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Introduction
Goals of this study Rewording the partial derivatives of the phase
Compute time-frequency representations OVE De(t,w)
» candidate for real-time implementation ~(t,w) = Im ( — 7 >
: : at Yx (t7 W)
» allow adjustments from the user through the damping I8

parameter 1 (Levenberg-Marquardt approach)
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» special case of the STFT using a causal, infinite length EWY ye(t,w)
window function that can be rewritten as a causal |IR :
7 yPe yDTe yfg and y2°¢ are the

recursive filtering where y2, y, &, Vx = Vx
outputs of the filters using respectively the impulse

responses g(t,w), Tg=tg(t,w), Dg(t,w):%(t,w),
DTg(t,w)=7 (tg(t,w)), T?g(t,w)=1t’g(t,w) and
Dg(t,w)=5&(t, w).

» allow modes separation and signal reconstruction
(synchrosqueezing)

» filter bank approach

» the algorithmic complexity depends on the filter order
and on the analyzed frequency bandwidth

Filter-based reassigned and
synchrosqueezed STFT

Rewording the synchrosqueezed STFT
The STFT as a convolution product

As previously defined, y& admits the following signal

The STFT of a signal x using a real-valued analysis reconstruction formula

. DN+ +00 _
window h, denoted F(t,w)=M(t,w) &) canbe |, 4y 2 / V() e 90 2% when h(to) 0.
related to the linear convolution product between the h(ty) J_oo 2T
analyzed signal x and the complex valued impulse (6)

response of a bandpass filter g(t,w)=h(t) e“" : Synchrosqueezed STFT (5]

+00
i(t0) = [ glr ot =) dr = i, w)| 0

= F/(t,w) &t = MA(t,w) e/(*(t) D
Thus, M2(t,w)=|y8(t,w)| and
Ot w)=VE(t, w) — wt.

(1) LMSy2(t, w) is obtained by replacing & by &. A sharpen
time-frequency representation is provided by |Sy&(t, w)|?.
The signal can be reconstructed from Sy%(t,w) as
1

h(to) oo 27

Rewording the reassignment operators of the

spectrogram

Towards a recursive
implementation

According to [1], the spectrogram reassignment
operators can be reformulated using the phase of
y8(t,w), denoted W(t,w) = &"(t, w) + wt

Recursive implementation

A O ove According to [3], y& can be recursively implemented

t(t,w) = e (thv w) =t e (t,w), (2) using

. - 0Dy ové ph—1 -

Ot w) =w+ —2(t,w) = —=(t,w). (3) hi(t) = E ek YT U(t), (9)
The reassigned spectrogram is expressed as ph—1

gi(t,w) = h(0) €' = 70—y,

with p = —% + jw, k > 1 being the filter order, T the
time spread of the window and U(t) the Heaviside step
function.

RSP(t,w) — / ‘yf(t’)w/)‘25(t— %(t’)w/))
R2
O(w —&(t,w")) dt'du’ (4)
where §(t) denotes the Dirac distribution.

Discretization using the impulse invariance
method [4]

Rewording the Levenberg-Marquardt

reassignment [2]

foz_ol biz™

G(z,w) = T.Z {gi(t,w)} =

w(t, w) W 1+ Zf'(:l a;z~!
» ) with by = i Beoriia0l, o = e, L=T/T,,
with R(t, w) = ( t — tA(t,w > _ 8%8};»“) aj = Ax,i(—a), T, being the sampling period.
w — Wit w) — et w) By, = ZJI':O(_]-)JA/H_LJ(I. -1 — j)¥ denotes the Eulerian

numbers and Ay ; the binomial coefficients.
Hence, using yx[n, m] = y8(nT;, %72) with n € Z and
m=20,1,.... M — 1, we obtain

0’ Ve 0° W8
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vRle = (a%%g( ) ) )

Hence, the Levenberg-Marquardt reassigned
spectrogram (LMRSP(t,w)) is obtained by replacing

(t,&) by (t,&) in Eq. (4).

k
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SyS(t,w) = /yf(t,w/) e JWhg (w—&(t, ) du’ (7)
R

R(t— 1) = / Tsenw) Y ()

et U(t)  (10)

(11)

yi[n, m] = Z bix[n—i] = ayn—im] (12)

Algorithm implementation for recursive TFR

computation

At time index n :

1. Compute the required y?[n, m| using x[n — i] and
yiln — j, m] with i € [0, k — 1], j € [1, K]

2. Compute the other required specific filtered signals

: Te Dg DTg T2 ’
(ie. y, 5, Yy °, Y 5, Yy ° °)

different filter orders

or y,? using y; with

3. Compute n,m (resp. h, m) provided by the
reassignment operators

4.1f 71 < n (resp. i < n) then update TFR[A, m]
otherwise store the triplet (yf[n, m|, N, m) into a
list

5. Update TFR[n, m| using all previously stored
triplets veritying n < n and remove them from the
list

Numerical results

Resulting time-frequency representations

Recursive spectrogram k=5, L=7.00, SNR=45 dB Recurs. reass. spectrogram k=5, L=7, SNR=45 dB
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Signal reconstruction quality

Using the discrete-time version of Eq. (8) with ny = to/ Ts.

(2) ng 3 18 26 |28 30
RQF (dB) 9.79 24.17 26.77 26.82 26.73
(b) M 100 200 600 1000 2400
RQF (dB) 20.56 24.90 29.48 30.50 30.87
(c) L4 0.30 0.80 1.30 1.80 2.30
RQF (dB) 20.83 27.2829.68 30.35 30.90
Signal Reconstruction Quality Factor RQF =10 log;, (Zﬁn[k](@[zn]y?)’

of the recursive synchrosqueezed STFT computed for k =5, L =7
at SNR = 45 dB. Line (a), computed for M = 300, Line (b) and Line

(c), computed for n0=28 and M=300.
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