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Motivation for Grassmann /Stiefel-Manifold Quantization

n=N, m=N,
transmit- J L channel
signal [ transmitter ! receiver [ 7T
adaptation estimation
1 feedback link ! 0 CSI
N quantization

delay

e Limited feedback MIMO single/multi-user wireless communications H € C"*™ m < n
H=uxvi uviu=1,

e Grassmannian feedback: transmit-subspace span (H) = span (U)

® Stiefel-manifold feedback: individual singular-vectors U
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Motivation for Grassmann/Stiefel-Manifold Quantization (I1)

e Common approach for channels without structure (e.g., i.i.d. Rayleigh fading):

Single-stage codebook-based quantization

*=Q(H)=argmin d(H,Qy)
Q,gEQEr,:)

e Grassmannian and Stiefel-manifold quantization metrics

d(H,Q.) =d2 (U, Q) = m— tr (UHQgQ?U) ,
d(H,Qr) = U - Qc|} =2m — 2% (tr (U™Qy))

® Single-stage quantization codebooks
o) = {Qr e C™™QfIQr = Im, £ € {1,..., K} }

® Main issue: codebook size has to grow exponentially with dimensions n, m = complexity explodes
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Recursive (Greedy) Multi-Stage Grassmannian Quantization — Toy Example n x m=3 x 1
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Recursive (Greedy) Multi-Stage Grassmannian Quantization — Toy Example n x m=3 x 1

Q, b,
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Recursive (Greedy) Multi-Stage Grassmannian Quantization — Toy Example n x m=3 x 1

Q,

* * %
Q =W1W2

TU

Dependable Wireless Connectivity for the Society in Motion Slide 5 / 13



Recursive (Greedy) Multi-Stage Grassmannian Quantization

® Denote the initial quantizer input as Bg = U € C"*™ with dy = n
® Recursive (greedy) multi-stage quantization in R stages i € {1,..., R}
e Input of stage i Bj_; € Cdi-1%xm

_1Xd;

® Output of stage i: quantized subspace W} € Cd and combining matrix B; € C9xm

® Dimension shrinking: di_1 > d;, do =n, dg = m
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Recursive (Greedy) Multi-Stage Grassmannian Quantization

e Denote the initial quantizer input as Bo = U € C"™ with dy = n
® Recursive (greedy) multi-stage quantization in R stages i € {1,...,R}
e Input of stage i Bj_; € Ci-1%xm

_1Xd;

® Output of stage i: quantized subspace W} € Cd and combining matrix B; € C9xm

e Dimension shrinking: d;_1 > d;, do =n, dg = m

W = argmin d2(B;_1,Q),
Qegfj‘:"‘l)

Nl

B =W;"B; (BE1W?W?HBI‘—1)

® Subspace quantization-based combining (SQBC) matrix B;: d2 (B,-_l,Wf) =d? (B,-_l,W;“B,-)

e Final quantizer output: Q* = f:l Wr e crxm
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Quantizer Structures

® Greedy, tree-structured and trellis quantization

S. Schwarz, “Non-coherent broadcasting based on Grassmannian superposition transmission,” in IEEE International Symposium on Informationl__"]
Theory (ISIT), July 2021, pp. 1-5, under review I lj
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Simulation Setup

® Quantization of points uniformly distributed on the Grassmannian of dimensions n = 16 and m = 2

® R = 14 quantization stages with dimension step-size d;_1 — d; =1

e Quantization distortion as a function of quantization bits per dimension b = b/(nm) with b € [14,126]
® Random vector quantization codebooks

® |n the paper: similar results for the Stiefel-manifold
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Greedy, Tree and Trellis Quantization

Average quantization distortion

10°

1071

e Complexity of single stage: 1.6e4 to 8.5e37
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Greedy, Tree and Trellis Quantization
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e Complexity of single stage: 1.6e4 to 8.5e37

® Tree-search of increasing search-depth (by far not up to full tree-search)
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Greedy, Tree and Trellis Quantization
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Conclusions and Future Work

® Recursive multi-stage quantization can support high-resolution with acceptable complexity and a
small to moderate performance loss compared to single-stage quantization

e For Grassmannian quantization we provide theoretical rate-distortion results in the paper
(assuming random vector quantization)

® Todo: derive similar theoretical results for quantization on the Stiefel manifold
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