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Motivation

Example: analysis of microarray gene expression data

clustering: grouping genes with similar
profiles

From Gollub and Sherlock (2006)

time series in microarray analysis:

From He et al. (2012)
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Introduction: time-series clustering

Problem: clustering
I a set of N time series X , {x1, . . . ,xN}, into
I K clusters C = {C1, . . . , CK} (K < N).

Literature:
I survey: Liao (2005), Aghabozorgi, Shirkhorshidi, and Wah (2015), etc.;
I Mixture AR model for multi-modal signals: Wong and Li (2000)
I Mixture ARMA for time-series clustering: Xiong and Yeung (2002, 2004)
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Preliminaries: AR models

Given x = {x1, x2, . . . , xT }, the AR(p) model is

xt = φ0 +
p∑

j=1
φjxt−j + et, t = 1, . . . , T.

And the log-likelihood is

lnP (x | Φ, σ2) ∝ −T
∗

2 ln(σ2)− 1
2σ2 ‖e‖

2.
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Preliminaries: mixture AR models

Mixture AR models (MxARs):

lnP (x | Φ,Σ,Π) =
K∑

k=1
πklnP (x | Φk, σ

2
k),

where
I mixing coefficient

∑K
k=1 πk = 1;

I binary zk ∈ {0, 1} and then P (zk = 1) = πk.

For the whole data set X:

lnP (X | Φ,Σ,Π) =
N∑

n=1
lnP (xn | Φ,Σ,Π).
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Preliminaries: EM algorithm for MxARs

Maximize lnP (X | Φ,Σ,Π):

I E-step:
enk = yn −XnΦk,

rnk = πkP (xn | Φk, σ
2
k)∑K

k=1 πkP (xn | Φk, σ2
k)
,

P (xn | Φk, σ
2
k) =

(
2σ2

k

)−T ∗/2 exp
[
−‖enk‖2/

(
2σ2

k

)]
;

I M-step:
πk = (1/N)

∑N
n=1 rnk,

Φk =
(∑N

n=1 rnkXT
n Xn

)−1 (∑N
n=1 rnkXT

n yn

)
,

σ2
k =

(∑N
n=1 rnk‖enk‖2

)
/
(
T ∗
∑N

n=1 rnk

)
.
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k-ARs: EM algorithm

Motivated by the relation between GMMs and k-Means, taking σ2
k → 0, it yields

rnk →

1 if k = arg mink′ ‖enk′‖2,

0 otherwise.

The index set of cluster k can be introduced as

Ik = {n : rnk = 1}.
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k-ARs: EM algorithm

I E-step:

enk = yn −XnΦk,

rnk =

1 if k = argmink′ ‖enk′‖2,

0 otherwise.

I M-step:

πk = (1/N)
∑N

n=1 rnk = |Ik|/N,

Φk =
(∑

n∈Ik
XT

n Xn

)−1 (∑
n∈Ik

XT
n yn

)
,

σ2
k =

(∑
n∈Ik

‖enk‖2
)
/ (T ∗|Ik|) .
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k-ARs: initialization

I Φk: randomly choose K time series and estimate their subject-specific AR(p)
coefficients;

I σ2
k: all set to 1;

I πk: all set to 1/K.
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k-ARs: stopping criterion

A straightforward criterion could be

max
{
‖Φ+ − Φ‖F , ‖Σ+ − Σ‖2, ‖Π+ −Π‖2

}
< ε.
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k-ARs: fast computation

Consider QR decomposition: Xn = QnRn with Qn: T ∗ × p, Rn: p× p

Let yQn , QT
n yn, then

I Φk =
(∑

n∈Ik
RT

nRn

)−1 (∑
n∈Ik

RT
n yQn

)
,

I ‖enk‖2 = ‖yn‖2 − ‖yQn‖2 + ‖yQn −RnΦk‖2.
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Numerical examples

Problem setup based on a real brain imaging application:

I the order of the AR(p) models: p = 5,
I the length of time series: T = 250,
I the number of groups: K = 160,
I the number of time series per cluster: Nc = ∼180,

where the total number of time series is N = KNc.
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Numerical examples

Comparative clustering precision of MxARs and k-ARs methods:
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Numerical examples

Comparative CPU times of MxARs and k-ARs for different problem sizes:
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Conclusions

Summary of contributions:

I k-ARs is much faster than MxARs;

I k-ARs has no underflow issues;

I k-ARs is capable to handle large-scale problems.
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Thank you!
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