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Problem statement

•Jointly estimate the relative position and orientation of
multiple rigid bodies in R

3.

•Based on range-only measurements between the sensor
pairs.

•Without any inertial measurements (e.g., accelerometers)
and/or anchors.

Applications

•Control and maneuvering of unmanned aircrafts, drones,
underwater vehicles, satellites, and robotics.

•Topology-aware localization.

Problem modeling
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• Anchorless scenario

• Sensor topology is perfectly

known

• Missing links are allowed

•N sensors mounted on each rigid body.

•We know how the sensors are mounted on each rigid body
(e.g., during fabrication).

•Absolute position of the sensors, or the rigid bodies itself is
not known.

Absolute position of ith body (rigid body transformation [1]):

Si = QiCi + ti1
T
N i = 1, 2.

Si =
[
s1,i, · · · , sN,i

]
∈3×N

Remarks:

1.Ci =
[
c1,i, · · · , cN,i

]
is the known coordinates of the ith

body in the reference frame.

2.Qi is the unknown rotation matrix, i.e., QT
i Qi = I. It tells

how the ith rigid body is rotated in the reference frame.

3.ti ∈ R
3×1 is the unknown translation of the ith body.

Measurements

Squared range between cross-body sensors (noise free):

Y⊙2 = ψ11
T
N + 1Nψ

T
2 − 2ST1S2

ψi =
[
‖s1,i‖

2, · · · , ‖sN,i‖
2
]T

∈N×1 and [Y]m,n = ‖sm,i − sn,i‖2, m, n = 1, · · · , N i = 1, 2.

Proposed estimators

For relative localization (imagine multidimensional scaling):

1.Estimate the relative rotation matrix Q = QT
1Q2 ∈ V3,3,

where
V3,3 = {Q ∈ R

3×3 : QTQ = I3},

2.Estimate the relative translation t = ‖t2 − t1‖
2
2 ∈ R.

Relative rotation estimator

Step 1: Project out the known vectors 1TN and 1N from Y

Ỹ = −1/2ΓNY
⊙2ΓN = S̃T1 S̃2 = CT

1QC2

S̃i = SiΓN with projection matrix ΓN

Step 2: Orthogonal Procrustes Problem (OPP) [2]:

Q̂ = argmin
Q∈V3×3

‖Y̌ −CT
1Q‖2F = UVT

Y̌ = ỸC
†
2 and C1Y̌ =: UΣVT

Relative translation estimator

We can express range in terms of relative translation as:

‖Y‖2F = N
N∑

n=1

(‖cn,1‖
2
2 + ‖cn,2‖

2
2) +N2 ‖t1 − t2‖

2
2︸ ︷︷ ︸

relative translation

Thus

t̂ =
1

N2
‖Y‖2F −

1

N




N∑

n=1

(‖cn,1‖
2
2 + ‖cn,2‖

2
2)




Simulation results

Set-up: N = 10, {ψ1, θ1, φ1} = {20◦,−25◦, 30◦} and
{ψ2, θ2, φ2} = {40◦, 135◦,−75◦}, t1 = [1,−5, 4]Tm, t2 =
[−3, 1, 7]Tm, and 104 Monte-Carlo experiments.
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