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𝑌 = 𝐶𝑋 + 𝑁.

SAR image formation model :

where 𝐶 = 𝑅−1 represents the inverse Radon transform.

𝑝(𝑋|𝑌) =
)𝑝(𝑌|𝑋)𝑝(𝑋

׬ 𝑝(𝑌|𝑋)𝑝(𝑋)𝑑𝑋

𝑝 𝑋 𝑌 ∝ 𝑝 𝑌 𝑋 𝑝 𝑋 .

the unnormalised posterior 
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෠𝑋𝑀𝐴𝑃 = 𝑎𝑟𝑔𝑚𝑎𝑥
𝑋

𝑝 𝑋 𝑌 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑋

𝐹(𝑋)

Using maximum a-posterior (MAP) estimator in optimization 

algorithms :

where 𝐹(𝑋) is denoted as the cost function.

𝐹 𝑋 ∝ 𝑓(𝑥) + 𝑔(𝑥)

𝑓 𝑥 = 𝑌 − 𝐶𝑋 2
2

𝑔 𝑥 = −𝑙𝑜𝑔(𝑝 𝑋 )
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Probability density function of : 

𝑝 𝑋 ∝
𝛾

𝛾2 + 𝑋2

The minimization with Cauchy regularization :

෠𝑋𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑥

𝑌 − 𝐶𝑋 2
2 −෍

𝑖,𝑗

𝑙𝑜𝑔
𝛾

𝛾2 + 𝑋𝑖,𝑗
2

Cauchy distribution 

Moreau-Yoshida unadjusted Langevin algorithm (MYULA)



Algorithm I MYULA for Cauchy regularized cost function

Input: SAR image 𝑌, 𝛾 ∈ [0.0001,0.1]

Output: Radon image 𝑋

Set: 𝛿 = Τ1 25𝐿, 𝜔 = Τ1 4𝐿

do

𝑍(𝑖+1)~𝑁(0, 𝕀𝑑)

𝑋 𝑖+1 = 1 −
𝛿

𝜔
𝑋 𝑖 − 𝛿𝛻𝑓 𝑋 𝑖 +

𝛿

𝜔
+ 2𝛿𝑍(𝑖+1)

while 𝜖(𝑖) > 10−3 or 𝑖 < 𝑀𝑎𝑥𝐼𝑡𝑒𝑟
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Moreau-Yoshida unadjusted Langevin algorithm (MYULA)

𝑝𝑟𝑜𝑥𝑔
𝜔 𝑋 𝑖
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𝑝𝑟𝑜𝑥𝑔
𝜔 𝑥 = 𝑎𝑟𝑔𝑚𝑖𝑛

𝑢
− 𝑙𝑜𝑔

𝛾

𝛾2 + 𝑢2
+

𝑢 − 𝑥 2

2𝜔

Cauchy proximal operator :

𝑝𝑟𝑜𝑥𝑔
𝜔 𝑥 =

𝑥

3
+ 𝑠 + 𝑡

𝑠 =
3 𝑞

2
+ Δ, 𝑡 =

3 𝑝

2
− Δ, Δ =

𝑝3

27
+
𝑞2

4

𝑝 = 𝛾2 + 2𝜔 −
𝑥2

3

𝑞 = 𝑥𝛾2 +
2𝑥3

27
−
𝑥

3
(𝛾2 + 2𝜔)

By using Cardano’s method :
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where ҧ𝐼𝑤 is the mean value over the un-confirmed wake, and ҧ𝐼 is 

the mean intensity of the image.

The confirmation of the candidate :

𝐹𝐼 = Τҧ𝐼𝑤 ҧ𝐼 − 1.

𝐹𝐼 < 0 for turbulent wakes,

𝐹𝐼 > 0.1 for narrow-V and Kelvin wakes
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Image Turbulent
1st

Narrow
2nd

Narrow
1st Kelvin 2nd Kelvin

CSM_1 1 1 0 0 0

CSM_2 1 1 0 0 0

CSM_3 1 1 0 1 0

CSM_4 1 1 0 1 0

CSM_5 1 1 0 0 0

CSM_6 1 1 0 0 0

Table 1. Visible wakes in used image dataset *

* 1 means visible and 0 represents invisible



TP TN FP FN %Accuracy

Cauchy 40.0% 46.7% 6.7% 6.7% 86.7%

GMC 36.7% 40% 20% 3.3% 76.7%

Graziano 33.3% 36.7% 16.7% 13.3% 70.0%

Table 2. Detection results over 6 COSMO-SkyMed images
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CMS_3

CMS_4

CMS_5

Original 
Image

Cauchy 
Prior

GMC Graziano

* Yellow:
Turbulent wake
Green:
Narrow-V wake
Red:
Kelvin wake 
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• The use of Cauchy distribution in ship wake detection problem. 

• Realization of MYULA in image reconstruction from SAR 

imagery. 

• Implementation of proximal Cauchy operator in solving inverse 

problem. 
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