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Clustering Time Series
Which Dependence Measure?

For Which Dependence?

Many bivariate dependence measures are avail-
able. Usually, they aim at measuring:

« any deviation from independence,

= any deviation from co/counter-monotonicity.
Motivation: What if

« we ailm at specific dependence,

« and try to “ignore” some others?’

Dependence to detect (p;; := 1)
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Dependence to ignore (p;; := 0)

15 le9 Y: — X3
10
05
0.0
0.5
10
E 515[)(] -1000 =500 o 500 1000 1500

Problem: A dependence measure powertul
enough to detect y = f(x*) will also detect
y = g(x), f increasing, g decreasing.

Copulas & Dependence

= Sklar’s Theorem:
F(xi, x;) = Cyj(Fi(w;), Fj(x;))

- U, the copula, encodes the dependence structure
« Fréchet-Hoeflding bounds:

max{u; + u; — 1, 0} < Cz'j(uia Uj) < min{u;, u]-}

« Bivariate dependence measures:
« deviation from lower and upper bounds
= Spearman’s pg, Gini’s 7y
= deviation from independence u;u;
= Spearman, Copula MMD, Schweizer-Wolff’s o, Hoeffding’s &2

Figure 1: (left) lower-bound copula, (mid) independence copula,

(right) upper-bound copula

Optimal Transport

Wasserstein metrics:

p i p
Wyplh, v) = dnt = Jopps A vV dy(z, y)

In practice, the distance W is estimated on discrete

data by solving the following linear program with

the Hungarian algorithm:
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[t is called the Earth Mover Distance (EMD) in the
CS literature.
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EMD between Copulas

« Probability integral transform of a variable x;:

1 T
Fr(zi) = = X I(z] < @),
1=
i.e. computing the ranks of the realizations, and
normalizing them into |0,1]

(left) observations, (mid) pseudo-observations, (right) estimated density of the empirical copula
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Why the Earth Mover Distance?
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Figure 3:

Copulas (4,5, (5 encoding a correlation of
0.5,0.99,0.9999 respectively; Which pair of copulas is the
nearest? For Fisher-Rao, Kullback-Leibler, Hellinger and re-
lated divergences: D(C4, C) < D(Cs, C3); EMD(Cs, C5) <
EMD(CY, C5)

A target-oriented dependence
coeflicient

« Build the independence copula C}4

» Build the target-dependence copulas {C }i

- Compute the empirical copula Cj; from x;, x;

EMD(Cing, Ci5)
EMD(Cmd, CZ]) + mink EMD(O@], Ck)

TDC(C5) =

Figure 2: Dependence is measured as the relative distance from

independence to the nearest target-dependence

Benchmark: Power of Estimators

Our coeflficient can robustly target complex depen-
dence patterns such as the ones displayed in Fig. 4.

» X-axis measures the noise added to the sample

« y-axis measures the frequency the coeflicient is
able to discern between the dependent sample
and the independent one

= Basic check: no coeflicient can discern between
the “dependent” sample (with no dependence)
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Figure 4: Dependence estimators power as a function of the
noise for several deterministic patterns + noise. Their power is
the percentage of times that they are able to distinguish between

dependent and independent samples.

Clustering of Credit Default Swaps

= We use the two targets from Fig. 2
- Clustering distance: D;; = /(1 — TDC(C};))/2

Pearson, Spearman, Kendall, Target Dependence Coefficient
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Figure 5: Impact of different measures on clusters

Conclusion

The methodology presented is
» non-parametric, robust, deterministic.
It has some scalability issues:

« in dimension, non-parametric density estimation;

« in time, EMD is costly to compute.

Approximation schemes or parametric modelling
can alleviate these issues.
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