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The big picture

Quaternions are of interest in
e Computer Science
e Aeronautics

e Mathematics
Analysis in C and H

e Analysis of phase information z = |z|e?
e Complex-valued problems in communication

e Diagonalisation of covariance matrices: a widely used procedure in
signal processing algorithms such as PCA and ICA
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Good to know: joint diagonalisation in C

e Advances in C: the necessity of ‘augmented statistics’ to incorporate
the covariance and pseudo-covariance matrices:

B R{z} = %(z—l—z*)
z =2,+1z, € C — {j{z}l(z—z*)

1

C, = Elzz"] P, = Elzz"]

7 = [z,z*]T — C; = [gi (I;Zk]

Strong uncorrelating transform (SUT): joint diagonalisation of C, and P,
allows for the augmented signal processing algorithms in C, known as SUT.
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Useful properties

e Quaternion involution (-)7: an important notion for H

R{a} = 3(a+q")
J{d} = 5;(a—q™)

q’ = —-nqn, eg. q = —1qt=q, +1q, —Jq; — Kqx

q:qr+zqz+]qj+/€qm€H — {

e Augmented statistics are also essential for H to incorporate the
covariance and 7-covariance matrices:

Cq=Elaq"”"]  Cgn = E[qq™"]

4=la,9qd’,q""

Quaternion uncorrelating transform (QUT): simultaneous diagonalisation
of Cq and Cqn represents quaternion uncorrelating transform (QUT).
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Useful properties

(1) A Hermitian matrix: A = A%’ — standard covariance matrix

(2) An n-Hermitian matrix: A = A"" — p-covariance matrices

Cyo = E{xx*} a € {1,), Kk} (1)
_331331&* 33118204* . xlx]\fa* 7
anH _ 37233.1&* :13233-204* . CUQ.CC-]\]’(X*
_ZCNiCla* ZCNZIZQ&* L ZUNZUNQ*_

Quaternion Takagi factorisation?® for n-Hermitian matrix A

Q is a quaternion unitary matrix
A =Qs, Q"

S, I1s a real-valued non-negative diagonal matrix

IMATLAB code available at http://www.surrey.ac.uk/cs/people/clive_cheong_took/index.htm
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Simultaneous diagonalisations in H - case 1

Introduction of n-Hermitian: three sets of joint diagonalisation for matrices
A B ecH:

(1) If A and B are both Hermitian, there exists a matrix M € H such that
M2 AM and MZBM are both diagonal if and only if AB is Hermitian,
l.,e. AB = BA

Since A = US,U¥ and B are both Hermitian:

H __
D= USCL_%UH SO { DAD™ =1 }

DBDY = WA, WH
consider M = D'W, thus:

MZAM = WEDADYW =1=A,
MZBM = W2 (DBD YW = A,
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Simultaneous diagonalisations in H - case 2

(2) If A and B are both n-Hermitian, there exists a unitary matrix M € H
such that M7 AM and M"#BM are both diagonal if and only if AB” is
normal, i.e. (AB")(AB")H = (AB")H(AB")

A single unitary matrix M is sufficient to diagonalise A and B
simultaneously.

A =P usvH
A Y QSQ"™  where {
Consider M = Q7", thus:

D =V"HU
Q= U(D"):

M"™AM = Q"AQ" = Q7 (QSQ")Q" =S

diagonality of M7 BM can be proved using the normality of AB"
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Simultaneous diagonalisations in H - case 3

(3) If A is Hermitian and B is n-Hermitian, there exists a matrix M € H
such that MY AM and M"#BM are both diagonal if and only if BA is
n-Hermitian, i.,e. BA = (BA)"? = A"B

Since A = US,U¥ is Hermitian and B is n-Hermitian:

B _leH DAD"” =1
D =US, 2U SO {D”B( }

D7) = WA,WH
Consider M = DYW7". thus:

MZAM = WHDAD?W"=1= A,
M"™"BM = WH(D"BD"YW" = A,
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Generalisation of case 3: quaternion uncorrelating
transform

e Assumptions in case 3: A is Hermitian and B is n-Hermitian
e Results of case 3: MYAM =1 and M"“BM = A,

e Remark: In general, covariance matrix is Hermitian and n-covariance
matrix is n-Hermitian

I

Quaternion uncorrelating transform (QUT): for a random quaternion
vector x, there exists a QUT matrix M which simultaneously whitens the

covariance and diagonalises an n-covariance matrix of y = M¥x, i.e.
Cy=1and Cyn = A,
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Properness and quaternion strong uncorrelating
transform

- Properness: an important statistical property in both C and H.

- Characterised by the degree of correlation and/or power difference
- Properness depends on the pseudo-covariance in C

- Two types of properness in H:

* H-proper: if and only if all the n-covariance matrices vanish.
* C"-proper for a single imaginary unit n € {2,7, k}: if only the

n-covariance matrix exists and the other two vanish.
- x and x" are correlated through the E[x(x")]

- The degree of C-properness for a quaternion variable x is:

E{xx
p= '|E{WH}}|' p € [0,1]

- For a C"-proper data, QUT can be considered as the quaternion strong
uncorrelating transform (Q-SUT) which diagonalises the covariance and all

three n-covariance matrices.
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Simulation 1

Evaluate the performance accuracy in terms of

1. The additive white noise, SNR values

2. The 1-circularity coefficient

0.22

025 SNR (dB)
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Simulation 2: Alamouti-based coding

Assess the proposed QUT for a practical communication problem of
Alamouti coding

e For a single-user, the model of two transmit antennas (a, b) and one

receiver antenna:
Xa|  [Sa —Sp| |YTa
RS 2
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Simulation 2: Alamouti-based coding

e Model for two users:

Xia|  [S1a —S7p| | T11a 4 |52 —s2y 1 | Y124 e
X15| |81 SIq | [ Tiww|  [S2 83, | | Ti2w)
X2¢| _ |S1a —S7p| | T21a 4 [S2a —s5p | | Y224 e ;
| X2b | S1b S1q | _T21b_ | S2b S54 | _T22b_ ( )
X1l Ti1 Yio| |s1 cH Xi = Xig T X4,]
X2 _T21 Taal| [s2 Si = Sj, T Si,J
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Quaternion-valued mixing matrix Y and s;, = sy,
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Complex-valued mixing matrix Y and s;, # s,
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Complex-valued mixing matrix Y and s;, = sy,
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Conclusion

1. A set of matrix decompositions for the joint diagonalisation of
quaternion covariance matrices which satisfy:

e AB = BA
e normality of AB"
e BA=A"B

2. MATLAB code available at my website?

3. Open problem 1: How to diagonalise a quaternion symmetric matrix
A =AT?

4. Open problem 2: How to simultaneously diagonalise three and four
quaternion matrices with different structures?

2MATLAB code available at http://www.surrey.ac.uk/cs/people/clive_cheong_took/index.htm
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1. Generate three ARMA sources s, € H XY, d = {1,2,3}
2. To obtain uncorrelated C*-proper sources, their real and imaginary parts were considered as real-valued
signals and the following steps were applied:

L. 6 = [51,551,591,5 51,392y 52,3 52,3 52,05 53,5 53,5 535 53,
2. Cg =667
3. [U,A] =svd(Cg)
- _l
4. 6=A 2U° G
5. Produce the desired covariance matrix Cq € R12x12
C;| 0] o é (1) X "
Co=| 0 |Cs| 0 |, Cﬁ:oppfo
1
0 0 | Cs by 0 0 1

R4X4

in which the zero matrix O is used to provide uncorrelatedness, and Cgs € is used to satisfy the

C*-properness with specific 2-circularity coefficient.
6. [Up,Ap| =svd(Cp)
1
7. S = UpAZ6 = 51,581, 51,5 1,05 52,5 52,5 82,5 82, 5315 53,5 83,5 83,
8. Sd:SdT—i—ZSdz—l—dej—l—liSdK, = {1,2,3}

3. Using the above sources, generate inputs x1, X2, and X3
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Consider three univariate quaternion-valued sources as:

X = Xp + 11Xy + )Xy + KXg
Yy =Yr+y. +3y; + Kys € H
Z = Zr + 12, + )2y + KZg

IxXN (4)

To obtain the real-valued covariance matrix, consider the quadrivariate correspondence of each source (xpg,
YR, Zr) and generate the 12 X 12 covariance matrix in R:

R
X1
Xy
XK
XR };7’ . XRX],'IQ nyIg X]RZ],'IQ
— — 2 — — T T T
W= |yr| = Y, — Cw =E[WW'|=F| ypxp | YrRYR | YRZR (5)
T T T
ZR Vi ZRXR | ZRYR | ZRZR
Zy
Zy
Zy
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Xr Xg-‘ Xr X,Lj1 Xr XT Xr Xg Xr yg-‘ Xr y;LF Xr y)?lj: Xr yg Xr Zg-‘ Xr Z,Lj1 Xr Zg: XrZ,
X'LXZ1 X1 X,Lj1 X1 X%_‘ X@Xg Xzyg-‘ X'Lyzj1 X1 y%, X'Lyg Xzzg-‘ X'LZ,LCF X2 Z%_‘ X2 Zg
T T T T
X9 Xy X3%a %1% XXk | XaYr X]y’CLF XY Xﬁ’g XJZ7T XJZ;“F X329 XJZZ
X/{,XZ1 X/{Xi}lr X/{X;F X/ng X,z,;yg—‘ X/{,y;l1 X/{y;[‘ X/-gyg X/{Zg—‘ X/{Zg—‘ X/{Z;F XKZy
T T T
YT‘X% y"r’X,_zF yrx Y’T’X% YT}’%: YTY; y"r’yT YT}’C;Z%: }’7’257: yr Z;izz: yr Z:'%Z: yr Z’_IZ%:
sz?{% Y’LX%F Y’LX%_‘ Y’Lx% }’zy% Yzy%r }’zy% Yzy% Yzzz_% YzZZT Yzz% Yzz%
ijr’f ijzz'v YJX?F YJX/C% yjyr{]” YJy?;T yjy'ZI’ YJY/C% YJZZ_’ YJZféT YJZ?F YJZ/C%
YRXyp YRXy YRrX, YRXk YRYr YRY, YRY YRY K YRZy YRZy YKZ, YRZ
ZrXZ1 ZT'X,LCF ZTXT Z')’*Xg Z')’*yg-‘ Zryzj1 ZryT Z')’*y%1 Zrzg-‘ ZT'Z,LCF Z')’*ZT Z')’*Zg
ZQ,XZ1 Z@Xi Z@X’g—‘ szg Zzy%: Zzsz VANS Zzyg z@zg Zzzg Z'LZ% Zzzg
Zy%y Z3%q Z3%9 21Xk 23Yr Z3Ya 23Y 23Y K Zyzr 2924 232 232k
Z/{Xg—‘ ZKrX, Z/{,X;Z-‘ Z,l-<,;X%1 Z/-g;y;'? ZRY, Z/-g;yj Z,l-<,;y%1 Z/{,ZZ1 Z/{Zi}lr Z/{Z}?T ZRK7Z, ]

(6)
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If three uncorrelated C*-proper sources are generated, the following observations on the structure of the covariance can be made:

e The off diagonal blocks in Cvyy are zero, since sources are uncorrelated with regard to each other.

e The diagonal blocks have the following algebraic structure in order to satisfy the C*-properness condition with specific values

p-
1 O 0 p
|0 1 P 0
p 0 O 1
Based on the matrix Cg, the covariance matrices of each source are defined as:
Cq =4I, qu = k(4p)I, qu = Cq/{ =0, qc€{xvy,z} (8)
The final structure of the covariance matrix is given by:
Cs 0 0
Cw=1| 0 [ Cs| O (9)
0 0 Cs
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Table 1: The standard and 7-covariance matrices of q in terms of its real

components.
Cq Cy
R[|Elara, | + Elaq, | + E [quj | + Elakay |Elara) ] + Elaa) ] — Elayq) ] — Elasa) ]
3.[)Elaa, ] - Elarq, | + Elacg; | — Elgya, |Elaay ] — Elara, ] + Blaya,] — Elaxa, ]
3 Elaar] — Elaral | + Elaat] — Elaxa] |E [qrqj | + Blayal] — Elaral] — Ela.q]]
0xl|Elaxal] — Elaral] + Elaya)] — Elaal |Elasal] + Elaral] + Elq.al] + Elqq; |
Cy) Cyr
R[|Elara)] — Ela.q, | + Elqyq) | — Elasa.]Elara)] — Elqa, ] — E [quj ] + Elaxq)]
SlElwa) ] + Elara) ] + Elaeq) | + Elqyqy |Ela.q, ] + Elarq, | — Elqyq)] — Elaxq] |
3,[Elwal] — Elara) | — Elasa, | + Ela.al |Elarq) | + Elayal] + Elaxq) ] + Ela.q;]
Okl |Elasa) ] + Elara.] — Ela.q] | — Elqyq, |Elaxa)] — Elaral] + Ela.q] | — Elqyq, |
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