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And yet, even worse...
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How to update the model after adding, correcting, or
removing data, without having to retrain the entire
model?

= Add data
—Incremental learning

= Remove data
—Decremental learning
~Why? — e.g., erroneous data, per user request (GDPR regulation)

= Correction to data
—Both incremental and decremental learning



State of the Art

= [ncremental learning has been considered in various contexts
—Heuristics for deep neural networks to avoid catastrophic forgetting
— Exact update methods for shallow models such as support vector
machine (SVM)

= A few existing approaches on decremental learning
—Not for neural networks
—For SVM but requires old data

= We propose an exact (provably optimal) method for joint incremental and
decremental learning for least squares SVM (LS-SVM) that does not
require old data
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Support Vector Machine (SVM)

« Ifwlx > 0, classify as label +1
- Ifwlx <0, classify as label —1

= Binary classifier

= Can be converted into multi-class classifier using one-versus-all or one-
versus-one ensemble approaches



Least-Squares Support Vector Machine (LS-SVM)

= Optimal solution for model parameter

Data sample
Regularization transformed into

constant \ feature space

N -
w* = argming, g p|lw||*+ anl(chf)(.’L‘n) — Un)’

- J
Y

Learning loss function

Ground-truth label

= B[®T® + pIn| 'y = [pI; + PPT| '®y  (Analytical optimal solution)



Main Result for Incremental/Decremental Learning

Theorem 1. For a given model

w=®[@ ®+pIy] 'y (3)
and auxiliary matrix
C=2[®"'®+pIy] '@, (4)

when adding new training data (X, ,vy,) and removing exist-

ing training data (X, y, ), we can compute the new values of
w and C' using

Model updating —1
equations, only Whew = w + (C — 1) P (PI - @."(C - IJ)‘i'c) (‘I'E,-Tw - ’!Jc)

involving (S)
added/removed .

data samples Crow =C +(C—1))®. (pI - T (C—1)®.) & (C-1,)
and auxiliary

matrix C (6)

where we define ®.= (®,,®,), . = (P,,—P,), and
= (Yo —Yr).



Algorithm

= |nitial model training
—~Compute w=®[®"® +pIy] 'y and C = ®[®7® + pIy] ' &7

= Incremental/decremental learning using new/removed data
—Compute

wnew = w+ (C — L)@ (pI - BT (C—1)8.) (27w —y.)

1
Chew = C + (C - IJ)‘I)C (pI - (I’;T(C - IJ)(I)C) (I)LT (C - IJ)

= Complexity: O(L?>+JL*+ J?L+J?)

/

Number of added/removed Dimension of
data samples in a “batch” feature vector



Algorithm

= |nitial model training
—~Compute w=®[®"® +pIy] 'y and C = ®[®7® + pIy] ' &7

= Incremental/decremental learning using new/removed data
—Compute

-1

Woew = w + (C — I;)®, (pI —3'T(C - IJ)@C) (@;Tw - y)
—1

Coew = C + (C — I,)®, (pI (o I;)fbc) ®'T (C - 1I;)

Multiple data sample updates can be done

sl : 2 2 ‘ either in one or multiple batches
- Comp|eXIW- O(Ld +JL7+ J°L+ Jd) * When using one sample per batch
» Complexity is linear in the number
updated samples
Number of added/removed Dimension of > May not be best in practice though due
data samples in a “batch” feature vector to efficient implementations of matrix

multiplication (details in experiments)



Special Cases

= One data sample in a batch, either incremental or decremental

Corollary 1 (Incremental learning of a single data sample).
We can update w and C' to include the influence of a new

training data sample (X N1, YN41) using
(C —1)d(@ny1)(B@n 1) w—yni1)
¢(@n 1) P(xni1) +p— PN 1) Ch(en 1)
O (€= L) Fen ) (C 1)
¢(xni1)'P(@ni1) +p— @(@Nni1)Ch(zNi1)
Corollary 2 (Decremental learning of a single data sample).

We can update w and C' to remove the influence of an existing
training data sample (x,., vy, ) using

(C - L))é(r) (S@r) w -y, )
~¢(@r)Td(zr) + p+ G(xr)TCH(2r)
(e —-1)¢(xr)d(zr)T(C - 1)) .
—(1_3.(13?")1'5(337‘) +p+ "5(33?)1'0‘5(331")

Wpew = W +

Whew — W

Cncw =C



Special Cases

= Multiple data samples in a batch, either incremental or decremental

Corollary 3 (Incremental learning of a batch of data sam-
ples). We can update w and C' to include the influence of a

batch of new training data samples (X ., yq,) using

-1
Woew = w + (C — I,)®, (pI _aT(Cc— IJ)«I-Q,) (@Ew _ yﬂ)
A —1 -
Crew = C + (C — 1))®a (p - 1(C —1,)@.)  @I(C—1)
where ®, = ®(X,).
Corollary 4 (Decremental learning of a batch of data sam-
ples). We can update w and C' to remove the influence of a
batch of existing training data samples (X, y,) using
~1
Woew = w — (C — 1), (pr +oT(C - L;)«iu,.) (@Iw - yr)
. -1 .
Coow = C = (C = 1))@, (pI + @] (C —1,)®,) @] (C—1,)

where ®, = ®(X,.).



Experiments

= MNIST dataset of handwritten digits

= Classify even/odd digits using LS-SVM

= 60,000 training data samples
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Training with Incorrectly Labeled Data

= |nitially, 50% of data samples are mislabeled

= Removing 10% of mislabeled data increases accuracy by 12%
— Retraining the entire model takes 0.81 seconds (on a personal laptop)
— Updating using our proposed approach takes 0.26 seconds

0 20 40 60 80 100
The Percentage of Removed Incorrectly-Labeled Training Data



Update Time with Different Batch Sizes
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Storage Saving

= We do not need to store original data

—@— Baseline approach
—x— Our approach (w, C)
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When we don’t exactly know the data samples
to be removed...

+ o)) oo

Relative error in updated model (%)

=]
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Relative error in updated data sample (%)

(Removing one data sample)



Summary

= What we have done...
— Provably optimal incremental and decremental learning for LS-SVM
— Does not require old data
— Only requires an auxiliary matrix and data samples that are added/removed
— Reduces model update time and storage, compared to retraining
— Preserves privacy of training data when sharing updatable models

= What remains to be done...
— Incremental and decremental learning (particularly decremental learning) for
generic models such as deep neural networks
= How to properly define decremental learning?
= Algorithms for joint incremental and decremental learning
= Anything provable?
= Any intuitive insights?
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Application

= Decentralized learning
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Application

= k-fold cross validation (incrementally replace one fold)

Training set
Training folds Test fold
A
[
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E
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i=1
3rd jteration - — E;

10th iteration - —= EIO
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Proof. For the updated training dataset, we get
Doy = (P, P, |P,) and Ypew = (Y Yalyr). Where (Z1|Z5)
denotes removing the columns (of a matrix) or elements (of a
vector) in Zs from Z,;. Using (2) and (3), we can compute
the new model wyey as

Whew — ‘I'm:w[q'new@ncw + pIN-i—Na—N,.]_lyncw
- [.OIJ + q’new@:e‘w] -1 q’newyncw

m - 11
= [pr + 337 + 3,87 - @qu,{] By + Poya — Brys
1
= |:pf‘; + 037 4 @C@’CT] @y + Pcy.] o)

where we note that . = (®,,®,), &, = (®,, —P,) and
Ye = (Yq, —yy) by definition.

According to the Woodbury matrix identity [24], we have
(A+UBV) '=A"'-A"'U (I+BVA-'U)BVA~.
We define A = pI; + ®®T, B=1.U =&,V = &7,
and ¥ = I + ®'TA-1®_.. From (7), we can obtain the
following updating process for w:

Weew = (A—1 Al w197 A ) [®y + Pyl

w+ A 1@y —A e T 1Ty

—A e v 1T A By,

—wt+ A0y, - A e v 1@l
—w - A B D! (@g"‘w - yc)

—w+ (O—-I)) & (pI 42 (C-1))2.) (8 w—y.).

The last equality holds because
pAT 1 C=plol + @2"| @ [oIn 1 27R] @7

—p[ors + 22| i [o1, + 237 T pa”

_ [pr,; + -Iut:'f] - [pr,; n q@’f‘] ~ I
Similarly, we can compute Che, as
Chew = Prew [P Ly Prew + pIN (N, N, | 'PL,

= [pI) + Poew® i) ' Rrew P L,
=[A+ &2 @2 ee! + 2,2 — 2,D)]
=[A+ @27 @ + 2.2
—(A'-Aaew @A) (@07 + 2.2l
=C+A'e.9" —A'e. v ' C

—A'e. v 'eTA e BT
=C+A 'ev a7 A le.v '&TC
=C-Alte.wv T (C-1)

s —1 T
—C+(C—1I,))®. (pf+cpfj (C—I,;)tb,_) &7 (C-1I,).



