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Motivation

" Stochastic Mirror Descent (SMD) is a general family of optimization
algorithms

" Stochastic Gradient Descent (SGD) is a special case of SMD

= Other examples include exponential weights algorithm, p-norms
algorithm, etc.

= SMD algorithms have become increasingly popular in optimization,
machine learning, signal processing, control, etc.

Problem Setup
Data: {(x;,y;):i=1,..,n}
where z; € R? and v; € R

Model: vy, =f(x;,w)+v;, i=1,..,n
where  f(-,-) is agiven function that represents the model class
w € RPis anunknown weight vector (parameter)

v; is the noise, which represents measurement error, modeling error, etc.

[(-) isanonnegative differentiable loss function with /(0) = 0
Li(w) =l(y; — f(zs,w))  L(w)=>_; Li(w)

Loss Function:

w; = wi—1 — 1 VLi(w;—1)

Minimax Optimality of SGD

Consider a linear model £ (x;, w) = x] w,ie, y; = x{ w + v;,
and the square loss L; (w) = %(yi —xTw)’
In this case, SGDis w; = w;_1 + n(y; — x?wi_l)aﬁi

Theorem (Hassibi et al, NIPS ’93). For any initialization wq, any sufficiently

small step size m, t.e., 0 < n < min; W, and any number of steps T > 1,

the SGD iterates {w;} are the optimal solution to the following minimization

problem

|lw—wr|?+ 03, (aTw — 2Tw;_1)?

T
lw —woll® + 1325, v

min max :
{wi} w,{vi}

and the optimal value is 1.

* Theratiois the H* norm of the transfer operator that maps the unknown disturbances to the estimation errors
* |nterpretations: Robustness and Conservatism

Proof: The Conservation Law of SGD

Define “innovations” and “predicted error” as

T T T

e; ' =Y; —T; wi—1 and ep; = T; W — T; Wi

-
w — W;_q1 ———

Conservation of Uncertainty

Implications for Overparameterized Models

Set of solutions: W = {w | y; = 2] w, i=1,...,n}

1

Convergence and Implicit Regularization:

a 2
For n < min; —=

ERIER the SGD iterates converge to a solution ws, € VV. Further

Weo = arg min ||w — wy||
weW

L

~

Woo = arg min ||wl|
weW

In particular, if initialized at zero, SGD converges to the minimum ., norm solution

This is called implicit regularization

What if we want a different regularizer?

Stochastic Mirror Descent (SMD)

" A general family of optimization algorithms that includes
stochastic gradient descent

For any strictly convex and differentiable potential i), the SMD

update rule is w; = argmin nw? VL;(wi_1) + Dy (w, w;i_1)

w

where D'I,!)(wa wi—1) = P(w) — P(wi—1) — v¢(wi—1)T(w —wi—1) IS the
Bregman divergence W.r.1. l/) V]

Wi;—1

= Equivalently, the SMD update can be expressed as
Vip(w;) = Vip(wi—1) — 1V Li(wi—1)

= For SGD y(w) = - [Iw]|?

Minimax Optimality of SMD

Theorem. Consider any (nonlinear) model f, any differentiable loss | with
property 1(0) = I'(0) = 0, and any initialization wy. For sufficiently small se-
quence of step sizes {n;}, i.e., one for which ¥ (w) — n; L;(w) is convex for all 1,
and for any number of steps T > 1, the SMD iterates {w;}, w.r.t. any strictly
convex potential 1, are the optimal solution to the following minimization prob-
lem

Dy (w,wr) + > 7:Dr, (w, w;—1)
Dy (w,wo) + Z;F:l n:l(v;)

min max

{wi } w,{vi}

,

Dw (wv w’i—l)

altech

Implicit Regularization of SMD

e )
Proposition. If [ is differentiable and convexr and has a unique root at 0, v s

strictly convex, and positive sequence {n;} is such that ) —n; L; is convex for all
1, then for any initialization wqg, the SMD iterates converge to

Woo = arg min Dy, (w, wy).
weW

-

In particular, if we initialize SMD with wo = arg min,, g 1 (w), it converges to| Woo = al"geﬂ)jjﬂ Y(w)

i.e., the minimum-potential solution. This is another implicit regularization.

One can choose the Eotential function of SMD for any desired reﬁularization

Example: Compressed Sensing via SMD

recovering a sparse signal

150 n=50, k=10, d=100, ¢=0.1, =0.001

n=50, k=10, d=100, ¢=0.1, =0.001

min  ||w||1
w

T

)

-
o
o

st. xw=y;, 1=1,...,n.

Training Loss

(4]
(=]

¢(w) = HwH1 is not differentiable

but we can use 1 (w) = Hw”%iz :

o 05 1 15 2 25 3 35 4 45 5
Time Steps x10%

o o5 1 15 2 25 3 35 4 45 5
Time Steps x10*

SMD w. (w) = ||w||;+ recovers the sparse solution!

Stochastic Convergence in Underparameterized models
" Under-parameterized (online streaming) linear regression
= Vanishing step size

= (Classical result:

p ™
Proposition. Consider y; = v1w+v;,i > 1, where E[v;] = 0, E vsv;] = 025@‘;

and the x; are persistently exciting. For any step size sequence {m;} such that
S mi = 00, .~ mF < oo, the SMD iterates with respect to any strongly
convex potential 1 (-), converge to w in the mean-square sense.

\_

" Direct and elementary proof using the conservation law of SMD
" Avoids ergodic averaging or appealing to stochastic differential equations

+ New Experimental Results

= SMD with different potential functions ran on MNIST
" The problem is non-linear
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and the optimal value is 1.

* Generalizes several results, e.g. (SGD/square loss/linear model) [Hassibi et al ‘93] and (p-norms/square loss/linear

model) [Kivinen et al ‘06 ] . .
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For each step of SGD: N J

Lossless

a=v=,/n; and § = \/77?:(1 — ni||wi]]?)

" Lemma. For any model f(-,-), any differentiable loss I(-), any parameter w

and noise values {v;} that satisfy y; = f(x;,w) +wv; fori =1,...,n, and any
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1.81E+09 1.31E+08 1.02E+08 1.27E+08 1.08E+08 1.30E+08 818.8 869.2 801.9 767.6 935.1 810.4 0.693 0.733 0.756 0.739 0.819 0.38 0.4 0.403 0.426 0.361 0.479 0.021

6 initial points x 4 different mirrors = 24 points on the manifold
Bregman divergences between the final and initial points, in 4 different norms

e . . A step-size sequence {n; |, the following relation holds for the SMD iterates
Lemma. For any noise values {v;}, any true parameter w, and any step-size s q {7} J g J

sequence {n;}, the following relation holds for the SGD iterates {w;} Dy (w, wi—1) 4+ nil(v;) = Dy (w, w;) + Ei(wi, wi—1) + 0D, (w, wi_1),

Jw —wia |2+ mit? = [l —will® + i (1= millail?) €+ ez Vi > 1.

SMD converges to the point with smallest Bregman divergence from the initial point

- for alli > 1, where E;(w;, w;—1) := Dy (w;,w;—1) — 0 D, (ws, wi—1) +n; Li(w;).




