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Adaptive Filtering Problem
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(k ∈ N: Time)

Goal

Estimate h∗ by hk := [h
(k)
1 , h

(k)
2 , · · · , h

(k)
N ]T ∈ R

N

Application

Typical: Echo cancellation, Channel estimation

Recent: Analysis of big data, Deep Learning
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Motivation and Goal of This Study

In many applications, the unknown h∗ is sparse. (e.g. echo path, comm. channel)
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→ Sparsity-aware adaptive filtering algorithms

Penalty Estimation bias

Previous algorithms convex (based on the ℓ1 norm) large

Proposed algorithms weakly convex small

Large biases come from underestimates of large-amplitude components.

Goal of This Study

Reduce the estimation bias with the minimax concave penalty
︸ ︷︷ ︸

weakly convex
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Minimax Concave (MC) Penalty

MC Penalty Function

ψMC(h) := ‖h‖1 − min
x∈RN

(

‖x‖1 +
b2

2
‖h− x‖22

)

, h ∈ R
N , b > 0 (1)
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ψMC: Constant for large-amplitude components
→ Reduce the estimation bias

C. H. Zhang, “Nearly unbiased variable selection under minimax concave penalty,” The Annals of statistics, 2010.

I. Selesnick, “Sparse regularization via convex analysis,” IEEE Trans. Signal Processing, 2017.
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Generalized Proximity Operator

Definition 1

Given a possibly nonconvex function ψ : RN → (−∞,+∞], define

Tαψ(x) := arg min
y∈RN

(

ψ(y) +
1

2α
‖x− y‖22

)

, α > 0, (2)

as long as the minimizer exists uniquely.

Tαψ = proxαψ (prox: Proximity operator) if ψ is proper l.s.c. convex.

I. Bayram, “On the convergence of the iterative shrinkage/thresholding algorithm with a
weakly convex penalty,” IEEE Trans. Signal Processing, 2015.
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Shrinkage Functions

proxλ‖·‖1(y) = soft(y;λ)

TλψMC
(y) = firm(y;λ, 1/b2)
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Proposed Formulation

Instantaneous Cost Function

Jk(h)
︸ ︷︷ ︸

Instantaneous cost

:= fk(h)
︸ ︷︷ ︸

Instantaneous loss

+ λψMC(h)
︸ ︷︷ ︸

Penalty

, λ > 0 (3)

fk(h) :=
(uT

kh− dk)
2

2‖uk‖
2
2

=
1

2

(

ũT
k (h− h∗)− ñk

)2

ũk :=
uk

‖uk‖2

ñk :=
nk

‖uk‖2

Key Point

(i) Cost J(h) := E[Jk(h)]: convex under λb2 ≤ λmin(R) (R := E[ũkũ
T
k ])

(ii) Instantaneous Cost Jk(h): nonconvex for all λ, b > 0
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Firm-Shrinkage NLMS (FS-NLMS) Algorithm (1/2)

−
1

b2
−αλ 0 αλ 1

b2

−1/b2
−αλ

0
αλ
1/b2

hi

T
α
λ
ψ
M

C
(h
i)

J(h) = f(h) + λψMC(h), f(h) := E[fk(h)] (4)

Properties (I. Bayram, ’15)

Under 0 < α < 2/(λmax(R) + λb2) and 0 ≤ λb2 ≤ λmin(R) (⇒ 1/b2 > αλ),

TαλψMC
((1− αλb2)·) is a 1/2-averaged nonexpansive mapping and

(1− αλb2)−1(Id− α∇f) is a β-averaged nonexpansive mapping, where

β := α(λmax(R) + λb2)/2.

The composite mapping TαλψMC
◦ (Id− α∇f) is averaged nonexpansive.

J(h) can be minimized by the Krasnosel’skĭı-Mann iteration.
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Firm-Shrinkage NLMS (FS-NLMS) Algorithm (2/2)

FS-NLMS Algorithm

For an arbitrarily chosen initial vector h0 ∈ R
N , generate a sequence

(hk)k∈N by:

hk+1 :=TαλψMC
◦ (Id− α∇fk)(hk)

=TαλψMC

(

hk −
α

‖uk‖
2
2

(uT
khk − dk)uk

)

(5)

α ∈ (0, 2): Step size

Remark 1

ψMC is nonconvex, although FS-NLMS resembles APFBS (Murakami,
Yamagishi, Yukawa, and Yamada, ’10).
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Twin-Shrinkage NLMS (TS-NLMS) Algorithm (1/2)

Moreau Decomposition

(f � q) + (f∗ � q) = q (�: Infimal Convolution, q(h) := 1
2
‖h‖22)

By Moreau decomposition, provided J(h) is convex (λb2 ≤ λmin(R)),

convex
︷ ︸︸ ︷

J(h) =

convex & smooth
︷︸︸︷

f(h) +

nonconvex
︷ ︸︸ ︷

λψMC(h) (6)

(7)

Need to use the instantaneous nonconvex Jk

No use of the firm shrinkage
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nonconvex
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= f(h) + λg(h)
︸ ︷︷ ︸

convex & smooth

+ λ‖h‖1
︸ ︷︷ ︸

convex & nonsmooth

(7)

g(h) := b2
((

1

b2
‖ · ‖1

)

∗

� q − q

)

(h)

Need to use the instantaneous nonconvex Jk
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Twin-Shrinkage NLMS (TS-NLMS) Algorithm (2/2)

TS-NLMS Algorithm

For an arbitrarily chosen initial vector h0 ∈ R
N , generate a sequence

(hk)k∈N by:

hk+1 :=
N∑

i=1

soft
(

h
(k)
i − α[∇(fk + λg) (hk)]i ; αλ

)

ei (8)

α ∈ (0, 2): Step size

{ei}
N
i=1: Standard basis

By Moreau decomposition ∇(f∗ � q) = Id− proxf∗ = proxf ,

∇(fk + λg)(hk) =
(uT

khk − dk)uk
‖uk‖22

+ λb2

(
N∑

i=1

soft

(

h
(k)
i ;

1

b2

)

ei − hk

)

(9)
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Geometric Interpretation of TS-NLMS
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Geometric Interpretation of TS-NLMS
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Geometric Interpretation of TS-NLMS
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Geometric Interpretation of TS-NLMS
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Geometric Interpretation of TS-NLMS

Step-by-step illustrations of the following iterations

hk+1 :=

2∑

i=1

soft
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Geometric Interpretation of TS-NLMS

The vector inclines to the h1 axis. → Reduce the biases by compensating
the shrinkage in the previous iteration more for the large components
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Geometric Interpretation of TS-NLMS

Step-by-step illustrations of the following iterations
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Geometric Interpretation of TS-NLMS

Step-by-step illustrations of the following iterations
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Geometric Interpretation of TS-NLMS

Step-by-step illustrations of the following iterations
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Geometric Interpretation of TS-NLMS

Step-by-step illustrations of the following iterations
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Geometric Interpretation of TS-NLMS

A big picture of the whole iterations
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Simulation Setup

h∗: Unit weakly-sparse vector with 10% large-amplitude components
(N = 512)
h∗ := h̃∗/‖h̃∗‖2, h̃∗ := x+ ǫy, x: Sparse vector, y ∼ N(0, 1), ǫ := 0.01
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uk := [uk, uk−1, · · · , uk−N+1]
T

{uk}
1.5×104

k=1 : AR signal normalized to unit variance
uk := ûk/ var(ûk), ûk := γûk−1 + vk, γ := 0.8, vk: i.i.d.

SNR 10 dB

λ: Use the best parameter in terms of system mismatch

Averaged over 300 simulation runs
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Simulation Results
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ξ(hk) :=

N
∑

i=1

(

1− exp(−1000|h
(k)
i |)

)

Remark 2
FS-NLMS and TS-NLMS yield sparser and less biased solutions.

1
Y. Chen, Y. Gu, and A. O. Hero, “Sparse LMS for System Identification,” in Proc. IEEE ICASSP, 2009.

2
Y. Gu, J. Jin, and S. Mei, “ℓ0 Norm Constraint LMS Algorithm for Sparse System Identification,” IEEE Signal Processing

Letters, 2009.
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Conclusion

We presented the FS-NLMS and TS-NLMS algorithms, which were
sparsity-aware adaptive filtering algorithms based on the MC penalty.

The whole cost function was convex under a proper choice of the
parameters, while the instantaneous cost function was always
nonconvex. This problem has not been studied so far to the best of
our knowledge.

The proposed algorithms outperformed the existing sparsity-aware
adaptive filtering algorithms in system mismatch and sparseness of
the solution.
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