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Motivation

Application: brain networks from human MRI

(a) MRI images Fornito et al. (2016)

(b) brain network Fornito et al. (2016)
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Introduction

Gaussian Graphical Models and (scalar) networks:

Given [x1, ..., x5]T ∼ N (µ,Σ),
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Introduction (cont.)

“Vector” networks: Kolar, Liu, and Xing (2013), Marjanovic and Solo (2018)
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Problem Description

Data: samples {x1, . . . , xT } with xt ∼ N (µ,Σ).

To estimate a block-sparse inverse covariance matrix, minimize

F (Ω) = − log det(Ω) + tr(SΩ) + λ
∑
i 6=j

I(Ωij 6= 0) (∗)

where
I S = (1/T )

∑T
t=1 xtx

T
t sample covariance;

I I(Ωij 6= 0) =

0 if Ωij = 0,

1 otherwise.
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Iterative Update

The way to apply coordinate descent method:
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Iterative Update (cont.)

Ω =
[

Ωo Ba

BT
a Ωa

]

S =
[
So Soa

ST
oa Sa

]

Σ = Ω−1 =
[

Σo Ga

GT
a Σa

]
⌦a
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By omitting the fixed terms, minimize
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i=1 I(Ba,i 6= 0).
(∗∗)
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Iterative Update (cont.)
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Taking derivative w.r.t. Ωa and setting to zero, yields
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Iterative Update (cont.)
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[
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Rewriting (∗∗∗) w.r.t. Ba,i, it is equivalent to minimize
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Acceleration (I)

Recap (∗∗∗∗)

F i
a(Ba,i) = tr(SaB

T
a,i Mii Ba,i) + 2 tr(SaB

T
a,i M−i,i Ba,−i)

+2 tr(BT
a,iSoa,i) + 2λI(Ba,i 6= 0),
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Acceleration (I) (cont.)

Recalling the inverse formula

Ω−1 =
[
Ω−1

o + Ω−1
o Ba∆−1

o BT
a Ω−1

o −Ω−1
o Ba∆−1

o

−∆−1
o BT

a Ω−1
o ∆−1

o

]
,

we have
Mo = Ω−1

o = Σo −Ga Σ−1
a GT

a .

And we can also update Σ using Mo and submatrices of Ω.
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Acceleration (II)

Minimizing (∗∗∗∗) is to solve

MiiB
∗
a,i = −(Mi,−iBa,−iSa + Soa,i)S−1

a .

This can be solved fast by matrix Conjugate Gradient method.
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Simulations

Example in Marjanovic and Solo (2018), no loss of accuracy:
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Simulations (cont.)

Speed comparison:
I Marjanovic and Solo (2018): 7 hours to solve 40, 165-dim problems
I Ours: 1 hour to solve 40, 2200-dim problems

0 200 400 600 800 1200 1700 2200
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Conclusions

Summary of contributions:

I an improved implementation of coordinate descent;

I speed acceleration by smart matrix inversion and matrix CG;

I an algorithm to solve large-scale problems.

17 / 19



Thank you!
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