ONJIEQ& . .
Technische o’*;?él 's2  Technische University
Universitat %f 2 Universitit of Bremen

e (C) o
MUnchen 7% % Braunschweig
Nscy

University of Bremen Department of Communications Engineering IEEE ICASSP 2021 — Poster # 5603

Mixed Monotonic Programming for Fast Global Optimization
Bho Matthiesen Christoph Hellings Eduard A. Jorswieck Wolfgang Utschick

Abstract

Mixed Monotonic Programming (MMP) Example: Gaussian Interference Channel

Step 5 Update best known solution x* and value v, = f(x*) =
| Vx €D : f(x) > f(x) —n. A 24

N

e Global optimization framework for nonconvex optimization problems :
loi E'dd q | - p' P fiie MM : Interference Channel: Global Energy Efficiency:
® Exploits hidden and partial monotonicity properties Definition ( Function) | Composition: e Model for heterogeneous nereasing
e Wide area of applications in communication systems (but not limited to this field) Continuous function F : R® x R™ — R such that Functions in R dense small-cell networks '}p LT
e Several orders of magnitude faster than state of the art F(x,y) < F(x'y) ifx<x (Increasing in x) unc%l(ons |>n MM e Treating interference as Zk10g<1 + W) Zklog(l + ckTr]iI_O-lzc>
. . . . . - - ® [ X : . . _
e Published in IEEE Transactions on Signal Processing [1] F(x,y) > F(x,y)) ify <y (Decreasing in y) . gl(x)7 fyincreasing noise: prélﬁi] oTp+ Pc> = oTr 1 P, = F(s, r)
¢ s o Then, F is called Mixed Monotonic (MM) Function. , : R, <log |1+ ipi -/ .
Global Optimization n ) e h(x) : decreasing i S S Bip; + 02 decreasing " decreasing
grj
Definition (MMP) . MM functions: J7 . . .. :
e P-Time Algorithms: At most local maximum nonconcave function - : : : K ® Resource allocation examples GIEIE el o i ML (G
Global Consider (P). Let My 2 D be a box. (P) is a mixed monotonic * (x,y)— > ii{Fixy)
.. . . . . . . . include " .h"
e Convex Optimization: Local = Global . Local program if a MM function F on M exists such that o (x,y) —max;_1 g Fi(x,y) plen[%};’] w le #include "MMP
SIS : | . , ; template <size_t Dim>
® Global Optimization: Solve multiextremal problems A TN | Vx € My : F(x,x) = f(x). ] e (x,y)—=min—; g Fi(x,y) SR, class GEE : public MMP<Dim- (
e Often NP-hard — Exponential complexity / \ o (x,y)— g(F(x,7)) max l public:
C/O ) y g 1 ) y pE[O,P] Zi Hipi + PC double alpha[Dim], Pc.:; . .
Whyf) | | | | | | | | | — oo bsed\f ® (x, y) S h(Fl(y’ X)) std: :array<double, Dim> beta[Dim], psi;
: al < 1 |—ANN (o) r, , . GEE() : MMP<Dim>() {}
° BenChma:rk fOl’ faSt algorlthm.s . ) - | ““SCQ ) arg max f(X) — arg max F(x7 X) uhd/ ,h If\V/l : Fi(xa y> Z 0 ® An MM representatlon IS a” double MMPobjtn::onst vtypeS& x, const vtypeS& y) const override;
® Asses ultimate performance limits during H A onesshot x€D x€D J o (x,y) HK: Fi(x, y) is MM it takes to solve such an MM |3
system design z { | —Best only max f(x) < maxF(x,x) < max F(x,y) = F(s,r). =1 bl temlate -size £ Di
. . . . 2 xe MND N xeM B x,yE/\/l probiem dﬁlz gEEfI])-fne; 'Ml\l’lrlér:;bj(const vtypeS& x, const vtypeS& y) const {
e Label training data for machine learning [2] . e Weighted sum rate v ’
=
Methods [3, 4] FWSR(X, )’) for (size t i = 0; i < Dim; ++1i) {
) . . double denom = std::inner product(y.begin(), y.end(),
e QOuter Approximation (Polyblock Algorithm [5]) ] e Feasibility Testing: Z | - 1+ a;Tx bzta[ei:].gegin(),s I T b o
30 —25 -20 —15 10 —5 0 5 10 15 20 . . 5 . . ‘ — Wwj 10g ret += std::log2(1.0 + alpha[i] * x[1i] / denom);
e Branch-and-Bound . e Bounding independent of Algorithm (Mixed Monotonic Programming) . bl-Ty :
o feasibili Initialize Zy = {[x, x|}, v = —00, k=0, > 0 : . . .
eaSIbl lty test repeat ® Global energy efﬂaency rei.:urn %”et / std::inner_product(y.begin(), y.end(),
Branch-and-Bound (BB) e Finite convergence: For all M Select [r", s] € argmax{F(s,r)|[r, s] € Z} > Branch Selection Fon(x. 9) Fwsr(x, ) } psi.begin(), Pc);
. Select ji € arg max; sJ'-C — rjk > Dimension for Branching GEE\X,Y) = T \
° I(::hZCk M_/\rjl? g)nCIUSIVGW Compute 2 = {M* M*} with v, = w and > Subdivision Hey -+ P
o
nax M~ (s} < S wort S < (170} Throughput (IFC TIN) Global EE (IFC TIN)
: D% Rcont.n ous M—l—:{x:vkg)ggsj?ri Sxigsi (I%J)} S e i ] 10° F ‘ \ \ ‘ \ \
max f(x) ]; HHOH for all [r,s| € & do > Evaluate new Branches 7 | ~MMP
xcD DCR compact, non-empty max F(x .X') if [r,s]NF # 0 and F(s,r) > v + < then > Prune _*_EE DI
X ) Add [r, s| to .7 2.25x% 1=
s. L. G,-(x, X) <0,i=1,....m Find x € F N [r, s] > Feasible Point 0 o 80,000 +g/\a/?t\ft)SELace PA
Algorithm (Prototype BB) s /e |als ]/ a0 5 /B0 s "~ Dpdate €85 E 3500x £ It :
! ! . X = -
Step 0 |Initialize outer box M D D, set best known solution - x° [ - % 153 ® For M = [r7 S]- i:;(@ E 5 >
Step 1 Select b A1 o 5" 5" by ViiGi(s,r) 0= MND=M#J end if
ep elect box My for branching . o ] 4
S —— di: Gi(r,s) >0=>MnND=1. e
Step 3 Reduce new Boxes (optional) ® [nconclusive for some M Rir1 — S U\ {[r", s"} > Replace old Branch| s 00000000000 : |
Step 4 Compute Bound 5(M) > sup,c vnp f(x) for all new | Gl < 0 Girs) o . giEs, r; zg k<« k+1 ? 12 15 18 ?
boxes M x is n-optimal soluti f(P) if o U until Z; = () Users Users
n-optimal solution of (P) i ¥ M?Q k . .
| return x as the optimal solution J
D

Step 6 Delete infeasible (M N D = ()) and suboptimal
(B(M) < vk + 1) new boxes
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