 0 0
2 2
g 20 &“ 20
10 10 -4 -4
6 -
1 10 20 30 40 50 60 1 10 20 30 40 50 60 1 102030405060
Corruption rate % Corruption rate % Corruption rate %
AltProj BRMF PB_RPCA
40 2 0 2 2
30 0 0 0
§ 20 2 2 2
i
10 -4 -4 -4
) K 6
1 10 20 30 40 50 60 1 10 20 30 40 50 60 1 10 20 30 40 50 60
Corruption rate % Corruption rate % Corruption rate %
SRPCP SBL VB_RPCA
40 2 0 2
£ 90 0 2% < 0
« 20 2 @ 20 < -2
1o _‘ 4 o = 4
6 I - L. K
1 1020 30 40 50 60 1 10 20 30 40 50 60 1 10 20 30 40 50 60
Corruption rate % Corruption rate % Corruption rate %

Mamx Completion

2
0
20 -2
10 -4
-6

110 20 30 40 50 60
Corruption rate %
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Recovered text mask (F-measure) and low-rank background

Input Ground Truth PCP, F=0.537, error=81.7 IR_PCP, F=0.799, error=70.6

F-measure=2(precision x recall) /( precision + recall)
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Conclusion

@ Proposed a Robust Sparse Linear Regression objective, equivalent to
the fundamental minimizing "rank+sparsity" objective of Robust PCA;

@ To solve this objective, a concise SBL method is proposed, which has
minimum assumptions and effectively deals with the requirements of
the problem, and allows exact inference;

© The underlying cost function of the proposed SBL method is shown to
lead to "sparse and low-rank decomposition";

@ Empirical studies demonstrate the superiority of the proposed method.
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