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• Background & Motivation

• Tensor decomposition and its application in deep learning 
model compression

• Automate tensor ring rank selection via reinforcement 
learning

• Conclusion
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• Tensor decomposition has been proved to be effective for solving many 
problems in signal processing and machine learning [Sidiropoulos et al, 2017].

[Canziani et al 2017]

• Modern deep learning models often contain millions of parameters and 
tend to be over-parameterized [Ba et al, 2014]

• Tensor decomposition is naturally suited for compressing deep neural 
networks to perform energy-efficient deep learning tasks.
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• CP decomposition [Hitchcock, 1927]

T
<latexit sha1_base64="7rdjCWlB7+UTJ6/P7+jaLWgZifo=">AAACG3icbVDLSsNAFJ3UV42vqEs3wbbgqiR1ocuiG5cV+oImlMn0ph06mYSZiVBCv8OVn+JKUBB34sK/cdJmoa0Hhjlzzr3MvSdIGJXKcb6N0sbm1vZOedfc2z84PLKOT7oyTgWBDolZLPoBlsAoh46iikE/EYCjgEEvmN7mfu8BhKQxb6tZAn6Ex5yGlGClpaHlVr0Iq0kQZh5wmQrIX5kXxGwkZ5G+soVPMMvacw2zOrQqTt1ZwF4nbkEqqEBraH16o5ikEXBFGJZy4DqJ8jMsFCUM5mbNSyUkmEzxGAaachyB9LPFbnO7ppWRHcZCH67shWr+6shwJPNJdWU+qFz1cvE/b5Cq8NrPKE9SBZwsPwpTZqvYzoOyR1QAUWymCSaC6mFtMsECE6XjNHUK7urO66TbqLuX9cZ9o9K8KfIoozN0ji6Qi65QE92hFuoggh7RM3pFb8aT8WK8Gx/L0pJR9JyiPzC+fgDVZqJ3</latexit>

!
<latexit sha1_base64="RJBFR8ArKplSSV0mqgnGAvravLo=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF4+YyEcCG9ItXWjotmvblZANv8OTiSbGqz/Gk//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38799hNVmknxYKYx9SM8FCxkBBsr+eWeYsORwUrJSblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDorVHqJpjEmYzykXUsFjqj208XVM1SxygCFUtkSBi3Uwq+JFEdaT6PAdkbYjPSqNxf/87qJCa/9lIk4MVSQ5aIw4chINI8ADZiixPCpJZgoZo9FZIQVJsYGVbApeKs/r5NWrepdVmv3tVL9JssjD2dwDhfgwRXU4Q4a0AQCj/AMr/DmTJwX5935WLbmnGzmFP7A+fwB6oqSFg==</latexit>

(b)
<latexit sha1_base64="B+SpsEU7WNyeKh4ZDEg+a1TBUpQ=">AAAB7XicbVBNSwMxEJ31s65fVY9egm2hXspuPeix6MVjBbcttEvJptk2NJssSVYoS3+DJ0FBvPqDPPlvTD8O2vpg4PHeDDPzopQzbTzv29nY3Nre2S3sufsHh0fHxZPTlpaZIjQgkkvVibCmnAkaGGY47aSK4iTitB2N72Z++4kqzaR4NJOUhgkeChYzgo2VgnI1uiz3iyWv5s2B1om/JCVYotkvfvUGkmQJFYZwrHXX91IT5lgZRjidupVepmmKyRgPaddSgROqw3x+7RRVrDJAsVS2hEFz1f01keNE60kS2c4Em5Fe9Wbif143M/FNmDORZoYKslgUZxwZiWavowFTlBg+sQQTxeyxiIywwsTYgFybgr/68zpp1Wv+Va3+UC81bpd5FOAcLqAKPlxDA+6hCQEQYPAMr/DmSOfFeXc+Fq0bznLmDP7A+fwBqNON1A==</latexit>

G
<latexit sha1_base64="rRHkGt7pgjXO3S6CQr84a7MraLQ=">AAACHXicbVDLSgMxFM34rOOr6tLNYFtwVWbahS6LLnRZwT6gU0omvdOGZjJDkhFK6Ie48lNcCQrixoX4N2baWWjrgZCTc88l954gYVQq1/221tY3Nre2Czv27t7+wWHx6Lgt41QQaJGYxaIbYAmMcmgpqhh0EwE4Chh0gsl1Vu88gJA05vdqmkA/wiNOQ0qwMtKgWC/7EVbjINTaBy5TAdlT+0HMhnIamUvPDQQzfTPLYJcHxZJbdedwVomXkxLK0RwUP/1hTNIIuCIMS9nz3ET1NRaKEgYzu+KnEhJMJngEPUM5jkD29Xy7mVMxytAJY2EOV85ctX91aBzJbFTjzCaVy7VM/K/WS1V42deUJ6kCThYfhSlzVOxkUTlDKoAoNjUEE0HNsA4ZY4GJMoHaJgVveedV0q5VvXq1dlcrNa7yPAroFJ2hc+ShC9RAt6iJWoigR/SMXtGb9WS9WO/Wx8K6ZuU9J+gPrK8fsKujdg==</latexit>

A(1)
<latexit sha1_base64="+Gg7i6GYk/P+thnME1HMkYt+Q0E=">AAAB/HicbVC7TsMwFHXKq4RXKCOLRVupLFVSBhgLLIxFog+pDZXjOq1Vx4lsB1FF4VOYkEBCrPwIE3+D02aAliNZOjrnXt3j40WMSmXb30ZhbX1jc6u4be7s7u0fWIeljgxjgUkbhywUPQ9JwignbUUVI71IEBR4jHS96XXmdx+IkDTkd2oWETdAY059ipHS0tAqVQYBUhPPTy7T+6TmnKaVoVW26/YccJU4OSmDHK2h9TUYhTgOCFeYISn7jh0pN0FCUcxIalYHsSQRwlM0Jn1NOQqIdJN5+BRWtTKCfij04wrOVfPXRoICKWeBpyezpHLZy8T/vH6s/As3oTyKFeF4cciPGVQhzJqAIyoIVmymCcKC6rAQT5BAWOm+TN2Cs/znVdJp1J2zeuO2UW5e5X0UwTE4ATXggHPQBDegBdoAg0fwDF7Bm/FkvBjvxsditGDkO0fgD4zPHxNjk7M=</latexit>

A(2)
<latexit sha1_base64="vU4ITm1B7AiIVVcpYFjxCALfjuI=">AAAB/HicbVC7TsMwFHXKq4RXKCOLRVupLFUSBhgLLIxFog+pDZXjOq1Vx4lsB1FF5VOYkEBCrPwIE3+D02aAliNZOjrnXt3j48eMSmXb30ZhbX1jc6u4be7s7u0fWIeltowSgUkLRywSXR9JwignLUUVI91YEBT6jHT8yXXmdx6IkDTid2oaEy9EI04DipHS0sAqVfohUmM/SC9n92nNPZ1VBlbZrttzwFXi5KQMcjQH1ld/GOEkJFxhhqTsOXasvBQJRTEjM7PaTySJEZ6gEelpylFIpJfOw89gVStDGERCP67gXDV/baQolHIa+noySyqXvUz8z+slKrjwUsrjRBGOF4eChEEVwawJOKSCYMWmmiAsqA4L8RgJhJXuy9QtOMt/XiVtt+6c1d1bt9y4yvsogmNwAmrAAeegAW5AE7QABo/gGbyCN+PJeDHejY/FaMHId47AHxifPxTrk7Q=</latexit>

A(3)
<latexit sha1_base64="MD8aUfWWZ4NeWJxbRThwZfy9zYI=">AAAB/HicbVC7TsMwFHV4lvAKZWSxaCuVpUraAcYCC2OR6ENqQ+W4TmvVcSLbQVRR+BQmJJAQKz/CxN/gtBmg5UiWjs65V/f4eBGjUtn2t7G2vrG5tV3YMXf39g8OraNiR4axwKSNQxaKnockYZSTtqKKkV4kCAo8Rrre9Drzuw9ESBryOzWLiBugMac+xUhpaWgVy4MAqYnnJ5fpfVJtnKXloVWya/YccJU4OSmBHK2h9TUYhTgOCFeYISn7jh0pN0FCUcxIalYGsSQRwlM0Jn1NOQqIdJN5+BRWtDKCfij04wrOVfPXRoICKWeBpyezpHLZy8T/vH6s/As3oTyKFeF4cciPGVQhzJqAIyoIVmymCcKC6rAQT5BAWOm+TN2Cs/znVdKp15xGrX5bLzWv8j4K4AScgipwwDloghvQAm2AwSN4Bq/gzXgyXox342MxumbkO8fgD4zPHxZzk7U=</latexit>

T
<latexit sha1_base64="7rdjCWlB7+UTJ6/P7+jaLWgZifo=">AAACG3icbVDLSsNAFJ3UV42vqEs3wbbgqiR1ocuiG5cV+oImlMn0ph06mYSZiVBCv8OVn+JKUBB34sK/cdJmoa0Hhjlzzr3MvSdIGJXKcb6N0sbm1vZOedfc2z84PLKOT7oyTgWBDolZLPoBlsAoh46iikE/EYCjgEEvmN7mfu8BhKQxb6tZAn6Ex5yGlGClpaHlVr0Iq0kQZh5wmQrIX5kXxGwkZ5G+soVPMMvacw2zOrQqTt1ZwF4nbkEqqEBraH16o5ikEXBFGJZy4DqJ8jMsFCUM5mbNSyUkmEzxGAaachyB9LPFbnO7ppWRHcZCH67shWr+6shwJPNJdWU+qFz1cvE/b5Cq8NrPKE9SBZwsPwpTZqvYzoOyR1QAUWymCSaC6mFtMsECE6XjNHUK7urO66TbqLuX9cZ9o9K8KfIoozN0ji6Qi65QE92hFuoggh7RM3pFb8aT8WK8Gx/L0pJR9JyiPzC+fgDVZqJ3</latexit>

!
<latexit sha1_base64="RJBFR8ArKplSSV0mqgnGAvravLo=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF4+YyEcCG9ItXWjotmvblZANv8OTiSbGqz/Gk//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38799hNVmknxYKYx9SM8FCxkBBsr+eWeYsORwUrJSblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDorVHqJpjEmYzykXUsFjqj208XVM1SxygCFUtkSBi3Uwq+JFEdaT6PAdkbYjPSqNxf/87qJCa/9lIk4MVSQ5aIw4chINI8ADZiixPCpJZgoZo9FZIQVJsYGVbApeKs/r5NWrepdVmv3tVL9JssjD2dwDhfgwRXU4Q4a0AQCj/AMr/DmTJwX5935WLbmnGzmFP7A+fwB6oqSFg==</latexit>

a(1)1<latexit sha1_base64="z5pgz4EGfN74O+ecLXm5HiQCf3k=">AAAB/nicbVDLSsNAFJ34rPEVHzs3g22hbkpSF7osunFZwT6gjWEynbRDJ5MwMxFqCPgprgQFcet/uPJvnLRZaOuBgcM593LPHD9mVCrb/jZWVtfWNzZLW+b2zu7evnVw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nO/e4DEZJG/E5NY+KGaMRpQDFSWvKs48ogRGrsBynKPOc+rTlnWcWzynbdngEuE6cgZVCg5Vlfg2GEk5BwhRmSsu/YsXJTJBTFjGRmdZBIEiM8QSPS15SjkEg3ncXPYFUrQxhEQj+u4Ew1f22kKJRyGvp6Ms8qF71c/M/rJyq4dFPK40QRjueHgoRBFcG8CzikgmDFppogLKgOC/EYCYSVbszULTiLf14mnUbdOa83bhvl5lXRRwmcgFNQAw64AE1wA1qgDTB4BM/gFbwZT8aL8W58zEdXjGLnCPyB8fkDdxWUdw==</latexit>

a(2)1<latexit sha1_base64="szl8EgXVC0uDXyoC41HpCvjUlho=">AAAB/nicbVDLSsNAFJ34rPEVHzs3g22hbkoSF7osunFZwT6gjWEynbRDJ5MwMxFqKPgprgQFcet/uPJvnLRZaOuBgcM593LPnCBhVCrb/jZWVtfWNzZLW+b2zu7evnVw2JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7O/c4DEZLG/E5NEuJFaMhpSDFSWvKt40o/QmoUhBma+s59VnPPphXfKtt1ewa4TJyClEGBpm999QcxTiPCFWZIyp5jJ8rLkFAUMzI1q/1UkgThMRqSnqYcRUR62Sz+FFa1MoBhLPTjCs5U89dGhiIpJ1GgJ/OsctHLxf+8XqrCSy+jPEkV4Xh+KEwZVDHMu4ADKghWbKIJwoLqsBCPkEBY6cZM3YKz+Odl0nbrznndvXXLjauijxI4AaegBhxwARrgBjRBC2DwCJ7BK3gznowX4934mI+uGMXOEfgD4/MHeJ2UeA==</latexit>

a(3)1<latexit sha1_base64="Mw1OKE+gvnZpKCXsKUDlxAP79zw=">AAAB/nicbVDLSsNAFJ3UV62v+Ni5GWwLdVOSdqHLohuXFewD2hgm00k7dDIJMxOhhoCf4kpQELf+hyv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLa+sblV3C7t7O7tH5iHR10ZxgKTDg5ZKPoekoRRTjqKKkb6kSAo8BjpedPrzO89ECFpyO/ULCJOgMac+hQjpSXXPKkMA6Qmnp+g1LXvk1rzPK24ZtmqW3PAVWLnpAxytF3zazgKcRwQrjBDUg5sK1JOgoSimJG0VB3GkkQIT9GYDDTlKCDSSebxU1jVygj6odCPKzhXS782EhRIOQs8PZlllcteJv7nDWLlXzoJ5VGsCMeLQ37MoAph1gUcUUGwYjNNEBZUh4V4ggTCSjdW0i3Yy39eJd1G3W7WG7eNcusq76MITsEZqAEbXIAWuAFt0AEYPIJn8ArejCfjxXg3PhajBSPfOQZ/YHz+AHollHk=</latexit>

a(3)R
<latexit sha1_base64="Zbn7ZRuOEogAdMON+rk1xhJehBs=">AAAB/nicbVDLSsNAFJ34rPEVHzs3g22hbkrSLnRZdOOyin1AG8NkOmmHTiZhZiLUUPBTXAkK4tb/cOXfOGmz0NYDA4dz7uWeOX7MqFS2/W2srK6tb2wWtsztnd29fevgsC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3yV+Z0HIiSN+J2axMQN0ZDTgGKktORZx6V+iNTID1I09W7v00r9bFryrKJdtWeAy8TJSRHkaHrWV38Q4SQkXGGGpOw5dqzcFAlFMSNTs9xPJIkRHqMh6WnKUUikm87iT2FZKwMYREI/ruBMNX9tpCiUchL6ejLLKhe9TPzP6yUquHBTyuNEEY7nh4KEQRXBrAs4oIJgxSaaICyoDgvxCAmElW7M1C04i39eJu1a1alXaze1YuMy76MATsApqAAHnIMGuAZN0AIYPIJn8ArejCfjxXg3PuajK0a+cwT+wPj8Aa0xlJo=</latexit>

a(2)R
<latexit sha1_base64="Fyb8N1nD2XqIQdAcuU8Bn+Y448Y=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLdVOSuNBl0Y3LKvYBbQyT6aQdOnkwMxFqCPgprgQFcet/uPJvnLRZaOuBgcM593LPHC9mVEjT/NZKK6tr6xvlTX1re2d3z9g/6Igo4Zi0ccQi3vOQIIyGpC2pZKQXc4ICj5GuN7nK/e4D4YJG4Z2cxsQJ0CikPsVIKsk1jqqDAMmx56coc2/v07p9mlVdo2I2zBngMrEKUgEFWq7xNRhGOAlIKDFDQvQtM5ZOirikmJFMrw0SQWKEJ2hE+oqGKCDCSWfxM1hTyhD6EVcvlHCm6r82UhQIMQ08NZlnFYteLv7n9RPpXzgpDeNEkhDPD/kJgzKCeRdwSDnBkk0VQZhTFRbiMeIIS9WYrlqwFv+8TDp2wzpr2Dd2pXlZ9FEGx+AE1IEFzkETXIMWaAMMHsEzeAVv2pP2or1rH/PRklbsHII/0D5/AKuplJk=</latexit>

a(1)R
<latexit sha1_base64="wyRyduSO0D36WBRSdCEARCWnUsM=">AAAB/nicbVDLSsNAFJ3UV42v+Ni5GWwLdVOSutBl0Y3LKvYBbQyT6aQdOpmEmYlQQ8BPcSUoiFv/w5V/46TtQlsPDBzOuZd75vgxo1LZ9rdRWFldW98obppb2zu7e9b+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/vgq9zsPREga8Ts1iYkboiGnAcVIacmzjsr9EKmRH6Qo827v06pzmpU9q2TX7CngMnHmpATmaHrWV38Q4SQkXGGGpOw5dqzcFAlFMSOZWeknksQIj9GQ9DTlKCTSTafxM1jRygAGkdCPKzhVzV8bKQqlnIS+nsyzykUvF//zeokKLtyU8jhRhOPZoSBhUEUw7wIOqCBYsYkmCAuqw0I8QgJhpRszdQvO4p+XSbtec85q9Zt6qXE576MIjsEJqAIHnIMGuAZN0AIYPIJn8ArejCfjxXg3PmajBWO+cwj+wPj8AaohlJg=</latexit>

+ · · ·+
<latexit sha1_base64="Ot39UJf5g/GZjTWXIVSp7R9QFXo=">AAAB83icbVDLSgMxFL3js9ZX1aWbYFsQCmWmLnRZdOOygn3AdCiZNNOGZpIhyQhl6Ge4EhTErV/jyr8xbWehrQcCh3Pu4d6cMOFMG9f9djY2t7Z3dgt7xf2Dw6Pj0slpR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3M397hNVmknxaKYJDWI8EixiBBsr+ZUa6g+l0ahWGZTKbt1dAK0TLydlyNEalL5slKQxFYZwrLXvuYkJMqwMI5zOitV+qmmCyQSPqG+pwDHVQba4eYaqVhmiSCr7hEELtfgrkeFY62kc2skYm7Fe9ebif56fmugmyJhIUkMFWS6KUo6MRPMC0JApSgyfWoKJYvZYRMZYYWJsTUXbgrf653XSadS9q3rjoVFu3uZ9FOAcLuASPLiGJtxDC9pAQMIzvMKbkzovzrvzsRzdcPLMGfyB8/kDkqmQCQ==</latexit>

(a)
<latexit sha1_base64="qaHNw12dugkABqkRKbVFr5YgHiI=">AAAB7XicbVBNSwMxEJ31s65fVY9egm2hXspuPeix6MVjBbcttEvJptk2NJssSVYoS3+DJ0FBvPqDPPlvTD8O2vpg4PHeDDPzopQzbTzv29nY3Nre2S3sufsHh0fHxZPTlpaZIjQgkkvVibCmnAkaGGY47aSK4iTitB2N72Z++4kqzaR4NJOUhgkeChYzgo2VgnIVX5b7xZJX8+ZA68RfkhIs0ewXv3oDSbKECkM41rrre6kJc6wMI5xO3Uov0zTFZIyHtGupwAnVYT6/dooqVhmgWCpbwqC56v6ayHGi9SSJbGeCzUivejPxP6+bmfgmzJlIM0MFWSyKM46MRLPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qlZ/qJcat8s8CnAOF1AFH66hAffQhAAIMHiGV3hzpPPivDsfi9YNZzlzBn/gfP4Ap0yN0w==</latexit>

T
<latexit sha1_base64="7rdjCWlB7+UTJ6/P7+jaLWgZifo=">AAACG3icbVDLSsNAFJ3UV42vqEs3wbbgqiR1ocuiG5cV+oImlMn0ph06mYSZiVBCv8OVn+JKUBB34sK/cdJmoa0Hhjlzzr3MvSdIGJXKcb6N0sbm1vZOedfc2z84PLKOT7oyTgWBDolZLPoBlsAoh46iikE/EYCjgEEvmN7mfu8BhKQxb6tZAn6Ex5yGlGClpaHlVr0Iq0kQZh5wmQrIX5kXxGwkZ5G+soVPMMvacw2zOrQqTt1ZwF4nbkEqqEBraH16o5ikEXBFGJZy4DqJ8jMsFCUM5mbNSyUkmEzxGAaachyB9LPFbnO7ppWRHcZCH67shWr+6shwJPNJdWU+qFz1cvE/b5Cq8NrPKE9SBZwsPwpTZqvYzoOyR1QAUWymCSaC6mFtMsECE6XjNHUK7urO66TbqLuX9cZ9o9K8KfIoozN0ji6Qi65QE92hFuoggh7RM3pFb8aT8WK8Gx/L0pJR9JyiPzC+fgDVZqJ3</latexit> !

<latexit sha1_base64="RJBFR8ArKplSSV0mqgnGAvravLo=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF4+YyEcCG9ItXWjotmvblZANv8OTiSbGqz/Gk//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38799hNVmknxYKYx9SM8FCxkBBsr+eWeYsORwUrJSblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDorVHqJpjEmYzykXUsFjqj208XVM1SxygCFUtkSBi3Uwq+JFEdaT6PAdkbYjPSqNxf/87qJCa/9lIk4MVSQ5aIw4chINI8ADZiixPCpJZgoZo9FZIQVJsYGVbApeKs/r5NWrepdVmv3tVL9JssjD2dwDhfgwRXU4Q4a0AQCj/AMr/DmTJwX5935WLbmnGzmFP7A+fwB6oqSFg==</latexit>

(c)
<latexit sha1_base64="mVzDJlwJiDiyCl2gG5i+L9I8uyI=">AAAB7XicbVBNSwMxEJ31s65fVY9egm2hXspuPeix6MVjBbcttEvJptk2NJssSVYoS3+DJ0FBvPqDPPlvTD8O2vpg4PHeDDPzopQzbTzv29nY3Nre2S3sufsHh0fHxZPTlpaZIjQgkkvVibCmnAkaGGY47aSK4iTitB2N72Z++4kqzaR4NJOUhgkeChYzgo2VgnKVXJb7xZJX8+ZA68RfkhIs0ewXv3oDSbKECkM41rrre6kJc6wMI5xO3Uov0zTFZIyHtGupwAnVYT6/dooqVhmgWCpbwqC56v6ayHGi9SSJbGeCzUivejPxP6+bmfgmzJlIM0MFWSyKM46MRLPX0YApSgyfWIKJYvZYREZYYWJsQK5NwV/9eZ206jX/qlZ/qJcat8s8CnAOF1AFH66hAffQhAAIMHiGV3hzpPPivDsfi9YNZzlzBn/gfP4AqlqN1Q==</latexit>

G(1)
<latexit sha1_base64="5ZSDIiBh1qVO4Ef5Cv6BQwCOQ+s=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZSkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQvwUV4KCuPVHXPk3TtostPXAwOGce7lnjhcxKpVtfxuFtfWNza3itrmzu7d/YB2WOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pleZ330gQtKQ36lZRNwAjTn1KUZKS0OrVBkESE08P7lO75Oac5pWhlbZrttzwFXi5KQMcrSG1tdgFOI4IFxhhqTsO3ak3AQJRTEjqVkdxJJECE/RmPQ15Sgg0k3m4VNY1coI+qHQjys4V81fGwkKpJwFnp7MksplLxP/8/qx8i/chPIoVoTjxSE/ZlCFMGsCjqggWLGZJggLqsNCPEECYaX7MnULzvKfV0mnUXfO6o3bRrl5mfdRBMfgBNSAA85BE9yAFmgDDB7BM3gFb8aT8WK8Gx+L0YKR7xyBPzA+fwAcsZO5</latexit> G(2)

<latexit sha1_base64="mkOfZbjaxlk/iJL6WOwXtXZ1zuM=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZQkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQv0UV4KCuPVHXPk3TtostPXAwOGce7lnjh8zKpVtfxuFtfWNza3itrmzu7d/YB2W2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxJ1eZ33kgQtKI36lpTLwQjTgNKEZKSwOrVOmHSI39IL2e3ac193RWGVhlu27PAVeJk5MyyNEcWF/9YYSTkHCFGZKy59ix8lIkFMWMzMxqP5EkRniCRqSnKUchkV46Dz+DVa0MYRAJ/biCc9X8tZGiUMpp6OvJLKlc9jLxP6+XqODCSymPE0U4XhwKEgZVBLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz/eZW03bpzVndv3XLjMu+jCI7BCagBB5yDBrgBTdACGDyCZ/AK3own48V4Nz4WowUj3zkCf2B8/gAeOZO6</latexit>

G(N)
<latexit sha1_base64="g8BujyR32sDv21WVjZshT6Rg7Os=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFuom5LUhS6LLnQlFewD2lgm00k7dDIJMxOxhPgprgQFceuPuPJvnLRZaOuBgcM593LPHC9iVCrb/jZWVtfWNzYLW+b2zu7evnVQbMswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1xmfueBCElDfqemEXEDNOLUpxgpLQ2sYrkfIDX2/OQqvU+qNydpeWCV7Jo9A1wmTk5KIEdzYH31hyGOA8IVZkjKnmNHyk2QUBQzkpqVfixJhPAEjUhPU44CIt1kFj6FFa0MoR8K/biCM9X8tZGgQMpp4OnJLKlc9DLxP68XK//cTSiPYkU4nh/yYwZVCLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz+eZm06zXntFa/rZcaF3kfBXAEjkEVOOAMNMA1aIIWwOARPINX8GY8GS/Gu/ExH10x8p1D8AfG5w9JGZPW</latexit>

IN
<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

I1
<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

I2
<latexit sha1_base64="FJDr1q3Gk34ddALnzdRGceyutAY=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WveitgmkLbSib7aZdutmE3Y1QQn+DJ0FBvPqDPPlv3LY5aOuDgcd7M8zMC1POlHacb6u0sbm1vVPetff2Dw6PKscnbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hbud56oVCwRj3qa0iDGI8EiRrA2kl+7H3i1QaXqNJwF0DpxC1KFAq1B5as/TEgWU6EJx0r1XCfVQY6lZoTTmV3vZ4qmmEzwiPYMFTimKsgX185Q3ShDFCXSlNBoodq/JnIcKzWNQ9MZYz1Wq95c/M/rZTq6DnIm0kxTQZaLoowjnaD562jIJCWaTw3BRDJzLCJjLDHRJiDbpOCu/rxO2l7DvWx4D161eVPkUYYzOIcLcOEKmnAHLfCBAINneIU3K7FerHfrY9lasoqZU/gD6/MH5HyN+w==</latexit>

R1
<latexit sha1_base64="D2o3ltTdggZMzbo7f1gOCkIRyKk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF49oXCCBDemWLjR0203bNSEbfoMnE02MV3+QJ/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4NNOEBjEeCRYxgo2V/OrDwKsOyhW37i6A1omXkwrkaA3KX/2hJGlMhSEca93z3MQEGVaGEU5npVo/1TTBZIJHtGepwDHVQba4doZqVhmiSCpbwqCFWvo1keFY62kc2s4Ym7Fe9ebif14vNdF1kDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgEo2BW/153XSbtS9y3rjvlFp3uR5FOEMzuECPLiCJtxBC3wgwOAZXuHNkc6L8+58LFsLTj5zCn/gfP4A8L6OAw==</latexit>

R2
<latexit sha1_base64="OMwLSLfUbEx+Kp/RrRZhzhfiLcc=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WvXisYtpCG8pmu2mXbjZhdyOU0N/gSVAQr/4gT/4bt20O2vpg4PHeDDPzwpQzpR3n2yptbG5t75R37b39g8OjyvFJWyWZJNQnCU9kN8SKciaor5nmtJtKiuOQ0044uZ37nScqFUvEo56mNIjxSLCIEayN5NceBl5tUKk6DWcBtE7cglShQGtQ+eoPE5LFVGjCsVI910l1kGOpGeF0Ztf7maIpJhM8oj1DBY6pCvLFtTNUN8oQRYk0JTRaqPaviRzHSk3j0HTGWI/VqjcX//N6mY6ug5yJNNNUkOWiKONIJ2j+OhoySYnmU0Mwkcwci8gYS0y0Ccg2KbirP6+TttdwLxvevVdt3hR5lOEMzuECXLiCJtxBC3wgwOAZXuHNSqwX6936WLaWrGLmFP7A+vwB8kSOBA==</latexit>

RN�1
<latexit sha1_base64="cDxFqcZBfEyJWUUrwp7KTEtNv88=">AAAB8XicbVBNSwMxEJ31s9avqkcvwbbgxbJbD3osevEkVeyHtEvJptk2NMkuSVYoS3+FJ0FBvPpzPPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRtdTv/VElWaRfDDjmPoCDyQLGcHGSo+l+156e+ZNSr1C0a24M6Bl4mWkCBnqvcJXtx+RRFBpCMdadzw3Nn6KlWGE00m+3E00jTEZ4QHtWCqxoNpPZxdPUNkqfRRGypY0aKbmf02kWGg9FoHtFNgM9aI3Ff/zOokJL/2UyTgxVJL5ojDhyERo+j7qM0WJ4WNLMFHMHovIECtMjA0pb1PwFn9eJs1qxTuvVO+qxdpVlkcOjuEETsGDC6jBDdShAQQEPMMrvDnaeXHenY9564qTzRzBHzifP8CSj54=</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>I1

<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

IN
<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

T
<latexit sha1_base64="7rdjCWlB7+UTJ6/P7+jaLWgZifo=">AAACG3icbVDLSsNAFJ3UV42vqEs3wbbgqiR1ocuiG5cV+oImlMn0ph06mYSZiVBCv8OVn+JKUBB34sK/cdJmoa0Hhjlzzr3MvSdIGJXKcb6N0sbm1vZOedfc2z84PLKOT7oyTgWBDolZLPoBlsAoh46iikE/EYCjgEEvmN7mfu8BhKQxb6tZAn6Ex5yGlGClpaHlVr0Iq0kQZh5wmQrIX5kXxGwkZ5G+soVPMMvacw2zOrQqTt1ZwF4nbkEqqEBraH16o5ikEXBFGJZy4DqJ8jMsFCUM5mbNSyUkmEzxGAaachyB9LPFbnO7ppWRHcZCH67shWr+6shwJPNJdWU+qFz1cvE/b5Cq8NrPKE9SBZwsPwpTZqvYzoOyR1QAUWymCSaC6mFtMsECE6XjNHUK7urO66TbqLuX9cZ9o9K8KfIoozN0ji6Qi65QE92hFuoggh7RM3pFb8aT8WK8Gx/L0pJR9JyiPzC+fgDVZqJ3</latexit>

!
<latexit sha1_base64="RJBFR8ArKplSSV0mqgnGAvravLo=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF4+YyEcCG9ItXWjotmvblZANv8OTiSbGqz/Gk//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38799hNVmknxYKYx9SM8FCxkBBsr+eWeYsORwUrJSblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDorVHqJpjEmYzykXUsFjqj208XVM1SxygCFUtkSBi3Uwq+JFEdaT6PAdkbYjPSqNxf/87qJCa/9lIk4MVSQ5aIw4chINI8ADZiixPCpJZgoZo9FZIQVJsYGVbApeKs/r5NWrepdVmv3tVL9JssjD2dwDhfgwRXU4Q4a0AQCj/AMr/DmTJwX5935WLbmnGzmFP7A+fwB6oqSFg==</latexit> G(1)

<latexit sha1_base64="5ZSDIiBh1qVO4Ef5Cv6BQwCOQ+s=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZSkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQvwUV4KCuPVHXPk3TtostPXAwOGce7lnjhcxKpVtfxuFtfWNza3itrmzu7d/YB2WOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pleZ330gQtKQ36lZRNwAjTn1KUZKS0OrVBkESE08P7lO75Oac5pWhlbZrttzwFXi5KQMcrSG1tdgFOI4IFxhhqTsO3ak3AQJRTEjqVkdxJJECE/RmPQ15Sgg0k3m4VNY1coI+qHQjys4V81fGwkKpJwFnp7MksplLxP/8/qx8i/chPIoVoTjxSE/ZlCFMGsCjqggWLGZJggLqsNCPEECYaX7MnULzvKfV0mnUXfO6o3bRrl5mfdRBMfgBNSAA85BE9yAFmgDDB7BM3gFb8aT8WK8Gx+L0YKR7xyBPzA+fwAcsZO5</latexit>

G(2)
<latexit sha1_base64="mkOfZbjaxlk/iJL6WOwXtXZ1zuM=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZQkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQv0UV4KCuPVHXPk3TtostPXAwOGce7lnjh8zKpVtfxuFtfWNza3itrmzu7d/YB2W2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxJ1eZ33kgQtKI36lpTLwQjTgNKEZKSwOrVOmHSI39IL2e3ac193RWGVhlu27PAVeJk5MyyNEcWF/9YYSTkHCFGZKy59ix8lIkFMWMzMxqP5EkRniCRqSnKUchkV46Dz+DVa0MYRAJ/biCc9X8tZGiUMpp6OvJLKlc9jLxP6+XqODCSymPE0U4XhwKEgZVBLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz/eZW03bpzVndv3XLjMu+jCI7BCagBB5yDBrgBTdACGDyCZ/AK3own48V4Nz4WowUj3zkCf2B8/gAeOZO6</latexit>

G(N)
<latexit sha1_base64="g8BujyR32sDv21WVjZshT6Rg7Os=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFuom5LUhS6LLnQlFewD2lgm00k7dDIJMxOxhPgprgQFceuPuPJvnLRZaOuBgcM593LPHC9iVCrb/jZWVtfWNzYLW+b2zu7evnVQbMswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1xmfueBCElDfqemEXEDNOLUpxgpLQ2sYrkfIDX2/OQqvU+qNydpeWCV7Jo9A1wmTk5KIEdzYH31hyGOA8IVZkjKnmNHyk2QUBQzkpqVfixJhPAEjUhPU44CIt1kFj6FFa0MoR8K/biCM9X8tZGgQMpp4OnJLKlc9DLxP68XK//cTSiPYkU4nh/yYwZVCLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz+eZm06zXntFa/rZcaF3kfBXAEjkEVOOAMNMA1aIIWwOARPINX8GY8GS/Gu/ExH10x8p1D8AfG5w9JGZPW</latexit>

IN
<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

I1
<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

I2
<latexit sha1_base64="FJDr1q3Gk34ddALnzdRGceyutAY=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WveitgmkLbSib7aZdutmE3Y1QQn+DJ0FBvPqDPPlv3LY5aOuDgcd7M8zMC1POlHacb6u0sbm1vVPetff2Dw6PKscnbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hbud56oVCwRj3qa0iDGI8EiRrA2kl+7H3i1QaXqNJwF0DpxC1KFAq1B5as/TEgWU6EJx0r1XCfVQY6lZoTTmV3vZ4qmmEzwiPYMFTimKsgX185Q3ShDFCXSlNBoodq/JnIcKzWNQ9MZYz1Wq95c/M/rZTq6DnIm0kxTQZaLoowjnaD562jIJCWaTw3BRDJzLCJjLDHRJiDbpOCu/rxO2l7DvWx4D161eVPkUYYzOIcLcOEKmnAHLfCBAINneIU3K7FerHfrY9lasoqZU/gD6/MH5HyN+w==</latexit>

R1
<latexit sha1_base64="D2o3ltTdggZMzbo7f1gOCkIRyKk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF49oXCCBDemWLjR0203bNSEbfoMnE02MV3+QJ/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4NNOEBjEeCRYxgo2V/OrDwKsOyhW37i6A1omXkwrkaA3KX/2hJGlMhSEca93z3MQEGVaGEU5npVo/1TTBZIJHtGepwDHVQba4doZqVhmiSCpbwqCFWvo1keFY62kc2s4Ym7Fe9ebif14vNdF1kDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgEo2BW/153XSbtS9y3rjvlFp3uR5FOEMzuECPLiCJtxBC3wgwOAZXuHNkc6L8+58LFsLTj5zCn/gfP4A8L6OAw==</latexit>

R2
<latexit sha1_base64="OMwLSLfUbEx+Kp/RrRZhzhfiLcc=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WvXisYtpCG8pmu2mXbjZhdyOU0N/gSVAQr/4gT/4bt20O2vpg4PHeDDPzwpQzpR3n2yptbG5t75R37b39g8OjyvFJWyWZJNQnCU9kN8SKciaor5nmtJtKiuOQ0044uZ37nScqFUvEo56mNIjxSLCIEayN5NceBl5tUKk6DWcBtE7cglShQGtQ+eoPE5LFVGjCsVI910l1kGOpGeF0Ztf7maIpJhM8oj1DBY6pCvLFtTNUN8oQRYk0JTRaqPaviRzHSk3j0HTGWI/VqjcX//N6mY6ug5yJNNNUkOWiKONIJ2j+OhoySYnmU0Mwkcwci8gYS0y0Ccg2KbirP6+TttdwLxvevVdt3hR5lOEMzuECXLiCJtxBC3wgwOAZXuHNSqwX6936WLaWrGLmFP7A+vwB8kSOBA==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>I1

<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

IN
<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

(d)
<latexit sha1_base64="Vrnczy2vdD4+Pq7AQh6zvuo2EtA=">AAAB7XicbVBNS8NAEJ34WeNX1aOXxbZQLyWpBz0WvXisYNpCG8pms2mXbjZhdyOU0N/gSVAQr/4gT/4bt20O2vpg4PHeDDPzgpQzpR3n29rY3Nre2S3t2fsHh0fH5ZPTjkoySahHEp7IXoAV5UxQTzPNaS+VFMcBp91gcjf3u09UKpaIRz1NqR/jkWARI1gbyavWw8vqsFxxGs4CaJ24BalAgfaw/DUIE5LFVGjCsVJ910m1n2OpGeF0ZtcGmaIpJhM8on1DBY6p8vPFtTNUM0qIokSaEhotVPvXRI5jpaZxYDpjrMdq1ZuL/3n9TEc3fs5EmmkqyHJRlHGkEzR/HYVMUqL51BBMJDPHIjLGEhNtArJNCu7qz+uk02y4V43mQ7PSui3yKME5XEAdXLiGFtxDGzwgwOAZXuHNSqwX6936WLZuWMXMGfyB9fkDq+GN1g==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

G(n)
<latexit sha1_base64="IgvnXFGOes7NXRGr8Mal3ZYh47o=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZSkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQvwUV4KCuPVHXPk3TtostPXAwOGce7lnjhcxKpVtfxuFtfWNza3itrmzu7d/YB2WOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pleZ330gQtKQ36lZRNwAjTn1KUZKS0OrVBkESE08P7lO75MaP00rQ6ts1+054CpxclIGOVpD62swCnEcEK4wQ1L2HTtSboKEopiR1KwOYkkihKdoTPqachQQ6Sbz8CmsamUE/VDoxxWcq+avjQQFUs4CT09mSeWyl4n/ef1Y+RduQnkUK8Lx4pAfM6hCmDUBR1QQrNhME4QF1WEhniCBsNJ9mboFZ/nPq6TTqDtn9cZto9y8zPsogmNwAmrAAeegCW5AC7QBBo/gGbyCN+PJeDHejY/FaMHId47AHxifP3oZk/Y=</latexit>

Rn
<latexit sha1_base64="/5EklVBZG/J7puWzNw0GTbgt5Ac=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF49oXCCBDemWLjR0203bNSEbfoMnE02MV3+QJ/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4NNOEBjEeCRYxgo2V/OrDQFQH5YpbdxdA68TLSQVytAblr/5QkjSmwhCOte55bmKCDCvDCKezUq2fappgMsEj2rNU4JjqIFtcO0M1qwxRJJUtYdBCLf2ayHCs9TQObWeMzVivenPxP6+Xmug6yJhIUkMFWS6KUo6MRPPX0ZApSgyfWoKJYvZYRMZYYWJsQCWbgrf68zppN+reZb1x36g0b/I8inAG53ABHlxBE+6gBT4QYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8ATbuOQA==</latexit>

Rn+1
<latexit sha1_base64="NguG1zfbi8T5Ri3wxK1od5IZG94=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbYFQSi79aDHohePVeyHtEvJptk2NMkuSVYoS3+FJ0FBvPpzPPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45uZ336iSrNIPphJTH2Bh5KFjGBjpcfyfT+V59603C+W3Ko7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRYqvUTTGJMxHtKupRILqv10fvEUVawyQGGkbEmD5mrh10SKhdYTEdhOgc1IL3sz8T+vm5jwyk+ZjBNDJVksChOOTIRm76MBU5QYPrEEE8XssYiMsMLE2JAKNgVv+edV0qpVvYtq7a5Wql9neeThBE7hDDy4hDrcQgOaQEDAM7zCm6OdF+fd+Vi05pxs5hj+wPn8Ae6ij7w=</latexit>

RN
<latexit sha1_base64="O71x8arkiErtxe4bzTkU4aZkeW8=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvXiSKm5baJeSTbNtaDZZkqxQSn+DJ0FBvPqDPPlvTNs9aOuDgcd7M8zMi1LOtPG8b2dtfWNza7uw4+7u7R8cFo+Om1pmitCASC5VO8KaciZoYJjhtJ0qipOI01Y0upn5rSeqNJPi0YxTGiZ4IFjMCDZWCsoPvbtyr1jyqt4caJX4OSlBjkav+NXtS5IlVBjCsdYd30tNOMHKMMLp1K10M01TTEZ4QDuWCpxQHU7m105RxSp9FEtlSxg0V91fExOcaD1OItuZYDPUy95M/M/rZCa+CidMpJmhgiwWxRlHRqLZ66jPFCWGjy3BRDF7LCJDrDAxNiDXpuAv/7xKmrWqf1Gt3ddK9es8jwKcwhmcgw+XUIdbaEAABBg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/HPuOIA==</latexit>

In
<latexit sha1_base64="kBf6y4hA/0pm88U+B66zn5JL4VQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB6I6KFfcursAWideTiqQozUof/WHkqQxFYZwrHXPcxMTZFgZRjidlWr9VNMEkwke0Z6lAsdUB9ni2hmqWWWIIqlsCYMWaunXRIZjradxaDtjbMZ61ZuL/3m91ETXQcZEkhoqyHJRlHJkJJq/joZMUWL41BJMFLPHIjLGChNjAyrZFLzVn9dJu1H3LuuNh0aleZPnUYQzOIcL8OAKmnAHLfCBAINneIU3RzovzrvzsWwtOPnMKfyB8/kDP/OONw==</latexit>

R3
<latexit sha1_base64="2PzkLg8/CID9SEEdAyB8aSELLKc=">AAAB7XicbVBNTwIxEJ31E/EL9eilEUg8kV046JHoxSMaF0hgQ7qlCw3ddtN2TciG3+DJRBPj1R/kyX9jgT0o+JJJXt6bycy8MOFMG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mmlCgxiPBIsYwcZKfuVh0KgMSmW35i6A1omXkzLkaA1KX/2hJGlMhSEca93z3MQEGVaGEU5nxWo/1TTBZIJHtGepwDHVQba4doaqVhmiSCpbwqCFWvw1keFY62kc2s4Ym7Fe9ebif14vNdF1kDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgIo2BW/153XSrte8Rq1+Xy83b/I8CnAOF3AJHlxBE+6gBT4QYPAMr/DmSOfFeXc+lq0bTj5zBn/gfP4A88qOBQ==</latexit>

• Tucker decomposition [Tucker, 1966]

• Tensor ring decomposition [Zhao et al, 2016]

• Tensor train decomposition [Oseledets, 2011]
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• Using CP decomposition, the 2nd convolutional layer of AlexNet was compressed, with 4x 
speed-up and ~1% Top5 error increase on ImageNet [Lebedev et al, 2015]. 

• With Tucker decomposition, various deep neural networks (AlexNet, VGG, GoogleNet) were 
compressed and decent reductions in model size, runtime and power, with small loss of 
accuracy were achieved [Kim et al, 2016].

• Tensor train decomposition were applied to compress both convolutional layers and fully 
connected layers in deep neural networks [Novikov et al, 2015][Garipov et al, 2016].

• ResNet-32 and Wide-ResNet-28 were compressed using tensor ring decomposition, and the 
results showed advantages over other forms of decomposition [Wang et al, 2018].

• A tensor decomposition class specific to convolutional neural networks was characterized 
and analyzed [Hayashi et al, 2019].

• An enhanced Tucker decomposition method which can adaptively adjust dimensions was 
proposed to compress modern deep learning models [Zhong et al, 2019].
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T i1,i2,...,iN ⇡
R1X

r1=1

R2X

r2=1

. . .
RNX

rN=1

G1
r1,i1,r2G

2
r2,i2,r3 . . . GN

rN ,iN ,rN+1

= Tr{G(1)[i1] ·G(2)[i2] · . . . ·G(N)[iN ]}

<latexit sha1_base64="LkgWEkragILYVI2vV/I4fnU7M9I="></latexit>

T 2 RI1⇥I2⇥···⇥IN

<latexit sha1_base64="ynud/23HuxYBexbbjzyLGdX73tw="></latexit>

where {Gn}Nn=1 is a collection of cores with Gn 2 RRn⇥In⇥Rn+1 . Note the
last tensor core is of size RN ⇥IN ⇥R1, i.e., RN+1 = R1, which relaxes the rank
constraint of RN+1 = R1 = 1 in tensor train decomposition. Tr denotes trace
operation.

<latexit sha1_base64="CTJ//Gx79i/i/2emYHF2gibC528="></latexit>

T
<latexit sha1_base64="7rdjCWlB7+UTJ6/P7+jaLWgZifo=">AAACG3icbVDLSsNAFJ3UV42vqEs3wbbgqiR1ocuiG5cV+oImlMn0ph06mYSZiVBCv8OVn+JKUBB34sK/cdJmoa0Hhjlzzr3MvSdIGJXKcb6N0sbm1vZOedfc2z84PLKOT7oyTgWBDolZLPoBlsAoh46iikE/EYCjgEEvmN7mfu8BhKQxb6tZAn6Ex5yGlGClpaHlVr0Iq0kQZh5wmQrIX5kXxGwkZ5G+soVPMMvacw2zOrQqTt1ZwF4nbkEqqEBraH16o5ikEXBFGJZy4DqJ8jMsFCUM5mbNSyUkmEzxGAaachyB9LPFbnO7ppWRHcZCH67shWr+6shwJPNJdWU+qFz1cvE/b5Cq8NrPKE9SBZwsPwpTZqvYzoOyR1QAUWymCSaC6mFtMsECE6XjNHUK7urO66TbqLuX9cZ9o9K8KfIoozN0ji6Qi65QE92hFuoggh7RM3pFb8aT8WK8Gx/L0pJR9JyiPzC+fgDVZqJ3</latexit>

!
<latexit sha1_base64="RJBFR8ArKplSSV0mqgnGAvravLo=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF4+YyEcCG9ItXWjotmvblZANv8OTiSbGqz/Gk//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38799hNVmknxYKYx9SM8FCxkBBsr+eWeYsORwUrJSblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDorVHqJpjEmYzykXUsFjqj208XVM1SxygCFUtkSBi3Uwq+JFEdaT6PAdkbYjPSqNxf/87qJCa/9lIk4MVSQ5aIw4chINI8ADZiixPCpJZgoZo9FZIQVJsYGVbApeKs/r5NWrepdVmv3tVL9JssjD2dwDhfgwRXU4Q4a0AQCj/AMr/DmTJwX5935WLbmnGzmFP7A+fwB6oqSFg==</latexit> G(1)

<latexit sha1_base64="5ZSDIiBh1qVO4Ef5Cv6BQwCOQ+s=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZSkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQvwUV4KCuPVHXPk3TtostPXAwOGce7lnjhcxKpVtfxuFtfWNza3itrmzu7d/YB2WOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pleZ330gQtKQ36lZRNwAjTn1KUZKS0OrVBkESE08P7lO75Oac5pWhlbZrttzwFXi5KQMcrSG1tdgFOI4IFxhhqTsO3ak3AQJRTEjqVkdxJJECE/RmPQ15Sgg0k3m4VNY1coI+qHQjys4V81fGwkKpJwFnp7MksplLxP/8/qx8i/chPIoVoTjxSE/ZlCFMGsCjqggWLGZJggLqsNCPEECYaX7MnULzvKfV0mnUXfO6o3bRrl5mfdRBMfgBNSAA85BE9yAFmgDDB7BM3gFb8aT8WK8Gx+L0YKR7xyBPzA+fwAcsZO5</latexit>

G(2)
<latexit sha1_base64="mkOfZbjaxlk/iJL6WOwXtXZ1zuM=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZQkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQv0UV4KCuPVHXPk3TtostPXAwOGce7lnjh8zKpVtfxuFtfWNza3itrmzu7d/YB2W2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxJ1eZ33kgQtKI36lpTLwQjTgNKEZKSwOrVOmHSI39IL2e3ac193RWGVhlu27PAVeJk5MyyNEcWF/9YYSTkHCFGZKy59ix8lIkFMWMzMxqP5EkRniCRqSnKUchkV46Dz+DVa0MYRAJ/biCc9X8tZGiUMpp6OvJLKlc9jLxP6+XqODCSymPE0U4XhwKEgZVBLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz/eZW03bpzVndv3XLjMu+jCI7BCagBB5yDBrgBTdACGDyCZ/AK3own48V4Nz4WowUj3zkCf2B8/gAeOZO6</latexit>

G(N)
<latexit sha1_base64="g8BujyR32sDv21WVjZshT6Rg7Os=">AAAB/HicbVDLSsNAFJ34rPEV69LNYFuom5LUhS6LLnQlFewD2lgm00k7dDIJMxOxhPgprgQFceuPuPJvnLRZaOuBgcM593LPHC9iVCrb/jZWVtfWNzYLW+b2zu7evnVQbMswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHm1xmfueBCElDfqemEXEDNOLUpxgpLQ2sYrkfIDX2/OQqvU+qNydpeWCV7Jo9A1wmTk5KIEdzYH31hyGOA8IVZkjKnmNHyk2QUBQzkpqVfixJhPAEjUhPU44CIt1kFj6FFa0MoR8K/biCM9X8tZGgQMpp4OnJLKlc9DLxP68XK//cTSiPYkU4nh/yYwZVCLMm4JAKghWbaoKwoDosxGMkEFa6L1O34Cz+eZm06zXntFa/rZcaF3kfBXAEjkEVOOAMNMA1aIIWwOARPINX8GY8GS/Gu/ExH10x8p1D8AfG5w9JGZPW</latexit>

IN<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

I1
<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

I2
<latexit sha1_base64="FJDr1q3Gk34ddALnzdRGceyutAY=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WveitgmkLbSib7aZdutmE3Y1QQn+DJ0FBvPqDPPlv3LY5aOuDgcd7M8zMC1POlHacb6u0sbm1vVPetff2Dw6PKscnbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hbud56oVCwRj3qa0iDGI8EiRrA2kl+7H3i1QaXqNJwF0DpxC1KFAq1B5as/TEgWU6EJx0r1XCfVQY6lZoTTmV3vZ4qmmEzwiPYMFTimKsgX185Q3ShDFCXSlNBoodq/JnIcKzWNQ9MZYz1Wq95c/M/rZTq6DnIm0kxTQZaLoowjnaD562jIJCWaTw3BRDJzLCJjLDHRJiDbpOCu/rxO2l7DvWx4D161eVPkUYYzOIcLcOEKmnAHLfCBAINneIU3K7FerHfrY9lasoqZU/gD6/MH5HyN+w==</latexit>

R1<latexit sha1_base64="D2o3ltTdggZMzbo7f1gOCkIRyKk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF49oXCCBDemWLjR0203bNSEbfoMnE02MV3+QJ/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4NNOEBjEeCRYxgo2V/OrDwKsOyhW37i6A1omXkwrkaA3KX/2hJGlMhSEca93z3MQEGVaGEU5npVo/1TTBZIJHtGepwDHVQba4doZqVhmiSCpbwqCFWvo1keFY62kc2s4Ym7Fe9ebif14vNdF1kDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgEo2BW/153XSbtS9y3rjvlFp3uR5FOEMzuECPLiCJtxBC3wgwOAZXuHNkc6L8+58LFsLTj5zCn/gfP4A8L6OAw==</latexit>

R2
<latexit sha1_base64="OMwLSLfUbEx+Kp/RrRZhzhfiLcc=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LLYFTyWJBz0WvXisYtpCG8pmu2mXbjZhdyOU0N/gSVAQr/4gT/4bt20O2vpg4PHeDDPzwpQzpR3n2yptbG5t75R37b39g8OjyvFJWyWZJNQnCU9kN8SKciaor5nmtJtKiuOQ0044uZ37nScqFUvEo56mNIjxSLCIEayN5NceBl5tUKk6DWcBtE7cglShQGtQ+eoPE5LFVGjCsVI910l1kGOpGeF0Ztf7maIpJhM8oj1DBY6pCvLFtTNUN8oQRYk0JTRaqPaviRzHSk3j0HTGWI/VqjcX//N6mY6ug5yJNNNUkOWiKONIJ2j+OhoySYnmU0Mwkcwci8gYS0y0Ccg2KbirP6+TttdwLxvevVdt3hR5lOEMzuECXLiCJtxBC3wgwOAZXuHNSqwX6936WLaWrGLmFP7A+vwB8kSOBA==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>I1

<latexit sha1_base64="bv5dzhfksVO0A7l69glLJDEago0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB151UK64dXcBtE68nFQgR2tQ/uoPJUljKgzhWOue5yYmyLAyjHA6K9X6qaYJJhM8oj1LBY6pDrLFtTNUs8oQRVLZEgYt1NKviQzHWk/j0HbG2Iz1qjcX//N6qYmug4yJJDVUkOWiKOXISDR/HQ2ZosTwqSWYKGaPRWSMFSbGBlSyKXirP6+TdqPuXdYbD41K8ybPowhncA4X4MEVNOEOWuADAQbP8ApvjnRenHfnY9lacPKZU/gD5/MH4vaN+g==</latexit>

IN
<latexit sha1_base64="UW1zlDITgMK4vIW8LLECjfjHJqo=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvehFKrhtoV1KNs22odlkSbJCKf0NngQF8eoP8uS/MW33oK0PBh7vzTAzL0o508bzvp219Y3Nre3Cjru7t39wWDw6bmqZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Gbmt56o0kyKRzNOaZjggWAxI9hYKSjf9e7LvWLJq3pzoFXi56QEORq94le3L0mWUGEIx1p3fC814QQrwwinU7fSzTRNMRnhAe1YKnBCdTiZXztFFav0USyVLWHQXHV/TUxwovU4iWxngs1QL3sz8T+vk5n4KpwwkWaGCrJYFGccGYlmr6M+U5QYPrYEE8XssYgMscLE2IBcm4K//PMqadaq/kW19lAr1a/zPApwCmdwDj5cQh1uoQEBEGDwDK/w5kjnxXl3Phata04+cwJ/4Hz+AA8zjhc=</latexit>

(d)
<latexit sha1_base64="Vrnczy2vdD4+Pq7AQh6zvuo2EtA=">AAAB7XicbVBNS8NAEJ34WeNX1aOXxbZQLyWpBz0WvXisYNpCG8pms2mXbjZhdyOU0N/gSVAQr/4gT/4bt20O2vpg4PHeDDPzgpQzpR3n29rY3Nre2S3t2fsHh0fH5ZPTjkoySahHEp7IXoAV5UxQTzPNaS+VFMcBp91gcjf3u09UKpaIRz1NqR/jkWARI1gbyavWw8vqsFxxGs4CaJ24BalAgfaw/DUIE5LFVGjCsVJ910m1n2OpGeF0ZtcGmaIpJhM8on1DBY6p8vPFtTNUM0qIokSaEhotVPvXRI5jpaZxYDpjrMdq1ZuL/3n9TEc3fs5EmmkqyHJRlHGkEzR/HYVMUqL51BBMJDPHIjLGEhNtArJNCu7qz+uk02y4V43mQ7PSui3yKME5XEAdXLiGFtxDGzwgwOAZXuHNSqwX6936WLZuWMXMGfyB9fkDq+GN1g==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

. . .
<latexit sha1_base64="lUYiLJur+Xp2ARqesbLwdWrD3gw=">AAAB73icbVDLSsNAFL2prxpfVZdugm3BVUnqQpdFNy4r2Ae0oUymk3boZBJnboQS+hGuBAVx6/e48m+ctllo64GBwzn3MPeeIBFco+t+W4WNza3tneKuvbd/cHhUOj5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmt3O/88SU5rF8wGnC/IiMJA85JWikTqU/jFFXBqWyW3MXcNaJl5My5GgOSl8mSNOISaSCaN3z3AT9jCjkVLCZXe2nmiWETsiI9QyVJGLazxb7zpyqUYZOGCvzJDoL1f6VyEik9TQKzGREcKxXvbn4n9dLMbz2My6TFJmky4/CVDgYO/PjnSFXjKKYGkKo4mZZh46JIhRNRbZpwVu9eZ206zXvsla/r5cbN3kfRTiDc7gAD66gAXfQhBZQmMAzvMKb9Wi9WO/Wx3K0YOWZU/gD6/MHEzKPSw==</latexit>

G(n)
<latexit sha1_base64="IgvnXFGOes7NXRGr8Mal3ZYh47o=">AAAB/HicbVDLSsNAFJ3UV42vWJduBttC3ZSkLnRZdKHLCvYBbSyT6aQdOpmEmYlYQvwUV4KCuPVHXPk3TtostPXAwOGce7lnjhcxKpVtfxuFtfWNza3itrmzu7d/YB2WOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pleZ330gQtKQ36lZRNwAjTn1KUZKS0OrVBkESE08P7lO75MaP00rQ6ts1+054CpxclIGOVpD62swCnEcEK4wQ1L2HTtSboKEopiR1KwOYkkihKdoTPqachQQ6Sbz8CmsamUE/VDoxxWcq+avjQQFUs4CT09mSeWyl4n/ef1Y+RduQnkUK8Lx4pAfM6hCmDUBR1QQrNhME4QF1WEhniCBsNJ9mboFZ/nPq6TTqDtn9cZto9y8zPsogmNwAmrAAeegCW5AC7QBBo/gGbyCN+PJeDHejY/FaMHId47AHxifP3oZk/Y=</latexit>

Rn<latexit sha1_base64="/5EklVBZG/J7puWzNw0GTbgt5Ac=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF49oXCCBDemWLjR0203bNSEbfoMnE02MV3+QJ/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4NNOEBjEeCRYxgo2V/OrDQFQH5YpbdxdA68TLSQVytAblr/5QkjSmwhCOte55bmKCDCvDCKezUq2fappgMsEj2rNU4JjqIFtcO0M1qwxRJJUtYdBCLf2ayHCs9TQObWeMzVivenPxP6+Xmug6yJhIUkMFWS6KUo6MRPPX0ZApSgyfWoKJYvZYRMZYYWJsQCWbgrf68zppN+reZb1x36g0b/I8inAG53ABHlxBE+6gBT4QYPAMr/DmSOfFeXc+lq0FJ585hT9wPn8ATbuOQA==</latexit>

Rn+1
<latexit sha1_base64="NguG1zfbi8T5Ri3wxK1od5IZG94=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbYFQSi79aDHohePVeyHtEvJptk2NMkuSVYoS3+FJ0FBvPpzPPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45uZ336iSrNIPphJTH2Bh5KFjGBjpcfyfT+V59603C+W3Ko7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRYqvUTTGJMxHtKupRILqv10fvEUVawyQGGkbEmD5mrh10SKhdYTEdhOgc1IL3sz8T+vm5jwyk+ZjBNDJVksChOOTIRm76MBU5QYPrEEE8XssYiMsMLE2JAKNgVv+edV0qpVvYtq7a5Wql9neeThBE7hDDy4hDrcQgOaQEDAM7zCm6OdF+fd+Vi05pxs5hj+wPn8Ae6ij7w=</latexit>

RN<latexit sha1_base64="O71x8arkiErtxe4bzTkU4aZkeW8=">AAAB7XicbVBNSwMxEJ31s65fVY9egm3BU9mtBz0WvXiSKm5baJeSTbNtaDZZkqxQSn+DJ0FBvPqDPPlvTNs9aOuDgcd7M8zMi1LOtPG8b2dtfWNza7uw4+7u7R8cFo+Om1pmitCASC5VO8KaciZoYJjhtJ0qipOI01Y0upn5rSeqNJPi0YxTGiZ4IFjMCDZWCsoPvbtyr1jyqt4caJX4OSlBjkav+NXtS5IlVBjCsdYd30tNOMHKMMLp1K10M01TTEZ4QDuWCpxQHU7m105RxSp9FEtlSxg0V91fExOcaD1OItuZYDPUy95M/M/rZCa+CidMpJmhgiwWxRlHRqLZ66jPFCWGjy3BRDF7LCJDrDAxNiDXpuAv/7xKmrWqf1Gt3ddK9es8jwKcwhmcgw+XUIdbaEAABBg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/HPuOIA==</latexit>

In
<latexit sha1_base64="kBf6y4hA/0pm88U+B66zn5JL4VQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRiDxRHbxoEeiF71h4gIJbEi3dKGh227argnZ8Bs8mWhivPqDPPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5FfvB6I6KFfcursAWideTiqQozUof/WHkqQxFYZwrHXPcxMTZFgZRjidlWr9VNMEkwke0Z6lAsdUB9ni2hmqWWWIIqlsCYMWaunXRIZjradxaDtjbMZ61ZuL/3m91ETXQcZEkhoqyHJRlHJkJJq/joZMUWL41BJMFLPHIjLGChNjAyrZFLzVn9dJu1H3LuuNh0aleZPnUYQzOIcL8OAKmnAHLfCBAINneIU3RzovzrvzsWwtOPnMKfyB8/kDP/OONw==</latexit>

R3
<latexit sha1_base64="2PzkLg8/CID9SEEdAyB8aSELLKc=">AAAB7XicbVBNTwIxEJ31E/EL9eilEUg8kV046JHoxSMaF0hgQ7qlCw3ddtN2TciG3+DJRBPj1R/kyX9jgT0o+JJJXt6bycy8MOFMG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mmlCgxiPBIsYwcZKfuVh0KgMSmW35i6A1omXkzLkaA1KX/2hJGlMhSEca93z3MQEGVaGEU5nxWo/1TTBZIJHtGepwDHVQba4doaqVhmiSCpbwqCFWvw1keFY62kc2s4Ym7Fe9ebif14vNdF1kDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeyxiIyxwsTYgIo2BW/153XSrte8Rq1+Xy83b/I8CnAOF3AJHlxBE+6gBT4QYPAMr/DmSOfFeXc+lq0bTj5zBn/gfP4A88qOBQ==</latexit>

Given a tensor

<latexit sha1_base64="gOFqIrwRqGfkdz4U15lldKrPLL0="></latexit>

Decompose to circularly multiplied 3rd-order tensors

<latexit sha1_base64="KlTQtALTOvUTjBKJPgfTPUYUfGM="></latexit>
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Yh0,w0,o =
K1X

k1=1

K2X

k2=1

IX

i=1

Wk1,k2,i,oX h,w,i

<latexit sha1_base64="/Ije2uSay7Ub/mWezhY0wQERHk4="></latexit>

! h0

<latexit sha1_base64="WBlpWBK6paTVJ97B00LDTVBw0k0="></latexit>

w0

<latexit sha1_base64="PHvgpOPRne5A76PcAxnkzMp5EMk="></latexit>

k1

<latexit sha1_base64="3aTkyIMdLNAj0ovYcb3FuKWWko4="></latexit>

k2

<latexit sha1_base64="emqsAas4AkvQJX6IcOTyUVx3nUY="></latexit>

i

<latexit sha1_base64="MiEVGY8OfpORcLv1C3SNAFEfsJ8="></latexit>

o

<latexit sha1_base64="GRJjspdGQVGByMhJADg1n2rsiX4="></latexit>

h

<latexit sha1_base64="99PSygxdoCA1xLHVa9QmpHkibKQ="></latexit>

w

<latexit sha1_base64="283Ey1Z8ZlgubNUeBy+gXDxmgZ4="></latexit>

i

<latexit sha1_base64="MiEVGY8OfpORcLv1C3SNAFEfsJ8="></latexit>

o

<latexit sha1_base64="GRJjspdGQVGByMhJADg1n2rsiX4="></latexit>

Input tensor X

<latexit sha1_base64="eM79BNE6wEsTQbaLaJZuYHr1Vww="></latexit>

Output tensor Y

<latexit sha1_base64="Fxrxsle+tD6YNIgcBdHYBe5FqCw="></latexit>

Weight tensor W

<latexit sha1_base64="1kybLyymD8DvH661O1f8Un0GS9Y="></latexit>

Mh,w,r2,r3 =
IX

i=1

X h,w,iG(2)
r2,i,r3

N h0,w0,r3,r1 =
K1X

k1=1

K2X

k2=1

RX

r2

Mh,w,r2,r3G
(1)
r1,k1,k2,r2

Yh0,w0,o =
RX

r1

RX

r3

N h0,w0,r3,r1G(3)
r3,o,r1

<latexit sha1_base64="+FDBgiatn/jp7ehRfhUTCqVMpD0="></latexit>

The convolution operation can be described by 
tensor ring decomposed tensors as follows:

A typical convolutional layer in deep neural networks:

M

<latexit sha1_base64="QnvXnYuJVa79Hrwhv7qfqeZyaNs="></latexit>

N

<latexit sha1_base64="Nwr1INYGqTjdfvdMPCCr6clKfRY="></latexit>

,     are Intermediate tensors.
Assume all tensor cores      have the same tensor ring 
rank  R

<latexit sha1_base64="npKJ5IYCvNhjmtQO5O+uV2fhJnk="></latexit>

G

<latexit sha1_base64="4l9kBMW6EP/9aVAAKqZC99SNXlc="></latexit>

Instead of having                parameters, with tensor ring decomposition we only have                   parameters. 
Note      is one of the       factors used to factorize the weight tensor.di

<latexit sha1_base64="luRgw9cAr5UjAUFX/97vwkwqpVE="></latexit>

N

<latexit sha1_base64="Jb/Yx6q0P5yaZR/s6eQPNdbhvIc="></latexit>

QN
i=1 di

<latexit sha1_base64="/yCmMSmtUhukCbObnueDfqLlGBs="></latexit>

PN
i=1 diR

2

<latexit sha1_base64="uSDDINGOL6WaRliKHidVpT4Gcv0="></latexit>

The tensor ring rank       therefore controls the trade-off between the model size and the model accuracy.  R

<latexit sha1_base64="npKJ5IYCvNhjmtQO5O+uV2fhJnk="></latexit>
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The actor-critic architecture [Sutton & Barto, 
“Reinforcement Learning: An Introduction”, 1998]

Deep deterministic policy gradient (DDPG) [Lillicrap et al, 2015]:
• Off-policy
• Actor-critic
• Continuous action space

Existing works manually select ranks via heuristics to 
compress deep neural networks:

Ours: automatically select ranks via reinforcement learning

• Require long engineering hours to fine-tune the 
ranks for each layer of the deep neural networks.

• May not achieve satisfied compression ratio and 
accuracy tradeoff. 

DDPG was used to learn pruning ratio for compressing deep neural networks [He et al, 2018].
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• We proposed a reinforcement learning based rank selection scheme for 
tensor ring decomposition to compress all convolutional layers in deep neural 
networks.

• We applied deep deterministic policy gradient (DDPG) for continuous control 
of the tensor ring rank, and designed state space and action space.

• Experimental results using standard benchmark datasets validated the 
proposed scheme, which achieved decent improvement over hand-crafted 
rank selection heuristics, i.e., learned ranks are better.
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reward = accuracy/(S[r]
model ⇤ ↵)

<latexit sha1_base64="AJy5WoOeb9A+G0QapCGX4RRXf+w="></latexit>

{i, n, c, h, w, s, k, params(i), ai�1}

<latexit sha1_base64="EGpzT/wr61mPCw11cfyksGk9Vr0="></latexit>

Embeddings: 

layer index, input tensor dimension, weight tensor 
dimension, stride size, kernel size, parameter 
size, action of the previous layer.

Overview of the rank selection scheme based on reinforcement 
learning for tensor ring decomposition in deep neural networks.

Reward function:

denotes model size with tensor decomposition ranks       
controls the balance of the incentives provided by higher accuracy and smaller model size.  

S[r]
model

<latexit sha1_base64="TdY3LCWLHl1EqY2LPinwbxW12ow="></latexit>

[r]

<latexit sha1_base64="mEXt2PknORFeGRT+Miuv8tSQoqQ="></latexit>

↵

<latexit sha1_base64="JPgWbN3wXn2MuqTydb7WxlLPllg="></latexit>
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start

end

Initializations; Input pretrained model; 
build state embeddings.

Agent takes action at layer i with reward

All layers 
visited?

Decompose with learned ranks and run 
inference on target dataset

Reward obtained, 
M episodes 
reached?

Yes

Yes

Reward

No

No
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Datasets # images # classes # images/class resolution

CIFAR-10 60,000 10 6,000 32x32x3

CIFAR-100 60,000 100 600 32x32x3

Image classification on two benchmark datasets:

Deep neural networks: ResNet-20, ResNet-32 [He et al, 2015] Table 1: Tensor decompositions on ResNet32

CIFAR10

Method Params CR Error (%)

Original 0.46M 1 7.5

Tucker[Kim et al, 2015] 0.09M 5x 12.3

TT(ranks=13)[Garipov et al, 2016] 0.1M 5x 11.7

TRN(ranks=6)[Wang et al, 2018] 0.03M 15x 19.2

Ours(learned ranks) 0.03M 15x 11.9

CIFAR100

Original 0.47M 1 31.9

Tucker[Kim et al, 2015] 0.09M 5x 42.2

TT(ranks=13)[Garipov et al, 2016] 0.1M 5x 37.1

TRN(ranks=6)[Wang et al, 2018] 0.04M 12x 36.6

Ours(learned ranks) 0.04M 12x 35.5

<latexit sha1_base64="9+9XpwPajRpoxnvDE2scw4tfFVQ="></latexit>

Table 1: Tensor ring decomposition on ResNet20

CIFAR10

Method Params CR Error (%)

Original 0.27M 1 9.6

TRN(ranks=6)[Wang et al, 2018] 0.02M 14x 16.9

TRN(ranks=10)[Wang et al, 2018] 0.05M 5x 12.5

Ours(learned ranks) 0.02M 14x 13.3

Ours(learned ranks) 0.04M 6x 11.7

CIFAR100

Original 0.28M 1 34.6

TRN(ranks=8)[Wang et al, 2018] 0.03M 8x 41.6

Ours(learned ranks) 0.03M 8x 38.7

<latexit sha1_base64="mQz6shzxIyRo1YV2peqrxbXlm40="></latexit>

As expected, our results with learned ranks outperform existing works, i.e., we are able to achieve either 
higher compression ratio (CR) or lower error rate, or both in some cases.

2
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• We proposed a novel rank selection scheme in tensor ring decomposition based on reinforcement 
learning to compress deep neural networks. 

• We applied deep deterministic policy gradient (DDPG) for continuous control of the tensor ring rank, 
and designed state space and action space.

• Experimental results using standard benchmark datasets validated the proposed scheme: learned 
ranks are better than hand-crafted ranks.

• Usability and future directions: 
• Apply the proposed framework to other forms of tensor decomposition.
• Study tensor decomposition with learned ranks on other applications such as video 

understanding, natural language processing. 
• Hardware related: when implementing on hardware, considering resources limitation, learn the 

ranks to achieve better compute and memory balance. 
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